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PREFACE, 



RESPECTING THE GRADATIONS AND SKELETON PROPOSITIONS, ETC. 



The chief aim of the Author or Compiler of the Gradations in Euclid, 
with Skeleton Propositions, &c, for Written Examinations, has been to 
furnish a tis^/ul book to those in the humbler stations of life, who attend 
our Parochial and similar Schools, who have not much time for the pursuit 
of Greometrical Studies, and to whom, therefore, the Practical Applica- 
tion of whatever they learn is of great importance. He is, however, 
persuaded that those who have bot^ time and fiiU opportunity, either in 
Public Schools or in Colleges, for aCtaiinng proficiency in the Higher 
MatWtic wm find an mtrodij^b^n'^qh as is given in this work, 
veiy suitable to prepare them' niore 'thoroti|[j^ to appreciate Geometrical 
Truths, and to take an interest izr tliem a^^e ground-work of accurate 
science. 

The Introditction is of general use to all Students of Geometiy : it 
contains — ^A brief account of the Gradual Growth of Goometiy and of the 
Elements of Euclid ; — The Signs and tk)ntractions that may be employed : 
and sonie Bemarks— on the Nature of Geometrical Keasoning, — on the 
Application of Arithmetic and Algebra to Geometiy, — on Incommensu- 
rable Quantities, — and on Written and Oral Examinations. The subjects 
treated of pre-suppose, indeed, that the Learner has a dear understand- 
ing of Fractions, common and decimal, — of the extraction of the Square 
Boot, — and of the introductoiy principles of Algebra ; but this know- 
ledge is indispensable for those who would really master the Elements 
of Geometiy. 



IV. PREFACE. 

The Editions of Euclid by Potts and Blakblock, have shown the 
advantages of printing separately and distinctly the parts of a Proposition 
and of its Demonstration : it is a plan which undoubtedly gives very 
valuable help to Learners in attaining a more exact acquaintance with the 
Principles on which Geometry, as a science, is founded. No argument is 
here needed to prove the importance of being able to estimate the force 
and certainty of demonstrable truths : — it is the first condition of suc- 
cess, and the sure means of proficiency in Greometrical and in aU other 
Studies. 

The Gradations in Eucled endeavour to carry out the Plan to a 
greater extent, and with increased distinctness. The propositions through- 
out are separated into successive steps ; and in the margin, between the 
vertical lines, direct references are made to the reasons, — the definitions, 
axioms, or preceding propositions, — on which they depend. The method 
of printing, which has been adopted, also gives a clearer view both of the 
whole Proposition and of its parts; and familiarises the mind to an 
orderly and systematic arrangement, — so important an auxiliary to all 
sound progress. By following out a plan of this kind. Learners can 
scarcely fail to form a distinct conception, of what they have to do or to 
prove, and of the means by which their purpose is to be accomplished. 

The Explanatory Notes direct the Learner's attention to several 
points of interest connected with the Definitions and Propositions ; and to 
many of the Propositions is appended an account of the Practical Uses 
to which the proposition may be appUed. This is valuable for many rea- 
sons, — but chiefly that the Learner may at once see, not simply the 
theoretical and abstract truths of Geometry, but their direct utility in 
various wajrs. There are very many persons who, fix)m studjring only the 
Common Editions of Euclid, which treat exclusively of the Theory of 
Creometry, never attain to a perception of its importance, and never 
realize the full advantages of geometrical studies. It is the main abject 
of the Gradations in Euclid to combine Theory and Practice; and as 
soon as a geometrical truth has beeb established, to point otU its use and 
applicaiion. The Author is thoroughly persuaded that this immediate 
Combination of Theory and its Application, not only awakens and main- 
tains a livelier interest, but in fiact leads to a more scholar-like under- 
standing of both, than when they are studied separately, or at wide 
intervals of time. 



PREFACE. V. 

Only a portion of ihe Uses to which the Propositious may be applied 
has been given, — ^more in the way of example, and to point out in some 
instances the progress of geometrical discovery, than with the view of 
exhausting the subject. The various works on Practical Mathematics 
will supply what may be wantmg in this respect. For the developement 
of the Uses and Applications of the First and Second Books of Euclid, 
geometrical principles not worked out in those books must occasionally bo 
introduced; and though it is not strictly logical to employ truths that 
have not already been established, as the ground -work of further reason- 
ing, — now and then, in this part of the work, Lemmas, or truths borrowed 
from another part of the subject, will be adopted as the foundation of 
new truths. 

The Practical Results will, it is presumed, be instructive to the 
Learner in various ways ; — ^but especially as exhibiting a synoptical view 
of all the Problems contained in the Elements of Plane Geometry. He 
wiU not, indeed, have arrived at the means of demonstrating the prob- 
lems, which lie out of the First and Second Books ; but, inasmuch as 
their construction depends almost entirely on those two books, he will 
possess, for practical purposes, a knowledge of the methods by which 
Greometrical Figures, not being sections of a Cone, are to be constructed. 

The Appendix, containing Geometbical Analysis and Geometrical 
Exercises, appeared to the Writer needed for the completion of his plan, 
i. e. , for comprising a S3rstematic teaching of Geometry, as isx as the first 
and second books furnish the means of doing it. The Appendix and a Key 
to the Exercises, wiU each be published separately &om the Gradations. 

The Skeleton Propositions, &c., for pen-and-ink examinations, are 
arranged and will be published in two Series, — one with the references in 
the margin ; the other without those references. The first Series is 
intended for beginners ; the second, for those who may be reasonably 
supposed to be prepared for a strict examination. The two Series will be 
found well adapted to test the Progress of the Learner, and to ascertain 
how far his knowledge of geometrical principles, and his power to apply 
them, really extend. The object is, in the first Series, to furnish the 
Learner, step by step, with the truths from which other truths are to be 
evolved, but to leave him to work out the results, and from the results, iis 
they arise, to aim at more advanced conclusions : in the second Series, 
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where there are no referenoes in the margin, the object is to make the 
examinations strict and thorough, yet so as to be conducted on one uniform 
plan. This unifonnlty will be found greatly to assist Examiners, when 
they compare the examination papers together for the purpose of deciding 
on their respective merits. 

The Skeleton Propositions may be used either simultaneously with the 
Gradations, or, after the first and second books have been read in any of 
the usual editions of Simson's Eudidy as a recapitulation of the ground 
already gone over ; if used aimtUtaneously, the Learner must first study 
the Definitions and Propositions in their order, and then, laying the Gra- 
dations aside, reduce his knowledge to a written form, as the references 
indicate in the vertical columns of the Skeleton Propositions; but if 
used as a recapitulatory exercise, a course in some respects different is 
recommended. 

In the recapitulatory exercise^ the following plan is recommended for 
adoption '.—first, that the Learner should give in writing a statement of 
the meaning of various Geometrical Terms, of the nature of Greometrical 
Reasoning, and of the application of Algebra and Arithmetic to Geometry ; 
aecondlpy that he should fill in, — not by copying from any booh, but from 
the stores of Ma own mind and ihougJU, trained by previous study of the 
Gbadations or of some similar work, — ^the Definitions, Postulates, and 
Axioms of which the leading words are printed ; and thirdly, that he 
should proceed to take the Propositions in order, and write out the proofs 
at large, as the printed forms and references in the margin indicate : this 
should be done systematically in all the propositions, beginning with those 
truths already established which are required for the Construction and De- 
monstration, and then taking in order the Exposition, the Data and Quaesita^ 
or tihe Hypothesis and Conclusion, the Construction with its methods, and 
the Demonstration with its proofe separated fix)m each other, and given, 
step by step, in regular progression. 

For the thorough Examinations, that series of the Skeleton Proposi- 
tions must be used which contains the General Enunciation only, without 
any references printed in the margin. The Spaces for the exposition, 
construction, and demonstration, are retained, and also the vertical lines 
within which the Learners themselves are to place the references ; but this 
is done simply for the purpose of securing a umformiiy of plan in the 
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written examinations, and for the convenience of Examiners. The Stu- 
dent under examination should be required to write out the propositions, 
&G,,* needed in the Construction and Demonstration, and to supply the 
references to the various geometrical truths by which the steps of the pro- 
position are established. 

No figures, or diagrams, are given in either of the Series of Skeleton 
Propositions ; as it is more conducive to the Learner's sound progress that 
he be left entirely to himself to construct these. 

The Uses and Applications of the Propositions, at least in a bri^toap, 
— and where requisite, the Algebraical and Arithmetical Illustrations, — 
should not be neglected : it is in these that the practical advantage of 
abstract truths is rendered apparent. 

It Ib imperative that the Teacher should revise each Proposition after 
it Jias been written out, and note all ikiisapprehensions and inaccuracies 
before the Learner proceeds to the following proposition. Jn Self -Tuition 
the Learner must consult the Gradations, and by them correct the already 
filled-up Skeleton ; but he must be futhful to himself, and to his own 
improvement) by not consulting the Gradations as a Ketf, until he has 
first worked out and written down his own conception of what the demon- 
stration demands. He will thus build up for himself and of himself; he 
will make the dead bones of the Skdeton live, clothe them with flesh and 
sinews, and round them off in all their proper proportions. 

A course of this kind followed faithfully through two books of the 
Elements of Greometry, will scarcely &il to render the Student competent 
by himself to master the other books of Euclid ; and, shoidd he desire it, 
by the same means. He will have learned the value of method and 
exactness ; and expert in these, he will attain a solid and durable know- 
ledge of Geometrical Principles. 

At the present day nearly every edition of Euclid's Elements must be, 
more or less, a compilation, in which the Author draws freely on the 
labours of his predecessors. ''The Gradations" are, in a great d^ree, of 
this character ; and an open acknowledgment will suffice, once for all, to 

• This is required on the principle that the repetition of old truths gains for 
them a more permanmt residence in the mind. 
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repel any charge of intentionally clamiing what belongs to others. It is 
affectation to pretend to great originality on a subject which has, like 
Geometry, for so many centuries exercised men's minds. If by the 
methods employed in the following pages, the Study of Geometry be ren- 
dered more interesting and more practically useful, — and especially if his 
work be adapted to the wants of that numerous class of Learners, the 
Pupils in Parochial and similar Schools, — ^fche objects of the Editor will 
be accomplished. He desires no worthier calling than to be a fellow- 
labourer with the many excellent and talented Masters to whom, in the 
National, British, and other Public Schools of the United Kingdom, the 
responsibaity is entrusted of training the young in sound learning. 

The principal editions of Euclid to which the Editor is under obliga- 
tion, are those of Potts and Labdneb, and of an old Writer who professes 
to give ''the uses of each Prox)Osition in aU the parts of the Mathematicks." 
An Exemplification and recommendation of the plan pursued in the Gra- 
dations and in the Skeleton Propositions, may be found in the preface to 
Labdneb's Euclidj and in a Treatise on the Study and Difficulties of 
Mathematics^ p. 74, attributed to Professor De Mobgai?'. He is also 
indebted to various persons, Schoolmasters and others, for valuable sug- 
gestions, which he takes this opportunity to acknowledge. 

The work is longer than the Author at first contemplated ; but he 
trusts that the additions, — especially the Practical Besults, and the Exer- 
cises, — ^wiU add considerably to its usefulness and value. 
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SECTION I. 

QSAIHJAL GROWTH OF GEOMETBY AND OF THE ELEMENTS OF 

EUCLID. 

Geometry has been defined in general terms to be, — "the 
Science of Space." It investigates the properties of lines, sur- 
faces, and solids, and the relations which exist between them. 
Plcme Geometry investigates the properties of space under the 
two aspects of length and breadth ; Solid Geomef/ry^ under the 
three, — of length, breadth, and thickness. It is the considera- 
tion of the Elements of Plane Greometry on which we are about 
to enter. 

Geometry, tcmd-measuring, as the word denotes (from ge, 
earth or land, and metrorij a measure), was in its origin an Art, 
and not a Science : it embraced probably a system of rules, 
more or less complete, for performing the simpler operations 
of land-surveying ; but these rules rested on no regularly de- 
monstrated principles, — ^they were the oflfepring rather of ex- 
periment and individual skill, than of scientific research. In 
the same way poems — even some of the noblest — ^were composed 
before the principles of poetry had been collected into a system ; 
languages were spoken, long before a grammar had been com- 
piled; and men reasoned and debated before they possessed 
either a logic or a rhetoric : so measurements were made, while 
as yet there was no accurate theory of measuring, — no abstract 
speculations concerning space and its properties. 

The points and lines of such a Geometry were necessarily 
visible quantities. A mark, which men could see, would be 
their point; a measuring rod, or string, which they could 
handle, their line ; a wall, or a hedge, or a moimd of earth, 
their boundary. The first advance beyond this towards an 

B 
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abstract Geometry, would be to identify the instrmnents whicli 
they used in measuring, with the lines and boundaries themselves; 
the finger's breadth, or the cubit, the foot, or the pace, would be- 
come representatives of a certain length without reference to 
the shape. It was only as the ideas and perceptions of those 
who cultivated the art of measuring grew more refined and 
subtile, that a Geometry would be evolved, such as Mathematicians 
understand by the term, in which a point marks only position ; 
a line, extension firom point to point; and surface, a space 
enclosed by mathematical lines. 

The Truths of Geometry, as a science, regularly as they are 
laid down and deduced in the Elements of Euclid, were not 
worked out by one mind, nor established in any systematic order. 
Some were discovered in one age, some, in another; two or 
three propositions by one philosopher, and two or three, by 
some one else. The collection of geometrical truths had thus a 
gradual growth, until it received completion at the hands of 
Euclid of Alexandria. 

Thales, who predicted the eclipse that happened b. c. 609, is 
said to have brought Geometry fi:om Egypt, and to have estab- 
lished by demonstration Propositions 5, 15, and 26, of Bk. i. ; 
31, iii. ; and 2, 3, 4, and 5, of bk. iv. Pythagoras, bom about 570 
B. c, was the first who gave to Geometry a scientific form, and dis- 
covered Propositions 32 and 47 of bk. i. : Oenopides, a follower of 
Pythagoras, added the 12th and 23rd of bk. i. : and Eudoxas, 
B. c. 366, a fiiend of Plato, wrote the doctrine of proportion as 
developed in the fifth book of the Elements. These assertions 
may not rest on the firmest authority, yet they shew, even if 
they are only surmises, that Geometry was regarded by the Greeks 
as a science of very gradual formation, receiving accessions 
from age to age, and from various countries. It was at first 
a set of rules, until philosophy investigated the principles on 
which the rules were foimded, and out of the chaos created 
knowledge. 

According to Proclus, Euclid of Alexandria flourished in the 
reign of the first Ptolemy, b. c. 323-283. To him belongs the 
glory, for such it is, of having collected into a well-arranged 
system, the scattered principles and truths of Geometry, and 
of having produced a work, which, after standing the test of 
above twenty centuries, seems destined to remain the Standard 
Geometry for ages to come. 
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Euclid's work comprises thirteen books, of which the first 
four and the sixth treat of Plane Geometry ; the fifth, of the 
Theory of Proportion, applicable to magnitude in general ; the 
seventh, eighth, and ninth, are on Arithmetic ; the tenth, on the 
Arilhmetical Characteristics of the divisions of a straight line; 
the eleventh and twelfth, on the Elements of Solids; and 
the thirteenth, on the Regular Solids. To the thirteen books by 
Euclid, Hypsicles of Alexandria, about a. d, 170, added the four- 
teenth and fifteenth books, — ^also on the Regular or Platonic 
SoUds. 

In modem times it is not usual to read more than six books of 
Euclid's Elements^ The seventh, eighth, ninth, and tenth books 
troat of Arithmetic and of the Doctrine of Incommensurables, 
and have no proper connection with the first six books; and 
the eleventh and twelfth books, comprehending the First Prin- 
ciples of Solid Geometry, are to a considerable degree superseded 
by other Treatises- 

Of the Six Books, the first may be described in general 
tc^rms as treating of the Geometry of Plane Triangles; the 
second^ of Rectangles upon the parts into which a straight line 
niay be divided; the third book, of those Properties of the 
Circle which can be deduced from the preceding books; the 
fourth book, of such regular and straight-lined figures as can be 
described in or about a circle ; the fifth^ of Proportion with re- 
gard to magnitude in general ; and the sixths of similar figures, 
and of Proportion as applied to Geometry. 

Our proposed limits confine us, for the present at least, to the 
fiist and second books. The first book, besides the Definitions, 
Postulates, and Axioms, contains forty-eight propositions, of 
which fourteen are problems for giving power to construct 
various lines, angles, and figures ; and thirty-four are theorems, 
being the expositions of new geometrical truths. Of these theo- 
rems, some may be regarded as simply subsidiary to the proof of 
others more important, and of wider, and more general applica- 
tion. The Propositions to be ranked among those of high im- 
portance, are Props. 4, 8, and 26, . containing the criteria of the 
equality of triangles : Prop. 32 proving that the three interior 
cmgles of every triangle are together equal to two right angles : 
Prop. 41 declaring that a parallelogram on the same base and of 
the same altitude as a triangle, is double of the triangle : and 
Prop. 47 demonstrating that the square on the hypotenuse "bf a 
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right-angled triangle, is equal to the sum of the squares on the 
base and perpendicular. 

The second book treats of the properties of Right- Angled 
Parallelograms, contained by the parts of divided straight lines. 
There are fourteen Propositions ; of which Props. 11 and 14 are 
problems, — ^the other twelve are theorems. Props. 12 and 13 give 
the Elements of Trigonometrical Analysis, or the Arithmetic of 
sines, and are of great use in the Higher Greometry : the other 
propositions may be classified according to the mode of dividing 
the line or lines ; Prop. 1 relating to the rectangles formed by one 
undivided line and the parts of a divided line ; Props. 2, 3, 4, 7, 
and 8, to the rectangles formed by a line and any two parts into 
which it may be divided ; Props. 5 and 9, to the rectangles on a 
line divided equally and unequally ; and Props. 6 and 10, to the 
rectangles formed on a line bisected and produced. 

The English Translation of Euclid, published by Dr. Robert 
Simson, of Glasgow, in 1756, has nearly, in some form or 
other, superseded aU others, and is considered the standard text 
of an English Euclid. As containing ^^ the Elements of Gleome- 
try," it is "unexceptionable, but is not calculated to give the 
scholar a proper idea of the Elements of Euclid," as Euclid him- 
self left them. Various alterations, additions, and improvements, 
were made by Simson : but " with the exception of the editorial 
fancy about the perfect restoration of Euclid, there is little to 
object to in this celebrated edition. It might indeed have been 
expected that some notice would have been taken of various 
points on which Euclid has evidently fallen short of that form- 
ality of rigour which is tacitly claimed for him. "We prefer," 
says De Morgan, " this edition very much to many which have 
been fashioned upon it, — ^particulsurly to those which have in- 
troduced algebraical symbols into the demonstrations in such a 
manner as to confuse geometrical demonstration with algebraical 
demonstration." — (See the Article, JEudeides, by De Morgan, in 
Smithes Dictionary of Greek and Roman Biography^ Vol. II., pp. 
63-74.) 

In the face of such authority, it may seem bold to advocate 
the use of a Symbolical Notation ; but, within certain Hnutations, 
the symbols of Arithmetio and of Algebra have a imiversal 
meaning, and may therefore be employed without any disadvan- 
tage> and certainly without confusion in our ideas. The pre- 
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caution needed, is, that we take care not to depart from the 
strictly geometrical application. 

For an outline of the origin and progress of the science of 
Geometry, the learner should consult the Introduction to the 
Elements of Euclid^ edited by Eobert Potts, M.A., Trinity Col- 
lege, Cambridge. 



SECTION II. 

SYMBOLICAL NOTATION AND ABBKEVIATIONS THAT MAY BE USED. 

I. — Signs common to Arithmetics Algebra^ and Geometry, 



': because. 

.'. therefore. 

= equals, or equal. 

=^ not equal. 

> greater than. 

'^ not greater than. 



< less than. 

<^: not less than. 

+ 'pius^ sign of adding. 

— mmus^ sign of subtracting. 

'-' sign of d^erence between. 



II. — Geometrical Signs, 



a point. 

straight line. 

parallel to. 
s parallels.* 
i angle. 
A triangle. 

* When an « is added to the sign, the plural is denoted. 



± perpendicular to, or at right 

angles. 
n parallelogram. 
□ rectangle. 
circle, 
©ce circumference. 



A single capital letter, as A, or B, denotes the point A, or the 
point B. 

Two capital letters, as A B, or C D, denote the straight line 
AB, orCD. 

Two capital letters, with the figure ' just above to the right 
hand, as A B*, denote, not the square of A B, but the square on 
the line A B. 

Capital letters, with a point between them, as A B . C D, de- 
note, not the product of A B multiplied by C D, but the rectangle 
formed by two of its sides meeting in a common point. 



ABBEEVIATIONg, 



III. — Abbreviations, 



Add. . . 

Ax 

Cone. . , 

Cor 

Cons. . 
C. l&c. 



Dat 

Def...., 
Dem. . . 
D. 1 &c. 
Exp. . 

Gen. . 
Hyp. . 
H. 1 &c. 



. .Addenda, by adding. 

. .AxLom. 

. . Conclusion, inference. 

. . Corollary. 

. . Construction. 

. . Step 1 &c. of the Con- 
struction. 

. . Datum, or data, 

. . Definition. 

. .Demonstration. 

. . Step 1 &c. of the Dem. 

...Exposition, or Particu- 
lar enunciation. 

, . . General enunciation. 

. ..Hypothesis. 

. . Step 1 &c. of the Hyp. 



Prob Problem. 

P. or Prs. Proposition or Proposi- 
tions. 

Pst. orPsts. Postulate or Postulates. 

Quaes. .... QuoMitum or QvuBsita, 

Bee Becapitulatitin. 

Kemk Remark to be made. 

Sch. Scholium or Scholia, 

Sim. ....Similarly. 

Sol Solution. 

Sub Svbtrdhendo, by sub- 
tracting. 

Sup Suppose. 

Super. .. ..iS'uperponenc^o, by su- 
perposition. 

Theor Theorem. 



Q.E.D., qvjod erat demonstrandum, which was the thing to be proved. 
Q.E.F., qv^d erat faciendum, which was the thing to be done. 



ad imposs. a^ imposs'Unle. 

a fort a fortiori, by a stronger 

argument or reason. 

alt altitude. 

altr alternate. 

assum assumendo, by adopting 

or taking. 

bis bisect. 

bisd bisected. 

bisg bisecting. 

com common. 

con. sup. . .contrary supposition. 

c. sc circumscribe. 

d. sc describe. 

eq. ang. ..equiangular. 

eq. lat equilateral. 

ex. ab ex absurdo, by an ab- 
surdity. 



ext exterior. 

int interior. 

magn magnitude. 

opp opposite. 

par parallel. 

parlm. . . . .parallelogram. 

pos position. 

qu. ang. ..quadrangular, 
qu. lat. . . quadrilateral. 



rect. 
recti. 


rectajigle. 

rectilineal. 


rectr. 


....rectangular. 


rem. 
rt. . 
sq. . 


.. . .remainmg. 

right. . 

square. 



st straight. 
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SECTION III. 
EXPLANATION OF SOME GEOMETBICAL TERMS. 

A Definition is a short description of a thing by snch of its 
properties as serve to distinguish it from all other things of the 
same kind. 

A Postulate is a self-evident problem, the admission of which 
is demanded without formal proof. 

An Axiom is a self-evident theorem, or the assertion of a 
truth, which does not need demonstration ; — ^it is worthy of credit 
as soon as stated. 

A Proposition is something proposed to be done, as a problem ; 
or to be proved, as a theorem. 

A Problem is a proposal to do a thing, to construct a figure, 
or to solve a question. 

A Theorem is the assertion of a geometrical truth, and requires 
demonstration. 

The Data are the things granted in a problem; 

The Quoesita are the things sought for in it ; 

The Hypothesis is the supposition made in a theorem ; 

The Conclusion is the cojisequence or inference deduced from 
it. 

The Chneral Enunciation of a proposition sets forth in general 
terms the conditions of the problem, or theorem, with what has 
to be done, or with what is inferred or concluded. 

The Exposition^ or Particular Enunciation^ sets forth the same 
conditions with an especial reference to a figure that has been 
drawn. 

The Solution of a problem shows how the thing proposed may 
be done. 

The Construction prepares, by the drawing of lines, &c., for 
the demonstration of a proposition. 

The Demonstration proves that the process indicated in the 
solution is sound, or that the conclusion deduced from an hypo- 
thesis, is true ; i. e,, in accordance with geometrical principles. 

The Recapitulation, or Conclusion, 'is simply the repetition of 
the proposition, or general enunciation, as a fact, or as a truth > 
with the declaration Q.E.F., or Q.E.D. 
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A Corollary is an inference made immediately from a propo- 
sition. • 

A Scholium is a note or explanatory observation. 

A Lemma is a preparatory proposition borrowed fix)m another 
part of the same subject, and introduced for the purpose of esta- 
blishing a more important proposition. 

The Converse of a proposition is when the hypothesis of a 
former proposition becomes the conclusion, or predicate, of the 
latter proposition. 

The Contrary of a proposition is when that which the propo- 
sition assumes, is denied. 

Direct Demonstration is when the very thing asserted is pro- 
ved to be true. 

Indirect Demonstration is when all other cases, or conditions, 
except the one in question, are proved not to be true, and the 
inference is made — ^therefore the very thing in question must be 
true ; the assumption being that one out of several, or many, 
must be right. 

The Position only of a line is meant, when the line is said to 
be given. 

The Length only of a line is meant, when the line is said to 
be finite. 

The Base of a figure is the side on which it appears to stand, 
but each side, in turn, v^ith the position of the figure changed, 
may become the base. 

The Vertex is the highest angular point of a figure : with a 
change of position in the figure, each angle may be named the 
vertical angle. 

The Subtend of an angle is the side stretching across opposite 
to the angle. 

The Hypotenuse is the subtend tp a right angle. 

The Perpendicular is the line forming with the base a right 
angle : lines are perpendicular to. each other when at the point 
of junction they form a right angle. 

A Figure is applied to a straight line when the line forms on© 
of its boundaries. 

The Altitude of a figure is the perpendicular distance firom the 
side or angle opposite to the base, to the base itself, or to the 
base produced. 
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A Diagonal is a line joining two opposite angular points. 

The Complement of an angle is what is wanted to make an 
acute angle equal to a right angle, or to 90°. 

The Supplement of an angle is what is wanted to make an 
angle equal to two right angles, or to 180°. 

The Explement of an angle is what is wanted to make an 
angle equal to four right angles, or to 360°. 

The Complements of a Parallelogram^ when the parallelogram 
is bisected by its diagonal, and subsidiary parallelograms are 
formed by two lines, one, parallel to one side, and the other, 
parallel to the other side, and both intersecting the diagonal, — 
the complements of the parallelogram are those subsidiary paral- 
lelograms through wJuch the diagonal does not pass ; and these, 
with the subsidiary parallelograms through which the diagonal 
does pass, fill up or complete the whole parallelogram. 

The Area of a Figure is the quantity of surface contained in 
it, reckoned in square xmits, as square inches, square feet, &c. 

A locu^ in Plane Geometry is a straight line, or a plane curve, 
every point of which, and none else, satisfies a certain condition. 



SECTION IV. ' 

NATURE OP GEOMETRICAL REASONING. 

The Demonstrations in Euclid's Elements of Geometry con- 
sist of arguments or reasonings by which the assertions made in 
the propositions are proved to be true. Thus, in the 15th Prop., 
bk. i., tie assertion is made that "the opposite, or vertical angles, 
formed by two intersecting lines, are equal ;" and the demon- 
stration shows by argument, or reasoning, founded upon truths 
already admitted or proved, that the assertion itself must be 
received as true. 

AVhen fully stated, each argument contains both the thing 
which is proved, and the means by which the proof is esta- 
blished : and as in the arrangement of the parts of an argu- 
ment the means of proof usually precede the thing proved, 
they are named the premiases ; and the thing proved is named the 
conclusion or inference. Thus, in Prop. 1, bk. i., the premisses 
are — Ist, things equal to the same thing are equal to each other ; 
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2nd, the line A 0, and also the line B .C, are each equal to the same 
line A B ; and 3rd, the inference, conclusion, or thing proved, is, 
that the line A C equals the line B C, or, adhering more strictly 
to the forms of reasoning, the two lines A C and B C are equal 
to each other. 

Here in the premisses two things are laid down, or granted to 
be true : as, — " things equal to the same thing are equal to each 
other," — ^this is one truth ; " the line A C equals the line A B, 
and the line B C also equals the same line A B," — this is another 
truth ; and from the two things thus declared to be true, there 
is made in the conclusion the necessary and unavoidable infer- 
ence, — therefore AC equals BC, i. e., the two lines are equal 
to each other. 

The subject of the conclusion, "the two lines AC and BC," is 
called the minor term; the predicate of the conclusion, "are 
equal to each other," is called the major term. 

There are three terms in the premisses, — ^the major and the 
minor terms, and a third term with which as with a standard the 
major and the minor terms are compared. This third term, being 
the medium of the comparison, is named the middle term: it 
enters into the major premiss as the subject, and into the minor 
premiss as the predicate. In the example given, " things equal 
to the same," is the middle term, being the subject of the major 
premiss — " things equal to the same are equal to each other," and 
the predicate of the minor premiss — " lie lines A C and B C 
are each equal to the same fine A B." 

The premiss in which the major term — i, e., the predicate of 
the conclusion — appears, is called the major premiss j that in 
which the minor term, or subject of the conclusion, appears, is the 
minor premiss. Thus in the argument already given : 

Major premiss^ Because things equal to the same, are equal 
to each other ; 

Minor premiss, and because the two lines A C and B C, are 
each equal to the same line A B ; 

Conclusion, therefore the two lines A C and B C are equal to 
each other. 

Here, " the two lines AC, B (7" is the subject, and " equal to 
each other^^ the predicate of the conclusion; 
" The two lines AC, BC^^ is the subject, and " each 
equal to the same line AB,** the predicate of the 
minor premiss ; 
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" Things equal to the same line AB^^ the subject, and 
^[eqiial to each other' ^ the predicate of the major 
premiss. 

Thns, " equal to each other^* is the major t<=^rm ; " t?ie two lines 
AC, BC^* the minor term ; and " things equal to the same line 
AB^^ the middle term of the argument. 

In this mode of reasoning, it is seen that assertions are 
broadly made; and we may ask, on what evidence are these 
assertions themselves to be received as true ? 

The first kind of evidence is jfrom the definition of the thing ; 
thus, we define a triangle to be a figme bounded by three sides ; 
and if, of any figure placed before us, we can afifirm that it has 
three sides exactly, the conclusion is inevitable, that this figure 
also is a triangle. 

The second kind of evidence is from the axioms^ or truths 
so plain that they need no proof: for example, — we receive 
as undeniable, that, if equals be added to equals, the wholes are 
equal ; and we argue, if to the line A D, or to its equal the line 
B C, we add another Hne E F, then the whole line made up of 
A D + E F, will equal the whole line made up of B C + E F. 

The third kind of evidence is from the hypothesis^ or supposi- 
tion, which we make as the condition of our assertion : we declare, 
"in an isosceles triangle, the angles at the base are equal;" the 
very words, though not in -the exact form of an hypothesis, di- 
rectly imply the supposition, " if a triangle is isosceles," " then 
the angles at the base are equal." An isosceles triangle is here 
taken as the starting point of the reasoning ; — and though, for 
the demonstration of the inference, "the angles at the base are 
equal," it is necessary to draw various lines which are not men- 
tioned in the hypothesis, the conclusion at which we arrive is 
altogether dependent on the hypothesis. 

The fourth kind of evidence is from proof already given ; for 
what has once been established, may afterwards be taken for 
granted. For instance, when we have once established the 
truth, that " the interior angles of every triangle are together 
equal to two right angles," and we afterwards come to a propo- 
sition in the demonstration of which we need this established 
truth, we do not again go through all the steps by which the 
equality of the sum of the interior angles of a triangle to two 
right angles has been proved, but, without going down again to 
the bottom of the ladder before we make a step higher, we start 
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from the step we had abeady gained, and at once take np our 
position on a more advanced truth. 

But the Principle of Geometrical Reasoning is, that from two 
propositions established or received as true, a third proposition, or 
inference, shall be made. Now, that this may be done, there 
must be something in common contained in both the propositions, 
with which common thing, the other two things are compared : 
we say — 

All the triangle is in the circle, 
All the square is in the triangle, 
therefore. All the square is in the circle : 

the common term of comparison here is "the triangle," and our 
inference is correct. 

But if we say — 

All the triangle is in the circle, 
All the square is in the circle ; 
and infer. All the square is id the triangle ; 

this may be, or may not be, — ^for it ma^ happen that only a part 
of the square is in the triangle. The fault of the apparent argu- 
ment is, there is no proper term of comparison, — no middle term 
which is at the same time the subject of the major premiss, and 
the predicate of the minor premiss. To have the argument 
soimd, we say — 

Major P, All the triangle is in the circle. 
Minor P. All the square is in the triangle, 
therefore, All the square is in the circle. 

When a connexion is thus declared to exist between the pre- 
misses and the conclusion, — ^that is, when reasons are stated and 
an inference made, — ^this mode of argument receives the name 
of a Syllogism ; for a Syllogism is a bringing together into one 
view the two steps of the reasoning on which a truth depends, 
and the truth itself; or, as Whately, in his Elements of Logic, 
p. 52, defines a Syllogism, it is " an argument so expressed, tiiat 
the conclusiveness of it is manifest from the mere force of the 
expression, i. e., without considering the meaning of the terms : 
e.g., in this Syllogism — 

"Every Y is X, 

,, Z is Y, 

therefore Z is X; 

"the Conclusion is inevitable, whatever terms X, Y, and Z 
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respectively, are miderstood to stand for. And to this form all 
legitimate Arguments may ultimately be brought." 

Every Syllogism is made up of three propositions, or asser- 
tions ; of which, two are named the premisses^ and the third, the 
conclvLsion, The Proposition which contains the predicate of the 
conclusion, is called the major premiss ; and that which contains 
the subject of the conclusion, the minor premiss. The premisses 
are usually introduced by the word because, or by some similar 
word, and the conclusion by tlie word therefore. 

The Syllogism is exhibited in four forms, or figures, distin- 
guished from each other by the situation of the Middle Term, or 
Standard of Comparison, with respect to the extremes of the 
Conclusion, — that is, wilii respect to the major or minor terms. 
" The proper order is to place the Major premiss first, and the 
Minor, second; but this does not constitute the Major and Minor 
premisses ; for that premiss (wherever placed) is the Major which 
contains the major term, and the Minor, the minor" — {Elements 
of Logic, p. 57.) The major term, as we have before said, is the 
predicate, and the minor term the subject of the conclusion. 

Taking X to represent the Major term, Z the Minor term, and 
Y the Middle term, we may now exhibit the four forms of the 
Syllogism, of which four forms one or the other is used in all 
legitimate reasoning. 

I. The First Form, or figure, of the Syllogism, which is also 
the clearest and most natural, makes the Middle term the subject 
of the major premiss, and the predicate of the minor. Thus, in 
Prop. 1, bk. i., of Euclid's Elements — 

Major P. Becanse Y=X, or, becanse the line A B is equal to the line AC, 
Minor P. and Z= Y ; and the line BC is equal to the line AB ; 
Oond, therefore ZsX therefore the line BG is equal to the line AC. 

Here we may observe that B C, or Z, is the subject of the 

conclusion, and A C, or X, the predicate ; 
B C, or Z, the subject, and A B, or Y, the predicate of the 

minor premiss ; 
A B, or Y, the subject, and A C, or X, the predicate of the 

major premiss ; 
AC, or X, the major term; BC, or Z, the minor term; and 

A B, or Y, the middle term, or the standard of comparison. 
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« 

II. In the Second Form of the Syllogism, the Middle term ia 
the predicate of both premisses ; as in Prop. 47, bk. i., of the 
Elements — 

Major P. Because X= Y, or, becaiue the angle D B G ib a right angle, 
Minor P. and Z=Y ; and the angle FB A iB a right angle ; 
Cond. therefore Z = X therefore the angle F B A = the angle DBG. 

Here ^ F B A, or Z, is the subject, and I'D BG^ or X, the 

predicate of the conclusion ; 
Z F B A, or Z, is the subject, and rt. angle, or Y, the 

predicate of the minor premiss ; 
/. D B C, or X, is the subject, and rt. angle, or Y, the 

predicate of the major premiss ; 
^ D B C, or X, is the major term ; ^ F B A, or Z, the 

minor term ; and right angle, the middle term. 

III. In the Third Form of the Syllogism, the Middle term is 
the subject of both premisses; as in Prop. 28, bk. i., of the 
Elements — 

Major P, Because Y = X, or, because Z E GB is equal to ^ GH D, 
Minor P. and Y = Z ; and Z E GB is equal to Z AGH ; 
Concl. therefore Z = X. therefore /. AGH is equal to Z. GHD. 

Here Z, or /. A G H, is the subject, and X, or Z. G H D, the 

predicate of the conclusion ; 
Y, or Z.EGB, is the subject, and Z, or Z AGH, the 

predicate of the minor premiss ; 
Y, or ZEGB, is the subject, and X, or ZGHD, the 

predicate of the major premiss ; 
X, or /. G H D, represents the major term; Z, or ^ AGH, 

the minor term; and Y, or ^ E G B, the middle term. 

IV. The Fourth Form of the Syllogism is the reverse of the 
first, and is the most unnatural of all : it places the Middle term 
the predicate of the major premiss, and the subject of the minor. 
Thus in Prop. 26, case 2, bk. i., of the Elements — 

Major P, Because X = Y, or, because /. BH A is equal to ^ E F D, 
Minor P. and Y = Z; and Z E FDisequal to Z BOA; 
Concl, therefore Z = X. therefore Z B C A is equal to Z B H A. 

Here Z, or Z B C A, is the subject, and X, or Z B H A, the 
predicate of the conclusion ; 
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Y, or IE YD, is the subject, and Z, or /.BOA, the 

predicate of the minor premiss ; 
X, or Z. B H A, is the subject, and Y, or ^ E F D, the 
predicate of the major premiss ; 
and X, or /.BHA, is the major term; Z, or ^BCA, the 
minor ; and Y, or ^ E F D, the middle term. 

N.B. — This fourth form is never employed except by some 
accidental awkwardness of expression. Prop. 26, case 2, bk. i.^ 
would be much better arranged if we reduced it to the second 
form, and said — 

Major P. Because X = Y, or, because /. B H A equals ^ E F D, 
Minor R and Z = Y ; and Z B C A equals Z. E F D ; 
Concl, therefore Z = X. therefore Z B C A equals /. B H A. 

All legitimate arguments may be brought to one or the other 
of these four forms of the Syllogism ; and in reading EucHd's 
Elements it will be an improving exercise, occasionally, to pre- 
sent the arguments in the regular Sylloe^istic form. We subjoin 
an example from The Study and Difficulties of Mathematics, 
pp. 73, 74 : it is Prop. 47, bk. i., of the Elements. It will serve 
as a model for putting other propositions into the syllogistic form^ 

Let AB C be a rt. angled 

triangle, BAC being 

the rt. angle ; 
the squares on AB and 

A C together equal the 

square on B C. 

Describe the squares on,, 

BCandBA; ^ 

produce DB to meet E F, 

produced if necessary, 

inG; 
and draw H K parallel to 

B D and through A. 

I. Conterminous sides of 

a square are at rt. angles to one another ; 
E B and B A are conterminous sides of a 

square; 
/. E B and B A are at rt. angles. 



Exp. 


1 


Hyp. 




2 


Concl. 


Cons. 


1 


46.1. 




2 


Pst. 2. 




3 


31.1. 


E M. 


1 


Def. 30. 






C. 1. 










16 
Dem. 



Sim. 



8 



D.1&2. 



D.1&2. 




Def. 30. 
C. 1. 

Def. 10. 
Cl&Hyp 

26.1. 



D.3,4,5. 



D.6. 
Def. 30. 

Def. A. 

CI. 

35.1. 
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II. By a similar Syllogism 

we prove 
thatDB and BC are 

at rt angles, 
and also that jGI^B and 

B C are at rt. angles. 

III. Two right lines per- 

pendicular to twoE 
other rt. lines make 
the same angle as 
those others : 
the lines E B and B G, 
A B and B C, are 
two rt. lines perpen- 
dicular, &c, 
.'. the angle E B G is equal to the angle 
ABC. 
iv. All the sides of a square are equal: 
A B and B E are sides of a square ; 
.'. A B and B E are equal sides. 

V. All right angles are equal, 
ZBEG andZBAC are rt. angles; 

/. ^ B E G and ^ B A C are equal angles. 

VI. Two triangles having each two angles and 

the interjacent side equal, are equal in 
aU respects : 
BEG and BAG are two triangles having 
the angles BEG and EBG respectively 
equal to £& BAG and ABC, and the 
side E B equal to the side B A ; 
.'. the triangles BEG and B A C are equal 
in all respects, 
vn. The side B G is equal to the side B C, 
and the side B C is equal to the side BD ; 
.'. the side B G is equal to the side B D. 
vni. A four-sided figure of which the opposite 
sides are parallel, is a parallelogram: 
BGHA& BPKDare four-sided figures 
of which the opposite sides are parallel; 
.'. BGHA&BrKD are parallelograms. 
IX. Parallelograms upon the same base and 
between the same parallels, are equal : 
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Dem. 



C. 3. 



10 



11 



12 



13 



36. I. 
C. 3. 



D. 9. 



D. 10. 



Sim. 



Ax. 8. 



D.11&12 



E B A F and B G H A are parallelograms 

on the same base, &c. ; 
/. E B A F and B G H A are equal paral- 
lelograms. 

X. ParaUelograms on equal bases and be- 
tween the same parallels, are equal : 

B G H A and B D K P are parallelograms 

on equal bases, &c. ; 
.-.BGHA and BDKP are equal. 

XI. The parallelogram EBAF is equal to 
parallelogram BGHA: 

parlm. B G H Ais equal to parlm. BDKP; 
.*. E B A F, the square on A B, is equal to 
parm. BDKP. 
xn. A similar argument, from the commence - 
ment, proves that the square on A C is 
equal to the rectangle G P K. 
xra.The rectangles B K and C K are together 
equal to the square on A B ; 
the squares on B A and A C are together 

equal to the rectangles B K and C K ; 
.*. the squares on B A and AC are together 
equal to the square on A B. 

Induction is a species of argument in which that is inferred 
respecting a whole class, which has been ascertained respecting 
several individuals of the class : carried out completely, Induc- 
tive reasoning is that in which a imiversal proposition is proved 
by proving separately each of its particular cases : thus, the 
angles A, B, 0, and D are all the angles iu a certain figure 
ABCD ; we prove that A is a. right angle, B a right angle, C 
a right angle, and D a right angle ; and we say, therefore all 
the angles of the figure ABCD are right angles. 

The argument ^ a fortiori^* by the stronger reason, proves 
that a given predicate belongs in a greater degree to one subject 
than to another : as, A is greater than B ; B greater than C ; 
much more, a fortiori^ is A greater 4han C. An example of 
this kind of argument occurs in Prop. 21, bk. i,, of the Elements : 
thus — 

The angle B D C is greater than the angle C E D ; 

and angle C E D is greater than the angle B A C ; 

much more .*• is angle BDC greater than angle BAC. 
c 
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The * reductio ad impossihile,* the reduction to an impossibi- 
lity, is when the argument shows that any given assertion is 
impossible ; as in the 14th Prop., bk. i., where it is supposed 
that both the line B E and the line B D are continuations of ano- 
ther line C B ; the demonstration conducts to the conclusion that 
the less angle ABE equals the greater angle A B D ; but this is 
an impossibility, for the less cannot equal the greater. 

There is also the ^reductio ad absurdum,'^ the reduction of an 
argument to an absurdity : it takes place when the conclusion, 
at which we arrive, involves something foolish, or utterly unrea- 
sonable : thus, in Prop. 7, bk. i., the angle B D C is proved, by 
the course of argument adopted, to be, first, equal to the angle 
BCD, and next, greater than the same angle BCD; but this is 
an absurdity. There is little real difference in Geometry be- 
tween the impossible and the absurd. 

" The Validity of an Argument depends upon two distinct 
considerations : — 1, the truth of the relations assumed, or repre- 
sented to have been proved before ; 2, the manner in which these 
facts are combined so as to produce new relations : — ^in which 
last, the reasoning properly consists. If either of these be in- 
correct in any single point, the result is certainly false." " The 
same thing holds good in every species of reasoning ; and it 
must be observed, however different geometrical argument may 
be in form from that which we employ daily, it is not different in 
reality." " The commonest actions of our lives are directed by 
processes exactly identical with those which enable us to pass 
from one proposition of geometry to another. A porter, for 
example, who being directed to carry a parcel from the City to 
a street which he has never heard of, and who, on enquiry, 
finding it is in the Borough, concludes that he must cross the 
water to get at it, has performed an act of reasoning, differing 
nothing in kind from fliose by a series of which, did he know 
the previous propositions, he might be convinced that the square 
of the hypotenuse of a right-angled triangle, is equal to the 
sum of the squares of the aides." — On the Studies and Difficulties 
of Mathematics^ p,76. 
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SECTION V. 

THE APPLICATION OP ALGEBRA AND ARITHMETIC TO GEOMETRY. 

Algebraical Geometry, or the Application of Algebra to 
Geometry, has two provinces ; — ^the'one, when Algebra is em- 
ployed for the investigation of geometrical theorems and prob- 
lems, and as the great instrument of mathematical Analysis ; — 
the other, when the Notation and Methods of operation usually 
appropriated to Algebra are introduced to give expression to 
geometrical truths, and to furnish the formulas according to 
which the Practical Geometrician must solve the questions 
which come before him. For success in the use of it, the first 
kind requires a more extended acquaintance both with Geometry 
•and with Algebra than beginners in either science can have 
attained ; the second kind, therefore, although it is not fitted to 
enlarge the boundaries of strictly geometrical knowledge, is that 
of which we proceed to treat. 

Arithmetical Geometry, or the Application of Arithmetic to 
Geometry, is never employed for purposes of investigation or of 
analysis ; its object is, in cases of psui;icular lines, surfaces, and 
solids, to express by numbers their properties, — ^properties^ the 
ixuth of which Geometry has already demonstrated, and for the 
numerical statement of which. Algebra has given the requisite 
formula, or method of operation. AH questions, as they are 
called, in Mensuration, are instances of the application of Arith- 
metical Geometry. 

A special example will show the respective provinces of 
Geometry, Algebra, and Arithmetic : we assert, that the square 
on the hypotenuse fh) of a right-angled triangle is equal the 
sum of the squares of the base fb) and of the perpendicular fa)\ 
Geometry demonstrates the truth of the assertion; Algebra, 
either investigates and analyzes that truth, or simply expresses 
it in the form of an equation, thus, h^ = a^ + 5* ; and Arith- 
metic assuming a particular case, as that ^ = 5 ; a = 4 ; and 
5 = 3, shows, that a square on the line of 5 equals the sum of 
the squares on the lines of 4 and 3^ respectively ; or that the 
square of 5 equals the sum of the squares of 4 and 3 ; 5x5, 
or 25, being equal to 4 x 4, or 16, added to 3 x 3, or 9>. We 
•shall .afterwards see that no numbers, except 5, 4, and 3, or their 
•equi-multiples, can with perfect accuracy give an arithmetical 
expression to the geometrical truth. 
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The main AxiomB of G^metry, Algebra, and Arithmetic are 
the same : thns in Geometry we say, — Magnitudes equal to the 
same magnitude are equal to each other ; in Algebra, Quantities 
are equal when each is equal to the same quantity ; and in 
Arithmetic, Numbers are equal to one another when they are 
equal to the same number : but the three variations in the mode 
of stating the axiom are expressions for one and the same univer- 
sal truth, — Things equal to the same thing are equal to one 
another. 

On the ground that a perfectly accurate expression of all 
geometrical truths cannot be given by numbers, it is of great 
importance in reasonings strictly geometrical, where we seek for 
absolute truth, that we should not confound a Greometrical De- 
monstration with the Algebraical or Arithmetical representation 
of it. Being accustomed to speak of one magnitude as contain- 
ing another smaller magnitude a certain number of times, w^e 
hesitate not to say, that a line contains 10 linear units ; or a 
rectangle 25 square inches ; or a solid 6 cubic inches : but Plane 
Geometry, having to do with space generally, does not reason 
respecting any definitely assigned quantity of space as expressed 
by concrete numbers, but about its universal properties. 

A point, considered theoretically or mathematically, marks 
position and not magnitude, and no succession or series of such 
points could make up a Hne ; and a line mathematical, having* 
extension only in one direction through space, and not being a 
part of space, no succession of lines, that is of lengths without 
breadths, could form a surface ; and a surface having extension 
only in two directions, length and breadth, no supposed piling 
up of surfaces could form a soHd ; — ^for the first surface in the 
imaginary series being without thickness, and the second and 
the third, &c., being equally destitute of that property, no 
number of such surfaces could form a solid. SoHds,. therefore, 
though bounded by surfaces, are not made up of surfaces ; sur- 
faces, though bounded by lines, are not made up of Hues; 
neither are lines, though they have countless points in them, 
made up of an aggregation of points. 

But a point and a line considered practicalli/j and as they were 
considered before Geometry, or Land Measuring, became a theo- 
retical Science, have in their very elements the property of ex- 
tension ; they do, and they must occupy space. On the Atomic 
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theory of Chemistry, there are iilthuate atoms beyond which no 
actual division of an elementary body can proceed ; so on the 
supposition that the points and lines employed in Mensuration 
possess visible properties, there are ultimate points and lines 
beyond which we cannot carry our process of refinement. In 
practice the point and the line are both visible, and whatever is 
visible ceases to be a mathematical point, or a mathematical line ; 
it has length and breadth to make an impression on the optic 
nerve, and is therefore a surface. 

The word monads^ applied to denote the elementary atoms by 
the aggregation of which mineral, vegetable, or animal sub- 
stances are formed, may be introduced, not disadvantageously, 
into Practical Geometry. A point is the monad, or element of a 
line ; we may make it as smaU as we please ; the thousandth 
part, or the ten-miUionth part of an inch, but however small, it 
really possesses extension : and so a line may become thinner 
and thinner, and finer and finer, but it possesses visible proper- 
ties of breadth, — ^in fact it is a surface ; and the monad of a line, 
or its least elementary part, if visible at all, must also be a surface. 

We need not continue an argument of this kind. When 
Arithmetic is applied to Geometry, the line is made up of points, 
or parts, — ^the point or part being some generally-recognised 
monad of length, or first and least element in the line : thus, 
when a line is made up of parts, each part containing one-tenth 
of an inch, then the imit, or monad of extension, is one-tenth of 
an inch. Again, for Smfaces made up of lines having visible 
breadtli, the line that measures a surface in its length is made 
up of the units, or monads of length ; and the line which mea- 
sures the same surface in its breadth is made up of the same 
units, or monads, in this case called breadth. The monad of 
length an4 the monad of breadth, placed together at right angles 
to each other, constitute the monad or unit of Surface : it 
may be a square inch, or a square foot, or a square mile. 

Thus 100th of an inch, taken in one direction, may represent 
the monad, or elementary part of length ; 

And 100th of an inch, taken in a direction at right angles 
from one extremity of the monad of length, will represent the 
monad of breadth ; 

And the monad of length and the monad of breadth, depth, 
or height, — ^for in a plane they are three words for one thing,— ^ 
thus placed, constitute the monad or imit of surface. 
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Also, 100th of an inch, taken in a direction at right angles 
from the common point of junction of the two Knes which repre- 
sent the monad of surface, will represent the monad of thickness ; 

And the monad of length, the monad of breadth, and the 
monad of thickness thus placed, and constituting extension in 
three directions, originate the monad or unit of solidity. 

Though, strictly speaking, the Monads, or least elementary 
parts of a line, are themselves lines ; nay, from being visible, 
are actually surfaces ; yet, if such a monad be set in motion, it 
generates or traces out a longer line ; and a line thus formed 
and set in motion generates a surface ; and a surface also being 
moved, traces out a solid. 

It is on this principle that a visible point may cover from 
view the Hne made up of such points ; the visible line cover the 
surface made up of such lines ; and the surface cover from view 
the solid made up of such surfaces. 

In Plane Geometry, however, we have to do only with sur- 
faces and with lines as constituting the boundaries of surfaces : 
consequently, we have to consider only two dimensions — the 
measurement of length and the measurement of breadth, and 
the combination of the two as indicating the measurement of 
surface. 

Lines and Surfaces, as well as all other magnitudes, may be 
expressed by numbers ; indeed, without numbers they can only 
be very imperfectly expressed. To do this, as we have seen, 
some Standard of length, or of surface, is assumed ; as, a Hnear 
inch, or a square inch : the number of such linear inches, or 
square inches, expresses the magnitude of the line or of the 
surface ; 

Thus the symbolical expression ^^2 denotes the diagonal of 
a square of which the side is 1 : 4 x 3, or 12, the number of 
square. units in a rectangle of which the sides contain 4 and 3 
linear units respectively : 

And generally, if we designate the number of linear units in 
one line by the algebraical symbol a, and the number in another 
line by J, the algebraical symbol ah will denote the area of the 
rectangle formed by the lines a and h. 

We proceed, therefore, to consider the meaning which we 
(should attach to algebraical and numerical symbols when applied 
to lines and. surfaces. 
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First, — of a Line. 

Any straight line whatever, as AB, or a, or 1, may be taken 
to represent the unit of length ; to any longer line, as C D, or &, 
or 3, we apply AB, or a, or 1, as the measuring line or unit; 
and if A B is contained an exact number of times, as 3 times, in 
C D, then we say, C D is equal to 3 times AB ; thus C D = 3 AB 
= 3a = lx3 = 3. 



B "^aorl. 
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But AB may not be contained an exact number of times in 
C D, and consequently is not a measuring line for CD: we now 
seek for a third line as E ; and if this third line is contained an 
exact number of times, as twice, in A B, and an exact number of 
times, as seven times, in C D, — ^then E is the common measuring 
line for both AB and CD, AB being equal to 2E, and CD 
equal to 7 E. Thus C D = | of AB = |- or 3^. 

Incommensurable lines will afterwards be treated of; but we 
have already ascertained that a line, any line, may be repre- 
sented by a letter, as a, ft, &c., and that for the letters may be 
substituted a number either integral, or fractional, or mixed. 

Second, — of the Rectangle^ of the Square^ and of the Paral- 
lelogram. 

The sides of the rectangle, and of the square, are divisible, 
we will suppose, into an exact number of linear units. 

Take two lines at right angles to^^ / y D 

each other, AB = 3 linear units, B C = 4 
linear units. By drawing lines through 
the points A, A, and z, parallel to B C ; ^ 
and through the points ^, Z, /w, and C, 
parallel to AB ; the rectangle AB C D » 
will be divided into squares, each equal 
to B«PA:, and thus each representing 
a square unit, an inch, or a foot, as the ^ 
case may be : in the upper row, AAnD, there are four square 
units ; in the second row, hi on, 4 square units ; and in the third 
row, B/oC, also 4 square imits. Now, there are as many 



P 



k 



24 APPLICATION OF ALQEBBA, ETC. 

rows as there are linear units in AB, and as many squares in 
each row as there are squares on B C, each of which is equal to 
the square BkYi; therefore the whole number of square units 
in ABCD will be equal to the squares on BC, multiplied by 
the linear units inAB. IfBC=4 inches, feet, &c., and AB 
= 3 inches, feet, &c., the area of ABCD will contain 4x3, or 
12 square inches, feet, &c. 

Thus the product of two numbers, representing the linear 
units in each side of the rectangle, expresses the number of 
square units in the rectangle itself and is an Arithmetical repre- 
sentation of the Area. 

Of course this proof applies only to cases in which the two 
lines containing the rectangle have an exact measuring unit. 

Now generalising what has been proved, and for 3 linear 
units in AB substituting the algebraical symbol a, and for 4 
linear units in BC the symbol 5, — the Area of any rectan- 
gle, as ABCD, will be represented by a x i, or ai square 
units ; therefore a b will be the algebraical symbol for the area 
of a rectangle ; e. e., the units in the altitude multiplied by the 
units in the base, will give the square units in the whole 
rectangle. 

" Hence it foUows," says Potts {Elements of Oeometry^ p. 68), 
" that the term rectangle in Geometry corresponds to the term 
product in Arithmetic and Algebra ; and that a similar compari- 
son may be made between the products of the two numbers which 
represent the sides of rectangles, as between the areas of the 
rectangles themselves. This forms the basis of what are called 
Arithmetical or Algebraical proofs of Geometrical properties." 

When the altitude and the base are equal, the surface is a 
square ; and thus, a being equal to i, the square on a line is 
represented by a a, or a^. 

And as Parallelograms, of which Kectangles are one kind, 
upon the same base and of the same altitude are equal in Area, 
the Area of any Parallelogram may be found by multiplying the 
altitude into the base. 

Third, — of the Triangle and all other Rectilineal Figures, 

The Area of the triangle is equal to half the area of a paral- 
lelogram on the same or on an equal base, and between the same 
parallels ; and we may therefore represent the Area of the Tri- 
angle by taking half the area of the rectangle which has the 
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same base and altitude as the triangle : thus, if a 6 is the alge- 
braical expression for the area of the rectangle, |-a ft, or *^, will 
be the algebraical expression for the area of the triangle. 

And, inasmuch as all rectilineal figures may be resolved into 
triangles by diagonals from the angular points, we are able to 
express the area of any rectilineal figure by finding the area of 
each triangle separately, and then adding the areas together ; 
3^ + *^ +"^^'7 &0') according to the number of triangles into 
which the rectilineal figure is divided, will give the whole area. 
On this plan the altitude of each separate triangle into which 
the figure is divided must be taken. 

Fourth, — of the Regular Polygon and of the Circle, 

K from the centre of a regular polygon lines be drawn to the 
angular points, the polygon will be divided into equal triangles ; 
and if the area of one of the triangles be found, that area mul- 
tiplied by the number of triangles wiU give the Area of the 
Regular Polygon, 

When we suppose a regular polygon to have an infinite num- 
ber of sides, the sum of the sides will be equal to the circum- 
ference of a circle, the radius of which equals the altitude of 
each triangle in the polygon ; and when that circumference is 
spread out into a straight line, it wiU represent the base of a 
triangle of which the altitude equals the radius of the circle ; 
therefore the Area of a Circle will equal half the circumference 
multiplied by the radius. 

The diameter and circumference of a circle are incommen- 
surable ; but it has been ascertained that when the diameter is 
1, the circumference is 3*1415926 &c. ; and on this fact the 
methods are founded for calculating various problems in the 
Mensuration of Circles. 

Those who desire to study more completely the Application 
of Algebra to Geometry, are referred to Wand's " Treatise on 
Algebraical Qeometry^^ or to Bourdon's ^''Application de VAlgl- 
bre d la GeomStrie ;^* and for the AppKcation of Arithmetic to 
Geometry, they are recommended to "^ Treatise on Mensurxt- 
tion" and especially to the " Appendix^" by the Commissioners 
for National Education in Ireland ; — ^there is here a thoroughly 
scientific explanation of the Principles of Mensuration. For 
useful and improving exercises, the learner will find valuable 
assistance in ^^Mensuration, Plane and Solid,* ^ by the Rev. J. 
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Sidney Boucher, M.A. The work is well described as a "Series 
of Arithmetical Illustrations of the most important Practical 
Truths established by Geometry." 



SECTION VI. 

ON INCOMMENSURABLE QUANTITIES. 

When of two Hnes the less does not measure the greater, we 
may, as we have seen (p. 23), often find a third line that will be a 
Common Measure of both; such magnitudes are Commensurable; 
but when lines, or magnitudes, are so related, that, though one 
is capable of being represented in the terms of a certain unit, 
the other is not, — those lines, or magnitudes, are Incommensurable ^ 
and are to be explained by the Principles on which the Theory 
of incommensurables in Arithmetic is founded : 

Thus in the lines AB and CD, g, , 

if, when A B is measured by a third 

line E, CD is not measured by ^i— « i— iB 

that third Hne, the lines are incom- 
mensurable. C ' *"♦"■' ' — ' * ^^ 

An instance of Incommensurable quantities may be given 
from the number 2 ; there is no number either integral, or frac- 
tional, or mixed, which will express or measure the exact square 
root of 2. We may indeed employ the symbolical representa- 
tions J2^ or ^3, or ^50, &c., and we may reason about them, 
just as if their exact numerical values existed ; but the nume- 
rical square root of such numbers we can never reach. In the 
same way there are many common fractions which cannot be 
expressed with perfect accuracy as decimal fractions : take the 
common fraction 4^, and attempt to find its exact value as a deci- 
mal fraction; we obtain •571428571428, &c., ad infinitum^ but 
never reach the absolutely true decimal representation of f. 

Among instances of incommensurable quantities or magni- 
tudes, we may select the Diagonal and the Side of a Square. 
It is a Geometrical Principle, that the sum of the squares of the 
sides about a right angle is equal to the square on the side oppo- 
site the right angle. Take a square having 10 for its side ; the 
square on one side is equal to 100 ; the square on the other side 
also equal to 100 ; and 100 + 100 = the square on the diagonal : 
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but 200 has no exact square root ; we express it symbolically 
and say ^7200 = the diagonal of a square of which the side = 10, 
but the representative numerical value of ^200 cannot be found. 
It is for a reason of this nature that in many instances the 
Arithmetical Illustration of a Geometrical Truth cannot be sub- 
stituted for the Geometrical Demonstration ; for the former in 
such instances only approximates to the Truth, the latter is the 
absolute Truth itself. 

But the Approximation may be carried out to any assigned 
degree of exactness ; if we are not satisfied with being so near 
the exact truth as the thousandth part of a unit, we may diminish 
the possible error to within the millionth, or billionth part, accor- 
ding to our fancy or the necessities of the case. 

The proof of this we subjoin from the Article, " Incommen- 
surable^^ in the Penny Cyclopaedia^ Vol. XII, p. 456. 

" Let A and B be two 
incommensurable mag- ^' * ^ ' ' 
nitudes ; and let K be a G L 
third magnitude of the S' • • 1 • • • ^-+-^ ^ — • 

same kind, which may . __,__»_____,___, 
be as small as you 

please, only that it be given and known. Now, some aliquot 
part of A must be less than K; if not the hundredth, try 
the thousandth; if not the thousandth, try the millionth; 
and so on. Whatever K may be, it is possible to divide A into 
equal parts, each of which shall be less than K. Let M be such 
an aliquot part of A ; and having divided A into its parts, set 
off parts equal to M along B. Then A and B being incommen- 
surable, B will not contain M, the measure of A, an exact 
number of times, but will lie between two multiples of M, say 
B G and B L. From this it is obvious that B does not differ 
from either B G or B L by so much as G L, and therefore not so 
much as K. But B G and B L are both commensurable with A, 
since all three are multiples of M. Here there are B G and 
B L, the first a little less than B, and the second a little greater, 
neither differing from B by so much as K, but both com- 
mensurable with A. Thus it is also evident, that two whole 
numbers may be found which shall be as nearly as we please in 
the same ratio as two incommensurable quantities. 

" The difficulty thus inherent in the application of arithmetic 
to concrete magnitude is not met with in practice, because no 
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case can arise in which it is necessary to retain a magnitude bo 
closely that no alteration however small can be permitted. 
But in exact reasoning, where any error however small is to be 
avoided, it is obvious that the arithmetic of commensurable 
magnitudes, and the arithmetic (if there be such a thing) of in- 
commensurable magnitudes, must not be confounded." 

A clear example of approximating 
nearer and nearer to a point which can 
never he reached^ is supplied by drawing 
a tangent to the diameter of a circle, a-nd 
from the centre drawing a line until it 
shall cut the tangent, — ^this line cutting 
the tangent being named the secant; as 
in the circle TAF, TS being the tan- 
gent, and S the secant. If in T F, or 
T F produced, points be taken, E, F, G, H, 
&c., as centres of circles, to all of which 
T S shall be the common tangent ; then 
each circle, as it cuts A S, shall approach 
nearer to S, as in the points B, C, and 

D ; but no circle shall ever pass through the point S, inasmuch 
as T S being the common tangent, the circles cannot touch T S 
in any point except the point T ; for if they did, a curved line 
and a straight line would coincide. 

In a similar way, if £20 be subscribed annually for the pur- 
chase of books, and at the end of each year the books of the 
previous year be sold at half-price, and the proceeds, of the sale 
added to a new subscription of £20, and if the two sums thus 
added be expended in the purchase of more books, and so on, 
year after year, the half of the value of the preceding year's 
books being yearly added to the fixed subscription of £20, there 
will never be £40 worth of books purchased in any one year ; ^ 
though in each successive year the expenditure wlQ approach 
nearer and nearer to £40. 
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SECTION VII. 

OP WRITTEN AND ORAL EXAMINATIONS. 

Writiten ExaminatioiiB may be considered as tlie stiitable test 
of accuracy,— oral examinations of readiness ; the one allows of 
the exercise of the reflective powers ; the other brings into play 
quickness of perception and leads to promptness of action. The 
"onion of the two kinds, according to the nature of the subject 
under examination, should be aimed at in striving to ascertain 
progress, and actual knowledge and skill. 

The advantages of Written Examinations in Greometry and 
in kindred subjects, are well pointed out by S. F. Lacroix in his 
Essay, " On Teaching in general, and on the Teaching of Mathe- 
matics in particular J* He says, p. 197, 198, " It has been pro- 
posed to substitute examination by writing, which gives to the 
candidate more time to collect his ideas, — ^which lessens the dis- 
advantages of timidity, — and which being carried on at the same 
time for all the pupils, permits the same questions to be asked of 
each, and renders their answers more suitable for comparison. 
This written examination may also be less troublesome for the 
Examiner, because, instead of the unremitting attention which 
he must give to oral answers, and the efforts of memory necessary 
to recall to his mind the impression which those answers make, 
he has only a labour capable of being divided and suspended 
when he experiences too much fatigue ; and aU the papers which 
serve as a basis for his judgment, are at the same time under 
his eye." 

" It is principally on the applications of theories, that the 
questions of a written examination ought to run, and on calcula- 
tions, altogether out of place in an oral examination." 

For subjects not matiiematical, however,^a high place may 
be assigned to Oral Examinations. Of written examinations 
Lacroix afterwards says, p. 199, "But by this written examina- 
tion alone we are never perfectly informed as to the readiness 
with which a scholar may express himself, — ^a readiness which it 
is necessary to exercise and encourage, because it is useful at 
almost every moment of life, and because it is indispensable for 
men who wQl some day have projects to bring forward or to dis- 
cuss in the presence of their companions or of their superiors, 
and it is only an oral examination which can make them appre- 
ciated in this respect." 
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The Advantages of Written Examinations in Geometry have 
suggested the " Skeleton Propositions ;" and these advantages 
will, it is hoped, be increased by the aid which such outline 
propositions afford for training to method and exactness. Lest, 
however, the assistance given, by placing references in the mar- 
gin, should be greater than is good for more advanced learners, 
a Second Course of Examinations is recommended, — if indeed it 
be not absolutely necessary ; a Course in which no other aid is 
afforded to those under examination than the General Enuncia- 
tions of the Propositions and a few vertical lines, within which 
learners are themselves to place the references to the truths 
already established, and on which the construction and the de- 
monstration depend. 

For those who purchase only the "Gradations of Euclid," 
and who yet wish to know the Plan proposed for the " Pen and 
Ink Examinations,'' an Example is now added of both Series, — 
of the one that has the references printed in the margin, and of 
the other without any references. 
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First, — with all the references by aid of which the Exami- 
nation is to be conducted : 

Prop. 1. — Pkob. 
To describe an equilateral triangle upon a given finite straight line^ 
Solution. — Psts. 3 and 1. 



Demonstration. ~Dof. 15, and Ax. 1. 



Exp. 



Cons. 



Dem. 



1 ] Datum. 

2 Quaes. 

Pst. 3. 

// **• 
. 1. 

Sol. 



1 
2 
3 
4 



1 
2 
3 
4 
5 



Cl&Def.l5 
C2&Def.l5 
Dl,2&Ax.l 

D. 1, 2, 3. 

Eecap. 
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Second^ — without any of the references, to me^e the exami- 
nation strict and thorough. 

Prop. 1. — ^Prob. 
To describe an equilateral triangle upon a given finite straight line. 
Solution. 



DflMONSTRATION. 



Exp. 



Cons. 



Dem. 



UsB AND Application. 
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The Skeleton Proposition when filled up will appear as below, 
symbols and contractions being allowed. 

Prop. 1. — Prob. 

To describe an equilateral triangle on a given finite straight line. 

Solution. — Psts. 3 and 1. — Pst. 3. A may be described from any 
centre at any distance from that centre. 
Fst. 1. A line may be drawn from any one point to another. 

Demonstration. —Def. 16, and Ax. 1. — Def. 16. A © is a plane figure 

bounded by one continued line called its 0ce, and having a certain 

point within it from which all st. lines drawn to the 0ce are equal. 

Ax. 1 . Magnitudes which are equal to the same, are equal to each 

other. 



Exp. 



Cons. 



Dem. 



1 
2 



3 
4 

1 
2 
3 
4 
5 



Dat. 
Quaes. 

Pst. 3. 



It 



3. 



. 1. 

Sol. 



C.l,Def.l5 
C.2^Def.l5 
D.l,2,Ax.l 

D. 1, 2, 3. 

Recap. . 



, .C_-. 



Given, the st. line A B ; 
on it to desc. an equil. A / 

From centre A with AB / 

desc. ©BCD; (^ 

from centre B with B A \ 

desc. ACE; ^ 

Draw AC and BC; 
then A A B C is the eq. lat. ^ required. 

V A is centre of BCD, .-. AC = AB; 

V B „ 0ACE, .-. BC = AB: 
But AC, BC each = AB, .*. AC = BC. 
and .-. AB = AC = BC; 

therefore A ABC is equil. and on AB. 




V^*'^*'^* 



Use and Application. — This problem may be applied to the measure- 
ment of inaccessible lines, by drawing on wood or brass an equil. triangle, 
and using the instrument, by placing it at A, and along the line AB, so 
that C and B may be seen ; then if it be carried along A B, until at B, 
C and A can be seen along the edges of the instrument, the side AB will 
have been traversed, and AB is equal to AC or EG. The AB, being mea- 
sured, will equal the other distances, AC, or CB. 
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Definitions. 

1. A Point is that which has no parts, or which has no mag- 
nitude : it marks position. — Theon and Pythagoras. 

** A point is that of which there is no part." — Euclid : or, "which can- 
not be parted or divided." — Proclus. 

'* A point is a monad having position." — Ptthaooras. A mathema- 
tical point cannot be drawn ; for a visible point is, in fiust, a surfiice. 

2. A Line is length without breadth ; or it is extension in one 
direction. 

A mathematical line cannot be drawn ; for whatever is visible must 
have breadth. 

A line is measured by the nmnber of units, or monads, of length con- 
tained in it ; — ^as, 5 inches ; 9 feet ; 13 miles. 

3. The extremities^ or ends^ of a line are points. 

4. A right, or straight line^ is that which lies evenly between 
its extreme points. 

*' A straight line is the shortest distance between two points." — ^Abohi- 

MEDES, adopted by Legenbbe. 
A straight line is that of which the extremity hides all the rest, the eye 

being placed in the continuation of the line." — Plato. Plato's line 

was thus a visible, not a mathematical line. 

5. A superficies, or surface, is that which has only length and 
breadth ; it is extension in two directions. 

6. The extremities, or boundaries^ of a surface, are lines. 



38 



DEFINITIONS. 



7. — A plane surface is that in which any two points being 
taken, the straight line joining them lies wholly in that surface. 
— Hero the Elder. 

" A plane snrfSM^e is that which lies evenly, or equally, with the straight 
lines in it " — ^Euclid. 

**.A plane surface is one whose extremities hide all the inteirmediate 
parts, the eye being placed in its continuation." — Plato. '* A plane 
snrfstce is the smallest sorfiice which can be contained between given 
extremities. '* *VA plane surfisuie is that to which a straight line may 
be applied in any manner of way.'' 

A plane surface is measured by the number of square units, or monads, 
of surface, contained within its boundaries ; — as, 4 square inches ; 9 
square feet ; 13 square yards, &c. 

8. A plane angle is the inclination of two lines to each other 
in a plane, which meet together in the same point, but are not in 
the same straight line. 

A plane angle is the opening of two lines from their point of meeting, 
or of intersection. 

9. A plane rectilineal angle is the inclination of two straight 
lines to one another, which meet together, but are not in the 
same straight line. 



A plane rectilineal angle is the opening of 
two straight lines from their point of 
meeting or of intersection, that point 
being the vertex. The magnitude of the 
angle is altogether independent of the 
length of the lines ; angle B is greater 
than angle A. Where tiiere are several 
angles meeting at a point, each ans;le is 
distinguished by three letters, the letter 
at the point of meeting of the lines form- 
ing the angle, being named in the mid- 
dle; as, CDF, FDG, GDE. 



A plane rectilineal angle is mecutured by the number of degrees in the 
arc of a circle, of which the centre is at the angular point} and the 
circumference cuts the lines forming the angle : thus, the arc e c is 
the measure of the angle EDO ; arc eg, of angle EDG, &c. A de- 
gree is the 360th part of the circimiference of a circle. 

10. When a straight line standing on another straight line 
makes the adjacent angles equal to each other, each of these 
angles is called a right angle; and the straight line which 
stands on the other is called a perpendicular to it. 
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The angle CD A beii^ equal to angle GDB, 

each of them is a tight angle, and CD is 

a perpendicular to AB. i 

The measure of a right angle is always equal 

to an arc of 90**, i. e. , to the fourth part . 

of the circumference of a circle : thus, if 

from D an arc were drawn cutting the lines 

radiating from D, the &c BC would mea- ^ 

sure the angle BDC, and the arc AG the 

angle ADC. 

11. An obtttse angle is an angle greater than a right angle ; as 
angle E D B. 

The measure of an obtuse angle is always greater than 90^ 

12. An acute angle is an angle less than a right angle ; as 
angle FDB. 

The measure of an acute angle is always less than 90°. 

13. A term, or boundary , is the extremity of any thing. 
A boundary is the limit within which anything is contained. 

14. A figure is a surface enclosed by one or more boundaries. 

" When all the points in a figure are also points in the same plane, the 
figure is called a plane figure."— HoSB. 

15. A circle is a plane figure contained by one line, which is 
called the circumference, and is such that all straight lines drawn 
from a certain point within the figure to the circumference, are 
equal to one another. 



D 



A circle is traced out by the motion of a l^ne 
round one of its eic^emities : if the line 
BC revolve round the extremity C, the 
other extremity B will trace out the 
circumference of a circla Any portion 
of a circumference is named an arc. 

A circumference is measured by being divi- ^ i 
ded into 360 equal parts, each part being ^ I 
called a degree. When the circumfe- 
rence is thus divided, and lines are drawn 
from the centre to each of these divi- 
sions, the angle formed by every adja- 
cent pair of lines, is called an angle of one 
degree. ** We oiay thus compare angles 

tofi^ether by comparing the number of degrees contained in the inter- 
cepted arcs of a circle described from the angular point as a centre. " 
Thus if the arc BD contains 90% and the arc BH 45% the an-jle BCD 
will be double of the angle BCH. 

16. And the point (from which the equal lines are drawn) is 
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called the centre of the circle ; as, C is the centre of the circle 
AD BE, having the lines CA, CD, CB, &c., all equal. 
The straight lines from the centre to the circumference are radii. 

17. A diameter of a circle is any straight line drawn through 
the centre, and terminated both wayst by the circumference ; as 
AB, or D E, in the circle ADBE. 

A diameter is doable of a radius. 

18. A semicircle is the figure contained by the diameter and 
the part of the circumference cut off by the diameter ; as ADBCA. 

The centre of the diameter forming one boundary of the semicir le, is 
the same with the centre of the circle ; and the semi-circumference 
being divided into 180 equal parts, and lines froq^ the extremities of 
those equal parts being drawn to the centre, the arc opposite to each 
angle thus formed, wiU be the measure of an angle of one degree. 

The Semicircle thus divided, 
(or the Protra>ctor^ as it is 
called when the lines from 
the centre C are drawn to 
the edges of a rectangular 
figure), is employed/or Hie 
measurement of angles, by 
laying the centre C at the 
angular point, and the 
edge CB, or AB, along 

one line of the angle, and ^ _ 

then noting under what " ^ " 

degree the other line passes : the arc between the two lines is the 
measure of the angla Or, if it be required to draw an angle of a 
fixed number of degrees^ the semicircle thus divided will enable us 
to do it ; for, draw a line, and determine where the angular point in 
it is to be, — ^then apply to that point the centre C, and lay tne edge 
OB, or CA, along the line already drawn ; note by a mark the de- 
grees required, and join that mark to the angular point by a 
* straight line, the two lines will enclose the angle required. 

N. B. On the principle that heavy bodies, near the earth's surface, when 
left free to move, gravitate towards the earth's centre, the semicircle 
or a skeleton of it called a level, may be employed with a plummet 
suspended fromD, or 90°, to ascertain both tJie horizontal and vertical 
lines : if the string by which the plummet is suroended, covers the 
line at 0, A B is in the horizontal line, and aline from D to C, or the 
string itself^ will be the vertical line. An instrument of tins kind 
is made use of by builders and others, and for purposes of levelling, 
&;c. 

In Surveying, for the measurement of angles from any point to distant 
objects f Beiv&nl instruments have been constructed : as the Sextant, 
an arc of 60*"; the Quadrant, an arc of 90*" ; and the Theodolite, a 
whole ciiele of 3G0^ divided into two BendcureleB of 180^ each. 
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The Theodolite has revol- g^ 

ving on its centre 0, y 

a graduated index, on p ,-''' n 

wmch is fixed a tele- •'' " 

scope SCF, with fine 
cross wires on the object 
glass F. There are also 
spirit levels attached, // />:''' \\ p (i^ 

for ascertaining the j5 (t --''---^-'^^ Jn "'^ <» 

true horizontal line. <^m^| ^ — - ^ -a- 

The observer sets the "^ 
telescope SCF, so that 
au object at A may be 
seen from S, through 
the telescope ; the the- -^ 

odolite remaining fix- *^ 

ed, the telescope is turned round until from T the second object 
B can be covered by the intersection of th. wires of the object- 
glass of the telescope : the number of degrees traversed by the tele- 
scope from S to T, or from F to G, is noted, and that number is the 
measure of the angle AOK 

19. A segment of a circle is the figure contained by a straight 
line and the part of the circumference which it cuts off; as in 
Def. 15, the figure FGEF. 

In a segment the straight line, as FG, is the chord; the part of the 

circumference cut ofl^ as FEG, the arc, 
A Sector is any portion of a circle bounded by two radii and the arc 

which those radii intercept, asBCDB, BCIB. 

20. Rectilineal figures are those which are bounded by right 
or straight lines. 

21. Trilateral figures^ or Triangles^ are bounded by three 
straight lines. 

All other rectilineal figures may be resolved into triangles, by joining 
some one angular point and the other angular points. 

22. Quadrilateral figures are bounded by four straight lines. 

The Diagonals of a quadrilateral are the lines joining the opposite 
anglea 

23. Multilateral figures^ or Polygons^ are bounded by more 
than four right lines. 

They are named from the number of angles : as, pentagon, a figure of 
five angles, or sides ; hexagon, of six ; heptagon^ of seven ; octagon, 
of eight, &C. 

24. An Equilateral Triangle is that which has three equal 
sides; as, ABC. 
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25. An Isosceles Triangle 
is that which has two equal 
sides, or legs; namely, DF 
and EF. 

26. A Scalene Triangle is 
that which has three unequal A 
sides; as, GHI. 

27. A Right-angled Triangle is ih&t which has 
a right angle ; as, ABC. 

The side opposite the right angle, AC, is named'the 
hypotenuse, or subtend ; of the sides about the right 
angle, AB is named the base, and BC the perpendicular. 



28. An Obtuse-angled Triangle 
is that which has an obtuse angle ; 
as, DBF. 

29. An Acute-angled Triangle 

is that which has three acute 

angles; as, GHI. 

The right, and the obtuse-angled D 
triangles, have also two acute angles. 

30. Of quadrilaterals, that is, of 
four- sided figures, a square has all 
its sides equal, and all its angles 
right angles ; as A. 

31. An oblong is a figure which 
has all its angles right angles, but 
not all its sides equal ; as B. 

The oblong is the same as the rectangle of Book 11. 

32. A rhombus has all its p 
sides equal, but its angles are 
not right angles ; as C. 

33. A rhomboid has its 

opposite sides equal to each 

other, but all its sides are not ^ ^ 

equal, nor are its angles right angles ; as D. 

The term parallelogram may supersede that of rhomboid. 

In C and D, the perpendicular PD is the altitude of the figure. 
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34. All other four-sided figures, as E, are called 
Trapeziums, 

The name of the fignre is derived from the shape of the 
Greek tables, at which the master sat at the broad end, 
tiiat he might be seen by all his guests. 

35. Parallel straight lines are such as are . 

in the same plane, and which being produced 
ever so far both ways, do not meet ; as AB, p 

CD. ^ ^ 

The least objectionable of the many definitions proposed, from which 

we may reason respecting parallel lines, is that which Potts says 

'(p. 50), *' simply expresses the conception of equidistance;" thus, 

*' Parallel lines are such as lie in the same plane, and which neither 

recede from, nor approach to, each other." 

In the first Six Books of Euclid, all the lines are supposed to be in the 
same plane ; the test of parallelism is, that two lines, being in the 
same plane, never meet, though indefinitely produced. 

A. A parallelogram is a four-sided figure, 
of which the opposite sides are parallel, as 
AB to CD, and AC to BD. The Diameter, 
or diagonal, AD, is the straight line joining 
two opposite angles : the paralleh^grams 
about the diagonals AEKG and KHDF, are q^- — Tr 
those through which the diagonal passes ; 
and the Complements are the two parallelograms, ECHK and 
GKFB, through which the diagonal does not pass. 

Any figure with an equal number of equal sides, as four, six, eight, &c., 
will have its opposite sides parallel ; but in the Elements of Euclid 
the name parallelogram is restricted to four-sided figures. 

Observation. — " It is necessary to consider a solid, — ^that is, 
a magnitude which has length, breadth, and thickness, — in order 
to understand aright the definitions of a point, a line, and a 
superficies. A solid, or volume, considered apart from its phy- 
sical properties, suggests the idea of the surfaces by which it is 
bounded ; a surface, the idea of the line or lines which form its 
boundaries ; and a finite line, the points which form its extremi- 
ties. A solid is therefore bounded by surfaces; a surface is 
bounded by lines ; and a line is terminated by two points. A 
point marks position only; a line has one dimension, length 
only, and defines distance ; a superficies has two dimensions, 
length, and breadth, and defines extension; and a solid has 
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three dimensions, length, breadth, and thickness, and defines 
some definite portion of space." 

" It may also be remarked, that two points are sufficient to 
determine the position of a straight line ; and three points not 
in the same straight line are necessary to fix the position of a 
plane." — Pol£8 Eticlidy p. 44. 

Postulates. 

1. Let it be granted that a straight line may be drawn from 
any one point to any other point : 

2. That a terminated straight line may be produced to any 
length in a straight line : 

3. And that a circle may be described from any centre at any 
distance from that centre. 

The first and second Postulates concede the nse of a ruler, but not of a 
scale ; the third, that of the compasses, — ^bnt not that a circle can 
be described round a given centre with a ladins, or distance in the 
compasses of a given length. 

Euclid himself gave three oUier posttUatee, which modem Editors of the 
Elements "place as the tenth, eleventh, and twelfth Axioms. Those 
postulates were — 4 Let it be granted that two straight lines cannot 
enclose a roace : 5. That aU right angles are equ^ : and 6. That 
when two lines are met or crossed by a third line, so that the two 
exterior angles on the same side of it taken together are less than 
two right angles, the two lines so crossed shall meet, if continually 
produced. — Smithes Biographical Dictionary, * Budddet,^ VoL IL, 
p. 06. 

Axioms. 

I. The Seven Axioms, which apply to nmnber and quantity 
as well as to magnitude, were called by Euclid Common Notions. 
They are — 

1. Things which are equal to the same thing, are equal to 

one another. 

2. If equals be added to equals, the wholes are equal. 

3. If equals be taken frx>m equals, the remainders are equal. 

4. K equals be added to unequals, the 'wholes are unequal. 

5. If equals be takem from unequals, the remainders are un- 

equal. 

6. Things which are double of tiie same, are equal to one 

another. 
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7. Things which are halves of the same, are equal to one 

another. 

II. The Five Axioms, which apply especially to magnitude, 
are peculiarly Axioms of Geometry : 

8. Magnitudes which coincide with one another, — ^that is, 
which exactly fill the same space, — are equal. 

*< This Axiom is properly the definition of Geometrical equality.*' 

We prove the equality of two straight lines by placing tiiem one upon 
the other, or oy conceiving them so placed, and ascertaining that the 
extremities coincide : we prove the equality of two angles, by placing 
vertex on vertex, and line on line, and then if the openings between 
the lines are equal, the other line of the one angle will coincide with 
the otiier line of the second angle, and the angles are equal. 

And so with respect to any figure : if all the parts and boundaries of 
one figure &dx upon and cover all the parts and boundaries of another 
figure, the two figures are equaL The name of Super-position is 
given to this process, which maybe either actual or mental:— the 
one, when performed, being the proof to tiie senses; the other, 
though only conceived to be done, oeing demonstration to the mind. 

9. The whole is greater than its paxt. 

10. Two straight lines cannot enclose a space. 

11. AH right angles are equal to one another. 

This may be illustrated by sup- 
posing that equal circles 
nave Deen drawn from B 
and E, the vertices of the 
right angles » the fourth , 
piurtofeach circle, ABC A, ^{ 
or DEFD, or the arcs CA, 
FD will be the measure of 
each right angle ; but the 
circles AGHCand DGHF 
are equal; therefore the 
fourth parts of them must be equal ; and consequently the angles 
measured by those equals must themselveB be equal 

12. K a straight line meets two 
straight lines, so as to make the two in- 
terior angles on the seime side of it taken c -A 
together less than two right angles, these 
two straight lines, being continually pro- 
duced, shall at length meet upon that -^"g 
side on which the angles are less than 
two right angles. 

This is almost equivalent to saying, that if two lines are parallel, all 
the pexpendioulars enclosed between them shall be equal ; for if CD 





46 AXIOMS. 

is parallel to £F, and the peroendicnlar GH less than the perpend! - 
calar A B, the lines C D and IB F are nearer together towards D and 
F than towards C and E, contrary to the definition of parcel lines. 

An illustration, by figures I. 

and II., will make the C q/A A 

axiom plainer. I. The ""^"--f^ -y^ ^l ^^D 

angles DGH and GHF ^ 1^-^^. K C^^ 

are less than two right / .'-—'•'•'^ ^.-^^"^"^^ I il 



angles, and CD, EF meet HL--^ — T -*--^ IfT 

in K. II. The angles 1^-7^ ^ " iS T^ ^F 

CGH and GHE, being *- / 

less than two right angles, o -A 

the lines CD and EF meet ° 

in L ; t. e., on the side of A B on which the angles are less than two 
right angles. 
Lines, like CD and EF (in I.) convtrgt^ when they approach nearer 
and at last meet in a point K: but lines, like LCD and LEF 
(in II. ) diverge, when setting out from a point, L, they recede more 
and more. 

When one line, AB, meets two other lines, CD and EF, there are four 
angles formed on the right hand of A B, and four on the left : of these 
angles, the interior angles are CGH, GHE, DGH, and GHF ; the 
exterior angles are AG C, AGD, BHE, and BHF; the opposite 
angles are AGC to AHE, or BHF to BGD, &c. ; the adjacent 
, angles f AGC and AGD, or AGD and DGH, &c. ; the vertical 
angles f those of which the vertex is at the same point, as CGH and 
AGD ; and the altema^ angles, every other one, as CGH and 
GHF, or DGH and GHE. 

Instead of the twelfth axiom, Playfur adopts the following: — *'Two 
straight lines which intersect one another, cannot be both parallel to 
the same straight line." 
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Prop. 1. — ^Prob. 

To describe an equilateral triangle upon a given finite straight line. 

Solution. — ^Pst 3. A may be described from any centre at any dis- 
tance from that centre. 
Pst. 1. A straight line may be drawn from any one point to any other 
point. 

Demoststbation. — Def. 16. A is a plane figure contained by one line 
which is called the 0ce, and is such that all straight lines drawn 
from a certain point wiljiin the figure (called the centre) to the 0ce 
are equal to one another. 
Ax. 1. Magnitudes which are equal to the same magnitude, are equal 
to one another. 



Exp. 



Cons. 



1 ) Datum. 
2 



Dem. 



1 
2 
3 

4 

1 
2 
3 
4 



Quaes. 
Pst. 3. 



// 



n 



3. 
1. 



Sol. 



C.l,Def.l5 

0.2,Def.l5 

D.l,2,Ax.l 

D. 1, 2, 3. 

Becap. j 




Ei 



Given, the st. Hne AB; 
on it to desc. an equil. A / 

From centre A with AB / 

desc. ©BCD; P 

and from centre B with \ 

BA desc. ©AGE; ^^ 
from the point where 

the circles cut, draw C A and CB ; 
then A A B C shall be the eq. lat. A required. 

V A is centre of © BCD, .'. AC = AB ; 

V B „ ©ACE, .-. BC =BA: 
But AC, BC each = AB, /. AC = BC. 

Thus AB, BC, and AC, sides of a triangle, 

are equal to one another. 
Therefore the ^ ABC w equil. and on AB. 

Q.E.F. 



ScBOLnTM. — ^A second equiL triangle, AFB, maybe drawn on the other 
mde of AB. 

Use and Applioation. — 1. The only use to which Endid applies this 
proposition, is in solving the next two problems, and problems 9, 10, 
and 11. 

2. For merely practical purposes it is sufGLcient, in describing an e^uil. 
triangle, to draw arcs intersecting in the common point G, or F, and to join 
the points A, B, G. By an aooommodation of ibis method, an isosceles 
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triangle may be made : thna, — from the extremities of the hue draw arcs 
with a common radins equal to the equal sides of the triangle, and join the 
points A, B, and C. 

3. A fi^re approximating to an aveU may 
be drawn by describing, from the extremities 
of a given line A B, eqnal circles intersecting 
in C and F, and by taking the diameter A£, |^P_ 
or BD, and from G and F drawing the arcs 
GH and IK to meet the arcs 16 and EH; 
the figure DGHEKID will approximate to 
anov& 



4. By drawing an equilateral triangle on wood 
or brass, an instrument, BD£, or CFGr, may be 
made, with which an inaccessible distance can be 
measured. Let A be an object; on the other side of 
a river ; at station B place the instrument so that 
A can be seen along the ed^e BD ; then without 
changing the position of the instrument, look along 
the other edge BE, and set out a line of indefinite 
length as a continoation of BE; carry the instru- 
ment along the line B 0, with its edge BE upon the B £ f i C 
line BG, until by looking^ along the edge DE 

brought to coincide with GF, the same object A will appear in a straight 
line with GF : then A, B, and G will be the angular points of an equila- 
teral triangle ; and as the sides are equal, by taieasuring from the station 
B to the station G, the dista^^c^ from B to A, or from G to A, will be 
ascertained. 



i 

* 

i 
t 

/ 


1-^, - : 

-r-^. 

\ 


A 


A 



Prop, 2. — ^Prob. 

From a given point to draw a straight line equal ^o ^ given straight 

line, 

SpliUTlON. — ^Pst. 1. A St. line may be drawn from ^y ^int to any other 

rint. P. 1.^ On a given line to desc. an eqml. triangle. 
2. A tenninated at. line may be produced to any length in a st. 
line. 
PBt 3. A circle may be drawn from any centre at any distance from 
that centre. 

DSMONSTRATION.*— Def. 16. All st lines frt>m the centre of the circle to 
the circumference, are equal 

Ax-} ]i equals be ta^9&$Pinj^nAl9,i|u9iWuandf9ra«l»«q^ 
^1. Things vhiqh «r» ^di4 tq thQ wis9 thing, VP^ eqn^l oach to 
the others. 
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Exp. 



Cons. 



Dem. 



1 


Data. 


2 


QnaRS. 


1 


Pst. 1. 


2 


P. 1. 


3 


Pst. 2. 


4 


Pst. 3. 


5 


f» 


6 


Sol. 



2 
3 
4 

5 
6 

7 



C. 4, 5. 

Def. 15. 
C. 2. 

Sub. 

Ax. 3. 
D,2,Ax.l 
Bee. 




Given the point A, and y- 

the St. line B C ; / JK 

j&x)m A to draw a st. / 

line = BC. / / ^ 

Da 

From B the extremity -Ci ^J-' 

of B C, draw a line \ \ 
to the point A ; ^*\\ 

on AB constract an "^V 

equil. A BDA; 
lengthen DB and DA 

indefinitely to E 

and F; 
from centre B with BC desc. the CHG ; 

and from centre D with DG deso. GLK ; 

then the st. line AL from A = the given line 
BC. 

V B is the centre of CGH, and D of 

GLK; 
.-. BG - BC, andDL = DG. 
ButtheHne DA = DB; 
and taking away these equals from the equals 

DL and DG, 
the rem. AL = the rem. B G : 
But BG being = BC, .-- the rem. AL = BC. 
Wherefore from the given point A has been 

drawn a st, line AL = the given st, line BC. 



Q.E.F. 



Scholium. — ^When the giyen point is out of 
the civen line, or of the given line produced, this 
problem admits of eight cases, each of which is a /''H 
solution of the problem ; bnt if the given point is / 
in the given line, or in tiie given line produced, of / ^^ 
only four cases. / /S 

It is very conducive to the learner's improve- •, / 
ment, when the proposition admits of it, to vary • \ p 
the mode of solution : of the eight cases men- \\ 
tioned, we will take another, in which the ^ven \.. ^ » 
point A is joined to C, the other extremity of '"'♦5?*' 



the line BC. 

The same method will be pursued in the ]g*^** 
Solution : join A and C, and on AG construct 
an equiL triangle ADC; produce its sides to 

E 
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E and F; and with CB as radius desa the circle GBH, and with DG as 
radius, the circle GLE ; the line AL will be drawn equal to CB, 

The Demonstration follows the same course as in the first case given 
above. The learner may solve some of the other cases for himself. 

Uss AND Application. — Practically the given distance EC will be 
taken in the compasses, or measured by a string, or some instrument* as a 
foot, or a yard, and a line of the required length be marked off from A, 
an AL. 



Prop. 8 — ^Prob. 

From the greater of two given lines to cut of a part eqiuzl to 
the less. 

Solution. — ^P. 2. From a given point to draw a line equal to a given 
line. 
Pst. 3. A may be described from any centre at any distance from 
that centre. 

Demonstration. — ^De£ 15. All straight lines from the centre to the cir- 
cumference of a 0, are equal 
Ax. 1. Magnitudes whidi are equal to the same majiniEtude,^ are equal 
to each other. 



Exp. 



Cons. 



Dem. 



2 
3 

1 
2 
3 
4 



Data. 



Quaes. 

P. 2. 

Pst. 3. 
Sol. 

C. 2. 

Def. 15 

C. 1. 

Ax. 1. 

Eec. 



Given the st. lines 
AB and C, AB 
being the greater 
of the two ; 

it is required to cut 
off from AB a part 
= the less C. 






ic 



IW 



IB 






From the point A 
draw a St. line AD 
= toC; 

and fix)m A with ra- 
dius AD describe the D EF ; 

then the st. line AE cut off from AB, = O the 
less. 

•/ A is the centre of ihe © FE D, 
.*. the St. line AE = the st line AD : 
But the St. line AD = the given st. line C, 
consequently, the st. line AE, cut off from AB, 

= the St. Ime C. 
Therefore from AB, the greater has been cujt offy 

&C. Q.BfF. 
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ScHOLnJH. — A less line AD may be iii^e equal to a greater AB, by 
describing a circlu GBH with the radius AB, and producing AD unlal i% 
meets the circle in H ; then AH will equal AB. 

TJss AND Application.—]. This problem is performed practiccUly^ by 
transferring the distance G fi^om A o^ ^^. 

2. The Problems 2 and 3 are of vei^ fi^quent application, for in Geome- 
try we are continually required to draw a line equal to a given line ; or to 
take away from a greater line a part equal to the less ; or to lengthen the 
less so that with l£e part produced it may equal the greater. 

3. The 3rd Problem famishes the means of constructing a Scale of Equal 
Parts; thus. Take AB of indefinite length towards B, and let C be the given 
St. line or parl^ that is to be cut off from AB ; from AB cut off a part equal 
to 0, as Aii] ; then again from £ B another part equal to 0, as EF ; and so 
on ; the parts in AB are each equal to C and to one another ; and AB is a 
scale of equal parts ; for the radii AD, Eiy, FD", GD", being each equal 
to C, AE, EF, FG, and GB are aU equal 



4> ;I>' ^ 

/A /\ / 



, .y ^/^ '^'' 



•im- 



m 



A B F Or B 



E 



_5, ^ <. ?, 5, ■ 4, 5. 



On tV f^me principle we take a line KX^^ ?md from one extremity E set 
off on the hne ten equal parts, as in EO ; then frt)m set along the line 
parts each equal to K O : if the parts between ^ and are tenths, the parts 
1, 2, 3, 4, 5 will be units ; but u the parts between K and are units, tiben 
the parts numbered 1, 2, 3, 4, 5 will be tens, i^mely, 10, 20, 30, 40, 60. 
By a scale of this kind, the comparative lengths of lines may be readily 
measured. 

For the advantageous use of a Scaljp pf Equ^ Parts^ we should under- 
stand the nature of Eepresentatiye VaUmes. A miniature, of not more tlum 
a square inch in surfiEK^e, is representative of the human £ace ; and a map, on 
a square of 12 inches, m^y be representative of a tract in the heavens that 
ts^es in distances which we caj^ s(^cely ooQ^dlv^. The lines in the minia- 
ture and in the map, are in due proportic^i ip thpse in the face and in the 
expanse of heaven ; and thus they posses|L9( representative value, — ^they are 
not the actual distances, but they stand STor theno. The inch on a scale 
may indicate a mile, o;r a thousand miles of distance ; but if each portion of 
a mile, if eaoh mile, or ^ousand nuka^ Is mm of the same relative size, 
then the map is a true representation ; stretdh out all its parts in an equal 
degree, and at last by siupeij^tiLon it wotf4 actually cover every point of 
the wide K^&Qe of wh^ it x^^ bnt ifhp .mair^ or o^utHne. 
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By such a ase of the Scale of Equal Parte, and of the Scale for Anoular 
Magmtude^e can construct figures that are a true index of the positions 
ajid real distances of cities, mountains, and seas, and in some renSL^ 
the consteUations of heaven. For instance,-if by actual observa^orlnd 
measurement it is ascertained that there are two towns each distant thir^ 
five mUes from a third, and that the two, in reference to the third, arelt 
an angle of 21 apart a plan may easUy be drawn which shall correct yribew 
their situation with respect *^wjr auew 

to each other. From L draw * 
a line L M of 35 from a scale 
of equal parts ; at L with a 
semicircle make an angle of 
21° ; and along LT from the 
same scale set another 35 ; — 
the points L, M, T will repre- 
sent the situations and dis- 
tances of the three towns. 




Prop. 4. — Theor. — (ImportantJ 

If two triangles have two sides of the one equal to two sides of 
the other, each to each, and have likewise the angles contained hy 
those sides equal to each other; they shall likewise have their hoses 
or third sides, equal; and the two triangles shall he equal, and their 
angles shall be equal, each to each, viz., those to which the equal 
sides are opposite. 

Demonstration.— Ax. 10. Two straight lines cannot enclose a space. 
Ax. 8. Magnitudes which coincide with one another are equal. 



Exp. 



1 



Dem. 



4 
5 



Hyp. 1. 



// 



2. 



Concl. 1. 



n 



n 



2. 
3. 



2 
3 



Superp. 

D.l,H.l 

Ax. 8. 



IntheAsABCDEF, 
let AB = DE, and 
AG=DF; 

Also let the included 
Z: BAG = the inclu- 
ded ZEDF; 

then the base BG = 
the base EF; 

andAABG = Al>EF; 

alsoZABG= Z DEF, 

andZACB« /; DFE. 

For, applying A ABC to A DEF, so that A 

is on D, and AB on D E ; 
•.• AB coincides with and is equal to DE, 
.*. the • B shall coincide with the • E : 




C £ 
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Dem. 



5 
6 

7 

8 



9 
10 

11 

12 
13 

14 

15 
16 



D.2,3,H.2. 

Concl. 

H. 1 & Con. 

D. 3, 6. 

Con, sup. 



Ax. 10. 

Ax. 8. 

D. 2, 5, 6, 10 

Ax. 8. 
Hyp.l,D.10 

Ax. 8, Concl. 

Hyp. 1, D.7 
Kecap. 



Again, •/ AB coincides with DE, and i 

BAC = L EDF, 
.-. tJie line AC shall fall on the line DF : 
But AC being = DF, the • C shaU faU on 

the • F, 
and B falling on E, and C on F, the line B C 

falls on tlie line E F ; 
For if, though B falls on E, and C on F, 

BCdoesnotfaUonEF, 
then two st. lines will enclose a space ; 
But this is impossible ; 
therefore the base BC does coincide with 

and = the base E F : 
And AB faUing on and being equal to D E ; 

ACtoDF; andBCtoEF, 
.-. A ABC coincides with and = A DEF, 
Also, since D E coincides with A B, and E F 

withBC, 
the Z ABC shall coincide with and equal 

L DEF. 
And in a similar way Z ACB = L DFE. 
Wherefore^ if twa triangles have two sides^ 

&C. Q.E.D. 



SoHOLiXTH. — 1. This being the first Theorem in the Elements, it is 
exclusively proved by means of the Axioms. 

2. The converse of the 8th Axiom is assumed ; namely, that if magni- 
tudes are equal, not merely if they are equivalent, they will also coincide. 

3. The equality spoken of in this Proposition, is equality of the sides 
and of the angles. Triangles may be equal in area, though the sides and 
angles of the one are not equal to the sides and angles of wO other. When 
the sides and angles mutuaUy coincide, the triangles are named equal tri- 
angles ; when their areas only are equal, such triangles are called equivalent 
triangles. 

4. Some have taken the 4th Proposition for an axiom. We perceive its 
truth indeed, almost without demonstration ; but the number of axioms in 
any science ^ould not be needlessly increased ; and as this proposition can 
be naturally established by means of the received axioms of Geometry, it 
holds its proper place when classed with truths to be demonstrated. It may 
be more Driefly enunciated, thus — ** If two triangles have each two sides 
and their included angle equal, the triangles are equal in every respect." 

Use aot) Application. — This Proposition contains the first of the 
criteria by which to infer the equality of triangles, and is applied to varioua 
uses: 
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\st. Very frequently in all parts of Geometry to establiah the equality 
of triangles. 

2nd. To ascertain aoi inaecessible distance, as AB, the breadth of a 
lake. 

With an instroment for mea- 
Buring angles, take the angle at C 
formed by the lines A C, B C,from ^ 
the extremitieB A and B of the ^^ 
inaccessible distance ; and with a 
chain or other measure of length, 
find the distances GA and CB. 
The Representative Values of 
these measurements must now be 
taken from a Scale of Equal 
Parts, and drawn on paper, or on 
any plane surface: thus, draw a st. line DF of on indefinite length, and at 
D form an angle, by aid of the graduated semicircle FDE equal to the angle 
B C A ; from a scale of equal parts the distance from A to C is represented in 
proper proportion by the line DE, and the distance from B to C by DF ; con- 
sequently, on a principle established in the Sixth Book, and which we now 
assume as a Lemma, — that the sides about similar triangles are .propor- 
tional, — the line E F will represent in the due prpportion the distance from 
A to B : and if to the same ^c^e we app^ the line E F, that distance on 
the scale will be the representative mea^i!^re\nent of the actual distance 
AB. 

K.B. — If the ground near the lake was level enough to admit of setting 
out the triangle DEF in the actual measurements of CA and CB, we 
should have E F of the very length of AB, on the principle that two trian- 
gles having two sides and theit inclikded angle in each equal, have their third 
sides equal; and if we measure one, as E,F^ We ascertain the other, AB: 
but as it is seldom we find the actual surface of a country smooth enough 
for our purpose, we use the method of Bepresentative Values, or of Geome 
trical Construction. 



PfeOP. 5. — TllEOR. 

T?ie anghs td the base of an isosceles triangle are equal to each 
other ; and if the equal sides be prodttced, the angles on the other 
side of the base shall be equal, 

GoiCSTRtJCiiOK. — ^P8t.2. A terminated 1st.l£iie may be produced to any 

length in a St. line. 
P. 3. Tnmi the greater line to cut ^ff « part equal to the less. 
Fat. 1. A St. line may be drai^ fioni any one point to any other 

point. 
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Dkmonstratiok. — ^P. 4. If two triansleB have two aides and their inclu- 
ded angle of one triangle equiu to two sides and their included 
angle of another triangle, the two triangles are equal in every 
respect. 
Az. 3. If equals are taken from equals, the remainders are equal. 




Exp. 


1 




2 




3 




4 


Cons* 


I 
2 


Dem. 


1 
2 
3 



Hyp.l. 
H.2&Pst.2 



Concl. I. 



II 



2. 



P. 3. 
Pst. I. 

C.1& Hyp.l 
P. 4. 
D. 2. 



Let ABC be an isosc. A? baVing the sides 
AB and AC equal ; 

and let the equal sides be produced inde- 
finitely to D and E ; 

then the ^s ABC, ACB, at the base are 
equal; 

and the Zs DBC, ECB, on the other 
side of the base are equal. 

On AD take any • F, and make AG = EF; 
jointhe-sFandC, GandB, bythe |sFC 
andGB. 

V AF = AG, AC = AB, and Z A is common, 
.-. the side FC = GB, and A A FC = AAGB; 
also L ACF = /i ABG, and ^ AFC = L 
AGB. 
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F/.' 




4 
5 

I 6 

7 
8 



Dem. 4C.l&Hyp.l Again, /. AF = AG, and AB = AC, 

on taking away the equals AB and A C, the 

rem. B F = the rem. C G. 
But in As BCF, BCG, BF = CG, and FC 

= CB 
and ZBFCorAFC = ZCGBorAGB; 
.-. ABFC -ACGB, ZFBC= ZGGB, 

and ZBCF = ZCBG. 
Now, 2lABG= ZACF, and the part CBG 

= the part BCF; 
/. on taking away /. s CBG and BCF, the 

rem. /.ABC =therem. /.ACB, 
and these are angles at the base. 
And Z. FBC was proved to be equal to L 

GCB, 
and these are the angles below, or on the 

other side of the base. 
Wherefore^ the angles at the base, &c. 

Q.E.D. 

ScHOUUM. — To assist the learner, the orimnal figure 1 is separated into 
its parts, 2, 2, and 3, 3 ; and the equality of tifie triangles proved by Ptop. 4. 



10 

11 
12 

13 

14 



C.l&Hyp.l 
Sub. Ax. 3. 

D. 5 & 2. 

D. 3. 
P. 4. 

D.3&8. 

Sub.&Ax.3. 

Eemk. 
D.8. 

Bemk. 

Kecap. 
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Cor. — Every equilateral triangle is also equiangular. 



Exp. 



Dem. 



3 

4 



Hyp. 
Concl. 

Def. 24, P. 5 
Hyp. P. 5. 

Ax. 1. 

ConcL 

Recap. 




Let ABC be an eqiiil.A 

AB=BC=AC; 
then shall its angles be 
equal ZAto^BtoZC 

Since AB =AC, 

•. ZB= ZC, 

and since C A = CB, 

.-. 2lA= ZB; 

consequently, Z C = Z A. 

Hence, the angles are all equal, A to B, 

B to C, and C to A. 
Wherefore^ ifa/^he equilateral^ &c. q.e.d. 



Prop. 6. — Theor. 

If two angles of a triangle he equal to one another^ the sides also 
which subtend^ or are opposite to the equal angles^ shall he equal to 
one another. 

CoNSTBUcnoN. — P. 3. From the greater Ime to cut off a part equal to 
the less. 
Pst. 1. A St. line may be drawn from one point to another. 

Demonstration. — P. 4. K two triangles have two sides and the included 
angle equal in each, the triangles are in all respects equaL 



Exp. 



Sup. 



Cons. 
Dem. 



1 
2 

1 
2 



1 
2 
3 



Hyp. 
Concl. 



P.3, & Pst. 1 

C. 

Hyp. 
P. 4. 



In A ABC, supposing Z 

B=ZC, 
then the side A B = the 

side AC. 

For if AB=t=AC, one of 

them is the greater ; 
let AB be greater than 3 

AC. 

In BA make BD= AC, and join DC. 

•.* D B is made = A C, and B C is common, 

andv ZDBC= ZACB; 

.-. DC = AB, and A r)BC= AABC. 
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5 
6 



ex ahs, 

Concl. 
Recap. 
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Thus the less is declared equal to the 

greater, which is absurd ; 
/.AB is not 4= AC, that is, AB = AC. 
Wherefore if two angles of a triangle^ &c. 

Q.E.D. 



Cor — Every equiangular triangle shall also he equUateruL 



Exp. 



Dem. 



I 
2 
3 

4 



Hyp. 



ConcL 



H. & P. 6. 
H. & P. 6. 
Ax. 1. 

Concl. 

Recap. 




Let A ABC have the 
t s equal, A to B, B 

to C, and C to A ; 
then the sides are all 

equal, ABtoBC, BC 

to C A, and C A to AB. « 

vZB= ZC,-.-AC = AB. 

andv 2lB= ZA, vAC=BC; 

and.-.AB = BC. 

Hence the side AB = BC, BC to CA, and 

CAto AB. 
Wherefore^ every equiangular triangle^ &c. 

Q.E.D. 



Scholium. — 1. ThiB propoBition is named the converse of the 5th. Geo- 
metric^ conversion takes place when the hypothesis of the former proposi- 
tion is made the predicate of the hitter, and vice versd, as in Props. 5 and 6, 

18 and 19, 24 and 25 of this Book. 

• 

2. Converse theorems are not universally true ; for instance, Hke fol- 
lowing direct proposition is universally true, — **If two triangles have their 
three sides respectively eq^ual, the three angles of each shaJl he respectively 
equal ;" fo\it the converse is not univers&lly iane, hamely, — *' If two triangles 
have ike three ansles in each respectively equal, the three sides are respec- 
tively equal" — Potted Eudidy p. ^. To the equality of triangles it is 
alwavB indispensahle that one side at least of the one triangle should he given 
equal to one side of the other triangle. 

3. In Geometry there are two modes of Demonstration, — the direct, 
showing why a thing is so ; and the indirect^ provii^ that it miut be so, — 
the former being the usual method. Direct Demonstration, as in Prop. 5, is 
that in which we find intermediate steps which proceed regularly to prove 
the truth of the proposition : the Indirect Method is only employed, as in 
Prop 6, when the predicate of it adndts of «n alternative, and one of them 
must be true, because they exhaust every case that can possibly exist We 
prove that the alternative cAnnot be true, and infer, thwefore the predicate 
must be true. With irespect to equality between magnitudes, there are two 
alternatives — equal, or unequal ; and S we ^rove that inequality caxmot or 
does not exist, of necessity equaKty must exist 
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Use and Applioation. — Hieivmymus thehii^rian, records Uiat Thales 
of Miletus, who was living 546 B.C.. measured the height of the pyramids of 
Egypt, by observing the shadows wiiich they cast when the shadows were as 
long as the pyramids were high. This would be the case when the altitude 
of a pyramid, or of any other object^ ^d the perpendicular length of the 
shadow, were equal 

The height of an object and the length of 
its shadow are the same, whoi the light, S, 
which the object, AB, intercepts, is at an ele- 
vation of 45" : this condition r)tein^ observed, 
the shadow, BC, is equal tb the height, BA ; 
because the angles BCA, BAQ being each 
half a rt angle, the siaes which subtend ^hem 
are equal. Tima by measuring the shadow OB, 
we obtain the height BA. 

The height would Abo be obtained by- 
making an observation with a quadrant of alti- 
tude ; thus, — walk away in a line perpendicu- 
lar to the altitude of the object, until, at the 
station 0, the quadrant shows A to have an 
elevation of 45" : the distance gone over from B to C, or BC, will equal B A, 
the altitude. 




Prop. 7. — ^TntoR. 

Upon the same hose and upon the same side of it there cannot 
be two triangles that have their sides which are terminated in one 
extremity of the base equal to one another ^ and likewise those equal 
which are terminated in the other extremity. 

Const. — ^Pst 1. A st. line may be drawn from one point to another. 
Pst 2. A st line may be produced to any length in a st Une. 

Demonstration. — P. 5. The angles at the base of an isosceles triangle 
are equal, and if the equal sides be produced, tiie angles upon uie 
other side of the base are eqiiiaL 
Az. 9. The whole is greater than its part 



Exp. 



Sup. 



1 Hyp. 1. On A B let there be two 

As, ACB, ADB; 

2 ,; 2. and let the Bide CA= 

the side DA: 

Concl. then it is impossible 

that CB should equal 
DB. 

If possible, let CA = DA, and CB = 
DB. 




€0 



GRADATIONS IN EUCLID. 



Case I. — Let the vertices C and D be without each other. 



Const. 
Dem. 



Case II. 
Const. 

Dem. 



1 
1 

2 

3 

4 

5 
6 



Pst. 1. 
Hyp.&P.5 

C. & Ax. 9. 

dfort, 

H. & P. 5. 

D. 3. 
D. 3, 4. 



Join C and D. 

vAC = AD, ZACD 

= ZADC: 
But ZACD >BCD, 
.-. ^ADOZBCD: 
and much more is /_ 

BDC > ZBCD. 
Again, v BC = BD, 

ZBDC= ZBCD; 
but ZBDC is also > ZBCD; 
/. Z B D C is both > and= Z B C D, which 

is impossible. 




'Let the vertex D of ^ AD B, he within the A ACB. 



I 
2 



3 

4 

5 
6 



Pst. 1 & 2. 

Hy.l&P.5 
C. & Ax. 9. 



dfort. 
H. & P. 5. 

D3. 
D. 4, 3. 



Join C to D, & produce 
AC, AD to E and F. 

vAC=AD, V ZECD 

= ZFDC. 
But Z E C D is greater 

than ZBCD; 
.-. ZFDC is greater -^ 

than ZBCD; 
and much more is ZBDC > ZBCD. 
Again, vBD = BC, 
.-. ZBDC= ZBCD. 
ButZBDCisalso > ZBCD; 
/. Z B D C is both > and= ZBCD, which 

is impossible. 




Case III. — When the vertex D is on the side 

BC, no demonstration is required. 



Becap. 



Therefore^ upon the same 
base, &c. 

q.e.d. 




Scholium. — The argument made use of in this proposition, is the 
Dilemma^ or double Antecedent, in which the truth of the one is impossible, 
if we admit the truth of the other. The argument called the dilemma may, 
however, have more than two antecedents ; and Whately, p. 72, defines the 
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true dilemma as **a conditional Syllogism, with several antecedents in the 
major, and a disjunctive in the minor. ^^ 

Use. — The only purpose for which this proposition is employed, is to 
prove Prop. 8. 



Prop. 8. — Theor. — f Important J 

If two triangles have two sides of the one equal to two sides 
of the other, each to each, and have likewise their bases equal, the 
angle which is contained hy the two sides of the one, shall he equal 
to the angle contained hy the two sides equal to them of the 
other. 

Demonstration. — Pr. 7. On the same side of the same base there can- 
not be two triangles that have their sides which are terminated in 
one extremity of the base equal to one another, and likewise those 
which are terminated in the other extremity. 
Ax. 8. Magnitudes which coincide are equal to one another. 





Exp. 



Dem. 



1 
2 



2 
3 



Hyp. ^ 

Concl. 
Superp. 

Hyp. 
D.2,Hyp. 

Supp. 1. 
.. 2. 



Let the As ABC, DEF, have AB = DE, 

AC = DF, and also BC = EF; 
then L BAG shall equal Z EDF. 

Apply A ABC to A DEF; BonE, andBC 

onEF. 
V B C = E F, .-. C coincides with F. 
Wherefore, v BC coincides with EF, BA 

and CA shall coincide with ED, FD. 
For, suppose that BC coincides with EF, 
but BAand CAnot with ED, FD, but with 

other lines EG, FG, 
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Dem. 5 Concl. then on this supp., in As EDF, EGF^ on 

the same side of E F, ED shall = E G, and 
alsoFD = FG; 

6 P. 7. which is impossible. 

7 D. 2, 3. .-. since B C coincides with E F, the sides B A, 

CA, coincide with ED, PD : 

8 D. 7. Wherefore, Z BAG must coincide with L 

EDF; 

9 Ax. 8. and.-. L BAG is=! Z EDF. 
10 Recap. Therefore^ if two triangles have two sides j &c. 

Q.E.D. 

Scholium. — The Ec^uality established is that of the angles, — but the 
sides beinff equal, the tnangles also must be equal This is uie second cri- 
terion of uie equality of tnangles. 

Use. — 1. By the aid of this proposition, and of Prop. 22; the angle at a 
given paint 0, made by lines from two oijeeta, as A and B, may be deter- 
mined withotU a theodolite. 

Measure the distances A B, 
BG, C A, — and from a scale of 
equal parts construct a trian- 
gle d£f, the sides of which. 
Be, EF, and FD, will be »• 
presentatiye of the distances 
AB, BC, andCA: then with 
the semicircle find the number 
of degrees in angle F ; and as 
the tnangles ACB, DEF are 
similar, tkat number of de< 
grees will also be the mMfiwe» 
of angle C 

2. When the instraments Som niignlar m«gpitade cannot be employed, by 
reason of the inequalities of 8|ii£»ce> or the difficptty of placing the instm- 
ments, tlus proposition i^ useful for measoiing and cntting an^es in a solid 
bo^, as in a btock of stp^e^ or iot twnre0ing, «. e., for giving tke denied 
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shape to the angular edaea of timber, &c For inst^uice, a groove of the 
same triangular luiape and size with the triangle ABC, is to be cut in a block 
of marble DEFGH. At the point 






A 



^ 



\^ 



JL 



in the edge D G of the block, where D 
the groove is to commence, set off 
a line ac equal to AC ; and on the o 
plane surface DFFG, with ac for 
one side, construct a triangle abc, 
with sides equal to the side ABC : 
ahc will be the end of the groove, 
and if the guidance of abc be fol- 
lowed, the whole groove when 
finished will be of the same angular 
magnitude with ABC. 

On the same principles, a beam of timber, the end of which is repre- 
sented by KLMN, may be bevelled so that the bevelled edge shall be of the 
same angle with a given angle NPM ; for, on the end of tne beam draw a 
triangle, the sides of which shall equal those of the triangle NMP ; then by 
Prop. 8, the bevelled edge NQM is equal to the given angle NPM. 




Prop. 9. — Prob. 

To bisect a given rectilineal anglcj that is, to divide it into two 
equal parts. 

Solution. — P. 3. From the greater line to cut off a part equal to the 
less. 
P. 1. On a line to draw an equil triangl& 
Plat. 1. A line may be drawn from one point to another. 

Demonstbation. — P. 8. If two triangles have two sides of the one equal 
to two sides of the other, each to each, and have likewise their 
bases equal, the angle which is contained by the two sides of the 
one, shall be equal to the angle contained by the two sides equal to 
them of the other. 



Exp. 



Cons. 



2 
3 



Datum. 
Quaes. 

Assum. 

P.3&P8t.l 

P.l&Pstl 
Sol. 



Let the given I be 

BAG; 
it is required to bisect 

it. 

Take any point D in 

AB; 
on A C make A E = 

AD, and join DE, 
and on D E construct 

anequil. AjDFE, 

and join A F ; 
then ^ BAP Bha» = 

ZCAF, the^BAC being Wseoted. 
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Dem. 



1 

2 
3 



C.2&P.1 
P. 8. 
Recap. 



V AJ) = AE, DF = EF, and AF common, 

/. Z.DAFis= Z.EAF. 

Wherefore,, the ^ B AC is bisected hy AF. 

Q.E.F. 



Scholium. — 1. The bisection of the arc which measures an angle, is also 
effected by tiie bisection of the angle. The arc DGF is the measure of the 
z BAG, or DAE ; the I DAG is one-haH and E AG the other hal^ of z 
DAE ; and halves of the same being equal, the arc DG is equal to the 
arc GE. 

2. An isosceles triangle would serve equally well for the solution and 
demonstration. 

3. By successive bisections an angle may be divided into any number of 
equal parts indicated by a power of two, as into four, eight, sixteen, thirty- 
two, &c., equal parts. 

4. Hitherto no method has been discovered of geometrically trisecting an 
angle, so that the division of the quadrant of 90° into single degrees, is in 
part effected mechanically : by simple bisection, we divide 90** into two 45** ; 
by setting off a semi-diameter from one extremity of the quadrant, we cut 
off an arc of 60** ; 60" bisected, gives 30** ; and 30* bisected gives 15** : but 
for the division of the 15° we require to have the means of tris^ins an angle, 
which means Geometry does not supply. But having mechanically divided 
an arc of 15° into three 5°, and from one arc of 5° set off an arc of 3°, the 
simple bisection of the remaining arc of 2° gives an arc of 1°, — a unit in the 
measure of the circumference. Of course tmsis only a practical, not a theo- 
retical proof 

If, however, instead of taking an arbitrary quantity, 360, as the measure 
of the equal parts in the circumference of a circle, those who first made such 
division nad followed the strictly geometrical process of this 9tii Proposition, 
they would have arrived at a unit for the degrees in a given circumference^ 
with as much absolute certainty as they do now at the unit for a scale of 
equal parts. By making use of the powers of 2, and by their aid dividing 
the circle, the unit of the division is demonstrably accurate. Suppose the 
number of equal parts into which the circle had been divided, had been re- 
presented by the 9th power of 2, or 512, the bisection would have given 256 
for the semicircle ; 128 for the quadrant-; and 64 for the octant : and 64, by 
successive bisection, would have given 32, 16, 8, 4, 2 and 1 equal parts. Thus 
every step in the division would have been strictly in accordance with geomet- 
rical verities. Again — the unit of such degrees represented by 64 equal parts, 
would in the same way have been divisible into 32, 16, 8, 4, 2, and 1 minutes, 
and so on, to whatever extent of minuteness we might wish to carry our 
bisections. 

Probably no fsu^t in geometrical measurements more clearly shows the 
unscientific nature of the early geometry, than the division of the circle into 
360 equal parta It is now, however, too late to attempt an alteration on. 
purely geometrical grounds ; and, fortunately, there is no real inconvenience 
or inaccuracy in the received method ; — ^for an arc of the 360th part of a cir- 
cle, is in practice as readily obtained as the arc of the 512th part of the same 
circle would be. We have only to bear in mind that Plane Geometry does 
not supply the means for any division of a circle, except by the method of 
bisections, i. e., by using in regular series the powers of 2. 
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UsB AND Apflicatioh. — 1. Fntcticallftlie angle B AC, in thefignre to 
F. 9, would be bisected by drawing the arc DGE, and with any ladiua fi'om 
D and E drawing arcs intersecting in F ; A F is the bisecting line. 

2. By Prop. 9, we ghow that the angles at the 

base of an isosceles triangle are equal ; for bisect- C 

ing iACBby CD, C A is equal to C B, CD com- ,\ 

mon, and iACD equal zBCD; therefore by /i\ 

P, 4, i: CAD equals iCBD.: / ; \ 

3. AJao that the line which bisects the verti- / ; \ 
cal angle of on isosceles triangle, bisects the base ' ; \ 
perpendicularly; forAC equdlingBC, DCbeing / I \ 
common, and i. ACD by conatruction equalling a Z I in 

zBCD, byftop.4. ADequalsDB. and aADC D ° 

equals A BDC, and z ADC equals ^BDC; con- 
sequently, by Det 10, DC is perpendicular to 




4. The Marmer'a Compaie is divided into its 32 parts or points by Props. 
and 10. The bisection of the diameter by anol^er diameter at rt angles, 
mvea the cardinal points N. , E. , S. , W. ; the quadrants, being bisected, give 
the points N.E., S.E., S.W., N.W. ; and these bisections are continned 
until the number of equal divisions of the circle amounts to 32, — the arc ^ 
eadi pair of points enflloeine an angle of 11° 15'. This instnunent Li used 
for taking the bearings or directions of places &om some central station of 
observation ; and the curnsitutss of the method deiwnds on the physical law 
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that a magnetized needle or index, working freely on a pivot, always, from 
the same place, points in the same direction. To be accurate in making the 
observation, it is requisite to know the amount of deviation from the true 
North, at any given place. For Great Britain, the deviation amounts to 
about 24° west of north ; so that when the magnetized steel index, or nee- 
dle, points 24° west, the pointer on the compass caid marked N., indicates 
the true North. 



Prop. 10 — Prob. 

To bisect a given finite straight line. 

Solution. — P. 1. On a given line to construct an equilateral triangle. 
P. 9. To bisect a given rectilineal angle. 

Demonstration. — P. 4 Two triangles are equal in every respect when 
two sides and the included angle of one are equal to two sides and 
the included angle of the other triangle. 



Exp. 



Cons. 



Dem. 



1 
2 

1 
2 

3 



2 

3 



Datum. 
QuaBs. 

P. 1. 
P. 9. 

Sol. 



C. 1 & 2. 



P. 4. 
Kecap. 



Given the st.line AB ; 
it is required to bi- 
sect it. 

On AB make an equil. 

AABC; 
letCDmakeZACD 

= ZBCD; 
then A D = B D, e. c, 

AB is bisected 

iiiD. 

vAC = BC, CD is 

common, and L 

ACD= ZBCD. 
.•.AD = DB. 
Wherefore AB w bisected in D. 




Q.E.F. 



Scholium. — By successive bisections a line may thus be divided into 
any number of equal parts indicated by a power of 2 ; as, 4, 8, 16, 32, 64, 
&c. 

Use. — 1. In practice, the line AB would be divided into equal parts by 
drawing with equal radii arcs intersecting in C and E ; the line CE will 
bisect AB. 

2. Also, if the length of the line AB be ascertained by means of a scala 
of equal parts, the division into any required number of equal parts, as 2, 
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3, 4, &c., will be effected by dividing the niunerical value by 2, 3, 4, &c. , as 
the case may be. 

3. But for a ready and infeJlible method of bisecting a line, Prop. 10 
cannot be dispensed with. 



Prop. 11. — ^Prob. 

To draw a st line at right angles to a given straight line Jrom 
a given point in the same. 

SoLunoiT. — ^P. 3. From the greater of two lines to cut off a part equal 
to the less. 
P. 1. Ou a given line to construct an equilateral triangle. 
Pst. 1. Two points may be joined by a line. 

Demonstration. — P. 8. In two triangles, if two sides and the base of 

one triangle be equal to the two sides and the base of another 

triangle, the angle between the two equal sides of the one is equal 

to the ancle between the two equal sides of the other. 

De£ 10. When a straight line on another st. line makes the adjacent 

angles equal, each of the angles is a right ancle. 
Ax. 1. Things equal to the same thing are equsQ to one another. 



Exp. 



Cons. 



Dem. 



2 
3 

1 
2 
3 
4 
5 



Data. 



Quaes. 

P. 3. 

P.l&Pst.l 

Sol. 

C. 1 & 2. 
P. 8. 
C.2. 
De£ 10. 
Becap. 



Given the st. 

line AB, and 

C a point in 

it • 
to drawfrom C 

a st. line at / 

± AB. 

/ 

In AC take D, 

ajid ma^e ^--^ "^ g— g- 

CE =CD; 

on DE construct the equil. A FDE, and join 
FC; 

then ^ D C F and E C F are equal, and conse- 
quently rt. angles. 

vDC=EC, FC common, andDF = EF, 
/. 2lDCF= aECF: 

And by construction they are adjacent angles ; 
V the ^ 8 DCF and E CF are rt. angles. 
Wherefore from the given point C, &c. q.e.f. 
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QoR. — Hence it may he shown that tvx) at, lines cannot h>ai>e a com- 
mon segment. 



Exp. 



Cons. 



Dem. 



If possible, let the segment 
AB be common to tlie 
lines ABC and ABD. 



P. 11. 



2 
3 

4 
5 



Hyp. 

Def. 10. 
Hyp. 

Def. 10. 
,D.2,4,Ax.l 

Kecap. 




At B draw BE, 
making tlie 

/_ s with AB A — = 

rt. angles. 

V AB and BC make one st. line ABC, and 

/.ABE is art. angle; 

/. ^abe=z:ebc: 

Again, v AB and BD form one line ABD, 
and Z. ABE is a rt. angle ; 

V ZABE=Z.EBD: 

Wherefore L EBD = I EBC; which is 

impossible. 
Therefore two st, Unes cannot have a common 

segment. q.e.d. 



Scholium.— 1. This corollary should be ranked among the axioms ; for 
it is assumed in Prop. 4, where it is taken for granted that if certain lines, 
placed on one another, coincide for any portion of their length, they must 
coincide throughout. It is also assumed in Prop. 8. 

2 When the given point is at the extremity of a given line, the line 
from that extremity should be produced, and thert. angle be then con- 
structed : 

3. Or the following method may be 
adopted:— Let AB be the given line, 
and B tiie extremity from which the 
perpendicular is to be raised. Take 
any point G above the line AB, and 
with radius GB describe a circle cut- 
ting AB in H ; join HG and produce 
it to M ; or from H set the same radius 
GB on H JS:, KL, and LM ; M is the 

Soint from which if a line be drawn to A — 
;, that line MB will be perpendicular 
to AB, The radius equals the chord 

of 60°; three times 60** equal 180"; ' *»* 

and 180"* is the semicircle : and by P. 31, bk. iii., the angle HBM in a 
Bemieircle is a rt. angle. 



K/ 






X 



V'Jil 



\ 



XZ 



M 



XN 






o 
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UsH AND AppLiCAHOir. — 1. By this proposition the Sqtuire is constrac- 
ted, an instrument employed for ascertaining the pOTpendicular to a horizon- 
tal line, and for all purposes fop which right angles are needed. 

2, On a ffiyen hne AB, to describe an iaoeeelea triangle of which the per- 
pendicular height CD, is equal to the base AB. 




Cons. 



DSM. 



p. JO, 11, & 3 

FBt. 1. 

SoL 

C. X. 
p. 4. 
C. 1. 



Bisect AB in D, and make DC perpen. and equal to 

AB; 
join AC and BC ; 
the figure ABC is the isosc. A required. 

vAD=DB, DC is common, and zADC= -^BDC; 

.•.AC = BC. 

And the perp. DC has been made equal to AB. 

Q.E.F. 



Prop. 12. — Prob. 

To draw a perpendicular to a given st. line of unlimited length 
from a gioen point without it. 

Solution. — Pst 3. A circle may be drawn from any centre at any dis- 
tance from that centre. 
P. 10. To bisect a given st. line. 
Pst 1. A line may be drawn from one point to another. 

Demonstration. — ^De£ 15. The radii of the same circle are all equal. 
P. 8. If two triangles have two sides in one equal to two sides in the 

other, and the base equal to the base, the angles contained by the 

two pair of equal sides are equal 
De£ 10. A St. line at rt. angles to another st. line, is perpendicular 

to it. 
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H 



£ 



7g b 



A F 



• •• 



ID 



<:'U'' 



Exp. 



Cons. 



Dem. 



1 
2 

1 
2 



1 
2 
3 

4 
5 



Data. 

Quaes. 

AssTim. 
Pst3. 

P.10,Pst.l 

Sol. 

C.3,Def.l5 
P. 8. 

C. Remk. 
Def. 10. 



K 



Given the st. line AB, and the • C out of it ; 
required from C a perpendicular to AB. 

Take D on the other side of AB ; 

from C with rad. CD draw the arc EGF, 

cutting AB in F and G ; 
bisect FG in H, and join C and H, C and F, 

and C and G ; 
then CH is perpendicular to AB, 

V FH = HG, CF = CG, and HC common^ 
.-. ZCHF= ZCHG: 

Now these are adjacent angles ; 
.'. CH is perpendicular to AB. 



Recap. I Therefore from the given point, &c, q.e.f. 

Scholium. — 1. The properties of the circle form the subject of the third 
book, but in the construction for the 12th Prop., the Lemma is borrowed 
from bk. iii. , that the circle will intersect the line in two points. 



2, If the given point C is over the 
extremity ot the given line AB ; — In AB 
take any point 0, and with rad. 00 
describe the arc OLM; and from N 
another point in AB, with rad. NO, the a 
arc CPM : )oin the points of intersec- 
tion and M, OD is the perpendicular 
required. 






ift^ 



kl 



/ 






♦. 



0\ Di 



]b1 






PROP. XIII. BOOK I. 



71 



In the triangles NCO, NMO, — ^the three sides of the one are equal to 
the three sides of the other, and by P. 8, the angle C NO equals the angle 
MNO: thus in the triangles NDC, NMD, two sides and the included 
angle of one are equal to two sides and the included angle of the other : — 
therefore by P. 4, ang. ADC equals ang. ADM, and they are adjacent 
angles ; hence CD is perpendicular to AB. 

Use and Application. — I. In practice, the problem will be solved by 
drawing, as in the figure to P. 12, the arc FDE, and from the points F and 
G, with equal radii, describing arcs intersecting in K ; by joimng G K, the 
perpendicidar to AB will be drawn. 

2. This problem is indispensable to all Artificers, Surveyors, and 
Engineers. 



Prop. 13 — Theor. 

The angles which one st. line makes with another upon one side 
of it are either right angles^ or together equal to two right angles, 

GoNSTRCCTiON. — P. 11. To draw a st. line at right angles to a given st. 
line from a given point in the same. 

DsMONSTRATioN. — Def. 10. When a line standing on another line makes 
the adjacent angles equal, each of the angles is a right angle. 
Ax. 8. Magnitudes whicn exactly fill the same space are equaL 
Ax. 2. If equals be added to equals, the sums will be equal. 
Ax. 1. Magnitudes which are equal to the same, are equal to each 
other. 



Exp. 1 Hvp. Let the st. line AB 

make angles with 
the St. line D C, 

then the Zs CBA, 
A B D, are two rt. 
angles, 

or are together = 
two rt. angles. 

Case I. — Suppose that the ang, C B A w 
equal to ang. A B D ; 



Concl. 1. 



2. 



Def. 10. 



then each of the 
angles is a right rj. 
angle. 



A 



B 



— C 
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Case II. — BtU suppose that the angle C B A is not equal to angle 
ABD; 



Cons. 



Dem. 



1 
2 



P. 11. 
Def. 10. 

Ax. 8, Add. 



Ax. 2. 



Ax. 8, Add. 



6 
7 

8 
9 



Ax. 2. 



D.2. 



Ax. 1. 
C. 
Ax. 1. 

Recap. 



B 



At B in DC draw BE at rt. angles to CD, 
then / 8 CBE, E BD are two rt angles. 

V ^CBE= ZsCBA 

+ ABE, to each 

addEBD, 
.-. /.B CBE, EBD, 

= Z s CBA, ABE, 

and EBD. _ 
Again, V il)BA=^ 

Z B DBE & EBA, 

to both add I 

ABC; r.^ 

/. Zs DBA + ABC 

= ZsDBE,EBA 

and ABC. 
But Z 8 CBE, EBD ^ 

= Z B DBE, EBA 

and ABC; 
/. Z s CBE, EBD = Z B DBA, ABC ; 
Now Z s CBE, EBD are two rt. angles, 
.*. Z 8 D B A, A B C together = two rt angles. 
Wherefore, the angles which one line, &c. 

Q.E.D. 




G 



B 



C 



ScHOiJiTH. — 1. A rfc. angle FBG isfcnni&ed by biaectiiiff the uigles ABD, 
ABC. 

2. If one angle be a rt. angle, the otiier is a rt anffle ; if one be obtuse, 
the other ia acute : and if one be acnte, the other is oLtose. 

3. A semicircle is the measnre of two right angles ; and all the angles 
formed by any number of lines oonverEing to one point, on one side of ano- 
ther line, are together equal to two ri^t angles. 

4. The supplement to an angle is what it is deficient of two rt angles ; 
thus, ABD is the supplement of angle ABC: the complementj what is 
wanting to make up one rt angle ; as, ABE is the complement of ang. ABC 

Use and Application. — This theorem is of frequent use in Trigon- 
ometry and Astronomy. When we know one of the angles which a st 
line meeting another st line makes, at a point in it, we in &ct know the 
other, for the two angles are always equal to 180*" ; and if we subtract the 
given arc from 180*" we have the other angle : thus, let ang. ABC equal 70% 
ABD equals 180—70, or 110. 
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Prop. 14. — Theor. 



If at a point in a st. line, two other lines, upon the opposite sides 
of it, make the adjacent angles together equal to two right angles, 
these two lines shall he in one and the same line. 

Construction. — Pst 2. A atraight line may be produced to any length 
in a at. line. 

Demonstration. — ^P. 13. The angles made by one at. line with another 
on the same side of it, are eqnal to two rt. angles, 
Ax. 1. Things equal to the same thing are equal to one another. 
Ax. 3. If equals be taken from equals, the wholes are equal. 



Exp. 



Cons. 



Dem. 



Hyp. 



Concl. 



Supp. 



2 


Pst. 2. 


1 


Hyp. 


2 


P. 13. 


3 


Hyp. 


4 


Ax. 1. 


5 


Sub. 


6 


Ax. 3. 


7 


ex abs. 


8 


Concl. 


9 


gim. 


10 


ConcL 


11 


Recap. 



At B in AB, let 

BC and BD 

make the adja- 
cent Zs ABC, 

ABD = two 

rt. angles ; 
then BC and BD ^ 

will form one 

and the same st. line C D. 



B 



Should BD not be a production of the st. line 

CB, 
make BE a continuation of CB. 

vAB with the st. line CBE makes the /. s 

ABC, ABE, 
/. these ZsABC, ABE are = two rt. angles: 
But Z B ABC and ABD also = two rt. angles, 
.-. ZsABC and ABE = ZsABC and ABD: 
taking away the common Z ABC, 
then the rem. Z ABE = the rem. Z ABD, 
and the less Z AB E = the greater Z A B D ; 
.'. B E is not in the same st. line with C B. 
In the same way no line except B D is a con- 
tinuation of C B ; 
.*. BD is in one and the same st. line with C B, 
Wherefore if at a point in a line, ^c. q.e.d. 
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Scholium. — 1. The words *'upoii the opposite sides of it" are of essen- 
tial importance ; for two lines may make with a third, two angles equal to 
two rt. angles, and yet the two lines not be in one st. line. 

2. The fourteenth proposition is the converse of the thirteenth. 



Prop. 15. — Theor. 

If two st, lines cut one (mother^ the opposite or vertical angles 
shall he equal. 

Demonstration. — ^P. 13. The angles which one st. line makes with 
another st. line upon one side of it, are either two rb. angles, or 
equal to two rt angles. 
Ax. 1. Things equal to the same are equal to each other. 
Az. 3. If equals be taken from equals, the remainders are equal 



Exp. 



Dem. 



1 
2 
3 
4 
5 
6 
7 
8 



Hyp. 



Concl. 



Hyp. 
P. 13. 

Hyp. 
P. 13. 
Ax. 1. 
Stb. 
Ax. 3. 
Sim. 

Recap. 




Let the st. Hues AB, 

C D intersect in 

the point E ; 
then /^ AEC = 

ZDEB, 
& ^CEB= /^AED. 

V AE makes with CD the /^ s CE A and AE D, 
.*. these ^ s C E A and AE D = two rt. angles. 
And V DE makes with AB the ^ s AED, DEB; 
.*. these ^ 8 AE D and D E B = two rt. angles ; 
.-. also ZsCEA, AED= ^s AED, DEB: 
Take away the common angle AED, 
and/lCEAwiU= L DEB. 
In like manner ang. CEB is proved equal to 

ang. AED. 
Therefore^ if two sL lines cut one another^ &c. 

Q.E.D. 



CoR. 1. — The angles formed hy two lines, AB and CD, cutting 
each other in one point E, are together equal to four right angles. 

Dem. ! 1 P. 13. v ^ s A E C and CEB = two rt. angles, 

i 2 Pr. 13. and / s AED and DEB also = two rt. angles ; 
! 3 i Add. , by adding the equals to the equals, 
41 Ax. 2. !.. thei.8 AEC, CEB, AED, and DEB = four 

rt. angles. 
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Cor. 2. — And all the angles formed hy any number of liiies, 
AC, BC, DC, EC, FC, ^c, diverging from a common centre, C, 
are together equal to four rt. angles. 



Cons. 



D EM. 



Pst. 1. 



Cor.1,15 



P. 13. 
P. 13. 

Concl. 



Produce any two 
of the given 
lines, as AC to 
G, BC to H. 

vAG and BH 

intersect in 

the point C, 
the Zs ACB, 

BCG, ACH 

and HCG = 

four rt. i s. 
ButZs ACB, BCD, DCG = /.s ACB and 

BPC • 

alsoZs ACF, FCE, and ECG = Zs ACH 

and HCG; 
.". all the angles diverging jfrom C are together 

equal to four rt. angles. 




ScHOLiUH. — 1. This proposition might be briefly preyed by saying that 
the opposite angles are equal, because they have the same supplement. 

2. '* This Prop, is the developement of the definition of an angle. If the 
lines at the angular point be produced, the produced lines have the same 
inclinatiim to one another as tne original lines have." — Pott^ Euclid^ p. 49, 

3. The converse of this proposition is, ''If four lines meeting in a point 
make the vertical angles equal, each alternate pair of lines shaU be in one 
and the same st. line/' 

Use and Application. — 1. By an easy application of Prop. 16, we find 
the hreoLdth of a lake, or the distance between two inaccessible objects, 
A and B. 



From any station C, accessible both 
to A and B, measure the lines CA and 
CB, and produce tbem until CE is equal 
to CA, and CD to CB ; join D and E, 
the distance D E will equal the distance 
AB. 

For the lines C A, CB equal the lines 
CE, CD ; and the angle ACB equals the 
jmgle DCE; therefore by Prop. 4, the 
lines AB and DE are equal. 
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2. On the principle that the angle of reflection equals the angle of ixici- 
dence, this proposition is usefiil to the billiard player to enable mm with a 
ball A to strike by reflection another ball B. 

Let DG be one side of the table ; 
imagine a line from B to be j^rpendicular 
to So, and produced until DC equals 
BD : if now tne ball A be driven in the 
line AEG, so that if it was not for the 
side DG it would reach 0, the ball A on 
striking E will be reflected from its course 
so as to reach the ball B ; t. e., the angle 
of reflection BED will be equal to tiie 
angle of incidence AEG. 

In triangles BDE, GDE, the side BD is equal to DO, D£ common, 
and the included angles at D equal : therefore by Prop. 4 the ang. BED is 
equal to the ang. 0£D ; but by Prop. 15, ang. CED is equal to ang. AEG: 
consequently the angle BED equals the angfo AEG. 

3. Another use of this proposition is, to determine the number and kind 
of polygons which may be joined to cover a given space. 

The circle, consisting of 360°, is the measure for the sum of all the angles 
that can possibly be drawn from a point ; and no regular ri^t-lined figures 
can fill up the space aroimd a point, unless the angle contamed by any two 
of the siaes of tne figure be a measure of 360*^. The only regular right-lined 
figures of which the angles contained by two sides are measures of a circle, 
are the equilateral^ triangle, the square, and the hexagon ; for 60°, 90*", 
and 120°, the respective angles of these figures, are measures of 360°. The 
angle formed by two conterminous sides of the pentagon contains 108°, of 
the heptagon 12Sf°, of the octagon 135°, &c. ; but none of these numbers 
are measures of 360°. 



Prop. 16. — Theor. 

If one side of a triangle he produced^ the exterior angle is greater 
than either of the interior opposite angles. 

Construction. — ^P. 10. To bisect a given st. line. 

P. 3. From the greater line to take a part equal to the less. 
Pst. 1. A St. line may be drawn from one point to another. 
Pst. 2. A St. line may be produced to any length in a st. line. 

Demonstration. — P. 15. If two st. lines cat one another, the vertical 

an^es shall be equal. 
P. 4. If two triangles have in each two sides and the included angle 

equal, they are equal in all respects. 
Ax. 9. The whole is greater than its part. 
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Dem. 



1 

2 
3 
4 
5 

6 



C.1&2. 
P. 15. 
P. 4. 
C. 

Ax. 9. 
Sim. P. 10. 

D. 1—5. 

Eecap. 




Exp. 1 Hyp. Let BC, a side of A 

A B C, be produced 
toD; 
Concl. then the ext. Z A C D 

> Z.CBA, or than 
ZCAB. 

CoNs.lP.lO&Pst.l Make CE = AE, and 

join BE ; 
2Pst.2, P.3,) produce BE so that 

BE = EF, and join 
FC. 

vAE = EC, andBE=EF, 

andZAEB= ZCEF; 

/. AAEB = ACEF, and L BAE = Z FCE. 

ButZECDorACD > /.EOF. 

and /. ZACD>Z.BAC. 

In like manner produce AC to G, and bisect 

BC, 
and Z B C G, «. c, Z A C D, will be shewn to 
be>ZABC. 
8 Eecap. Therefore if one side of a triangle he produced^ 

&C. Q.E.D. 

Scholium. — 1. We may illustrate Prop. 16 in the following way : — Let 
triangle ABC slide along the st. line BD nntil the point B covers the point 
C ; it is obvious that vertex A, or rather F, will be at the right hand of the 
point A, and that the line OF must be within the ang. AGD ; the ang. FGD 
or AB will therefore be less than the ext. ang. A CD. 

2. Each angle of a triangle is less than thie supplement of either of the 
other angles. 

UsB Aia> Apflication. — ^Among the conclusions to be derived from this 
proposition are — 

1. Only one perpendicular AB can he drawn 
from a point A to a at, line FD. 

Let AB be perp. to BO, another line, as AC, is 
not perpendicular. For ext. an£. ABD by P. 16, is 
£P»ater tbcm ACB, and ABO abo being a it. angle 
and greater than ACB, ACB is not a rt. angle, nor 
is AC perp. to FD. 

2. If a line AC make the an^ ACB acute, and 
A OF obtuse, the perpendicular AB fixnn A, shall 
fall on the same siae as the acute angle does ; for if we suppose AE, the 
line on the side of tiiie obtuse an^e to be perpendicular, and A E F to be a 
rt angle, then the right angle A JEF would be greater than the obtuse angle 
ACE. 
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3. In measoring trianglee, parallelograms, and trapeziiunB, and in re- 
dncing them to rectangular figures, these and similar conclusions aje of great 



use. 



Prop. 17. — Theor. 

Any two angles of a triangle are together less than two right 
angles. 

Construction. — Pst 2. A st. line may be produced to any length in a 
st. line. 

Demonstration. — P. 16. If one side of a triangle be produced, the ext. 

angle is greater than either of the int. opposite angles. 
Ax. 4. If equals be added to unequals, the ^moles are unequaL 
P. 13. The angles formed by one line on another, are together equal 

to two rt angles. 



Exp. 


1 




2 


Cons. 


1 


Dem. 


1 




2 




3 




4 




5 


# 


6 




7 




8 




9 



Hyp. 

Concl. 



Pst. 2. 

Const. 
P. 16. 
Add. 
Ax. 4. 
P. 13. 
D. 4. 
Sim. 
Sim. 
Recap. 




Let A B C be a triangle ; 
then the Z s A €uid B are 

< two rt. angles ; 
also /, s B and C, and C 

and A. 

Produce B C to D. 

•/ /. ACD is the exterior angle, 

.-. 2iACD > iBoT lA. 

To each of these unequals add the Z. AC B. 

Then / s ACD and ACB > Z s ABC and ACB. 

But Z s ACD and ACB = two rt. angles. 

.'. Z s ABC, ACB < two rt. angles. 

In like maimer Z s B AC, ACB< two rt. angles. 

and i s BAC, ABC < two rt. angles. 

Therefore, any two angles of a triangle, &c. 

Q.E.D. 



ScHOUiTM. — 1. This Proposition is explanatory of the twelfth Axiom, 
and the converse of it. 

2. Both the sixteenth and the seventeenth propositions will be included 
in the thirty-second, in which it will be proved that tiie three angles of a 
triangle together equal two ri£[ht angles. 

3. The seventeenth Prop, xs useml for demonstrating some of those that 
follow. 
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Prop. 18. — Theor. 

Hie greater side of every triangle is opposite to the greater 
angle. 

Construction. — P^3. From the greater line to take a part equal to tlie 
less. 
Pst. 1. A St. line may be drawn from one point to another. 

Demonstration. — P. 5. The angles at the base of an isosceles triangle 
are equal. 
P. 16. If one side of a triangle be produced, the ext. angle is greater 
than either o f the int. and opposite angles. 



Exp. 



Cons. 
Dem. 



2 
1 



2 
3 
4 
5 
6 



Hyp. 

Concl. 
P.3&Pst.l 

C. & P. 5. 

P. 16. 

D. 1. 
D. 2, 3. 
cL fort. 
Kecap. 




In A ABC, let AC be 

greater than AB ; 
thenZ.ABCis>Z.ACB. 

Make AD = AB, and join 
BD. 

V AD = AB, 

.-. ZADB= ZABD: 

But ext. L ADB >int. /. DCB, 

andZADB = ZABD; 

.. ZABD >ZDCB; 

much more is i ABC > L ACB. 

Therefore^ the greater side of every triangle^ 

&C. Q.E.D. 



Scholium. — ^The argument on which the conclusion depends is named 
"a foriioTi^'' by the stronger reason^ and proves that a given predicate 
belongs in a greater degree to one subject than to another ; as in me Syllo- 
gism, — ^Y is greater than Z, and X greater than Y ; much more is X greater 
thanZ. • 

Uss AND Afflicatign. — For the demonstration of other propositions, 
as Prop. 19. 



Prop. 19. — Theor. 

ITie greater angle of every triangle is subtended by the greater 
side, or has the greater side opposite to it. 

Demonstration. — ^P. 5. The angles at the base of an isosceles triangle 

are equal. 
P. 18. The greater side of every triangle is opposite to the greater 

angle. 
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Exp. 



Hyp. 

Concl. 



Iti A ABC lot 
ZABC>ZACB; 
then side A C is > 
side AB. 






/ 
B 



/ 



AB. 
Dem. 



Sup. — The side AC must he greater thariy equal to^ or less than 



1 
2 

3 

4 

5 
6 

7 

8 
9 



Sup. & P.5. 
Hyp. 
D. 1 & 2. 
Sup.&P.18 

Hyp. 
D. 4 & 5. 

D. 3 & 6. 

Concl. 
Kecap. 



If AC = AB, then ZABC = /.ACB: 

but ZABC4: ZACB; 

/. AC=|=AB. 

Again, if AG is < AB, 

then ZABCi8< ^^ACB: 

but ^ ABC is <t: £ACB; 

/. AC is <t AB. 

Now, A C is neither equal to, nor less than, 

AB; 
.*. AC is greater than A B. 
Wherefore, the greater angle of every triangle, 

&C. Q.E.D. 



Scholium.— 1. This proposition is the converse of the eighteentlL, and 
bears the same relation to it as the 6th does to the 5th Prop. 

2. Propositions 5, 6, 18, and 19, may be combined into one proposition, 

thus, "One angle of a triangle is greater than, equal to, or less than,^another 

angle, as the side opposed to the one is greater tlian, equal to, or less than, 
the side opposed to the other ; and vice verad." 

3. By aid of Props. 17, 18, and 19, we may prove that from the same 
point there can be drawn but one peipendicular to a given line, and that 
this perpendicular is the shortest of all the lines from the given point to the 

given line. 

4. Aa from a given point only three lines can be drawn perpendicular to 
each other, it is impossible to imagine that there are more mam three species 
of quantity, — a Line, a Surface, and a Solid. 

Use and Application. — 1. The perpendicular AD, is the ehortegt line 
from a point A. to a given line BC. 

Because ang. ADB is a rt ang. , the ang. 
formed by any other line from A, as 
ABC, is acute, by P. 17 ; and by P. 19 the 
side AD is less than AB : and in the same 
way we can prove that no other line is less 
than AD : therefore the perpendicular, 
is the shortest line from a point to a 
given st. line. 

For this reason the Perpendicular is 
made use of in measuring : and irregular 
figures are reduced to those of which the angles are rt. angles. 



A,. 


^.. 


•• 

/ 




• 

/ 

/ 





B 



D 



C £ 
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2. From the same point A only two equal lines, AB and AC, can he 
drawn to a given lineo'K 

Suppose another line AE also equal to AC. Since AC is equal AB, by 
P. 6, ang. AOB is equal to ang. ABC ; but la triangle AEC, the ezt* ang. 
ACB, by P. 16, is greater than the int. ang. AEC, and ABC, being equal 
to AGB, is greater than AEC ; therefore, oy P. 19, the side AE is greater 
than B A, or than CA : thus it is proved that another line besides AB and 
A G cannot be drawn from A to BE equal to those lines. 

3. All heavy bodies Jree to move, continually descend, or seek the point 
which is nearest to the earth^s centre. 

Let HALM represent the earth's cir- 
cumference, HCL the rational horizon of 
station A, and AC a perpendicular to the 
centre ; sJso let A B be a plane parallel to 
H L, — suppose it the channel of a canal ; 
then water poured in at B will flow towards 
A, because at A by P. 19, the distance AC 

is less than the distance BC. A canal 

thus constructed might be fall at A, and 

almost empty at B. In the same way a 

sphere placed at B would roll towards A, 

and finJEkUy settle or come to rest at A, 

because AC is the shortest line to the earth's centre. 

4. By aid of the I9ih and the 4th Propositions we can construct a tri- 
angle when the base AB, the less angle, A, at the base, and the difference, 
AD, of the sides, are given. 

On the line AD, produced indefinitely, and 
forming with AB the ang. A, take AD, the dif- 
ference of the sides ; join D and B, and bisect DB 
in £ ; at E raise a perpendicular till it meets AC 
in 0, and join CB ; the triangle ABC is the tri- 
angle required. 

By Hyp. and P. 19, BC is the least side, being 
opposite to the least ang. A. By Const., DE is 
equal to EB, EC common, and the angles at E 
equal ; therefore, by P. 4, the side DC is equal to 
the side BC ; and C A is greater than CB by the given difference AD. The 
figure ABC therefore is the triangle required. 





Prop. 20.— Theob. 

Ant/ two sides of a triangle are together greater than the third 
side. 

CoNSTBUOnOK. — Pst. 2. A st line may be lengthened out in a st line. 
P. 3. From the greater line to cut off a part equal to the less. 
Pst 1. A at. line may be drawn from one point to another. 
Q 
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Demonstration. — P. 5. The angles at the baae of an isoaceles triangle 
are equal. 
Ax. 9. The whole is greater than its part 

P. 19. The greater angle of every triangle is sabtended by the greater 
side. 



Exp. 



Cons. 



Dem. 



1 
2 



1 

2 

1 
2 
3 
4 
5 
6 
7 

8 
9 



Hyp. 

Concl. 1. 



;/ 



;/ 



2. 

3. 



Cons. 
Dem. 



2 
3 



Pat. 2, P. 3. 

Pst. 1. 

C.1&P.5. 
C. 1 & 2. 
Ax. 9. 
P. 19. 

C. 1. 

D. 4 & 5. 
Sim. 

Cone. & E. 

Or, 
P. 9. 

P. 16. 

P. 19. 

Concl. 

Kecap. 




Let ABC be a triangle ; 
then the sides AB and 

AC are >BC; 
sides AB and BC>AC; 
„ BCandCA>AB. 

Produce BA and make 

AD=AC; 
join D and C. 

vAD = AC, ZADC = Z:ACD; 

but Z BCD is >Z.ACD'; 

.*. Z BCD is >ZADCor BDC; 

and .'. also BD is > BC. 

But BD = BA and AC together ; 

.'. BA and AC together are > BC. 

In like manner it may be proved that AB 

and BC are > AC, 
andBC and AC >AB. 
Therefore any two sides of a triangle^ &c. 

Q.E.D. 



Let AE bisect ZB AC. 

V ZBEA is > ZEAC, and Z OEA than 

ZEAB; 
.-. B A is > BE, and AC than CE : 
And B A and A C > BE and CE, which are 

equal to BC. 
Therefore any two sides, &c. q.e.d. 



Dem. 



Cor. — The difference of any two sides of a triangle is less than 
the remaining side. 

The sides AC and BC are > AB ; 

take away AC both from (AC + BC), and 

also from AB; 
.'. B C is >A B diminished by AC,. or than the 

difference between AB and AC. 



i 

2 



p. 20. 

Sub. 



3* Ax. 5. 
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N.B. In the proof of this Corollary, bbjs Lardner, p. 32, "we 
assume something more than is expressed in the fifth Axiom. 
For we take for granted, that if one quantity (a) be greater than 
another quantity (b\ and that equals be taken from both, the 
remainder of the former (a) will be greater than the remainder 
of the latter {b). This is a principle which is frequently used, 
though not expressed in the Axiom." 

Scholium. — " Let the beginner remember that the object of this propo- 
sition is not to convince him of the truth stated, but to show how it may be 
connected with and deduced firom the fundamental axioms and definitions." 
— Mason, p. 56 

Use and Application. — 1. Of all lines that can he drawn from one 
pointy A, to anoHier, E, and reflected to a third point, B, those are the 
shortest, AE, EB, which make iJke angle of incidence, AEG, equal to the 
angle of refl>ection, BED. 




Const. 



Dem. 



P. 12 & Pst. 2. 

P. 3. 

Assum.,Pst. 1. 

C. 1, 2. 

P. 4. 
Sim. 
Hyp. &C.&D.2 

D."5&C.3,P.'20 

D. 2, 3. 
ConcL 
Recap. 



From B draw BD perp. to DG, and produce BD 

indetinitely ; 
make DC = DB, and join EC. 
Also in DG assume another point F, and join 

AF, BF, andCF. 

In triangles BED, CED, DE is eommon, BD 

equal to DC, and the angles at D equal 
/. BE is = CE, and z BED = z CED. 
In the same way we prove BF to be= CF. 
Now z s BED, DEC, and AEG are all equal; 
and AEC is a st. line. 
Also AFC is a A ; .'. AFandFC > AC : 
but AC = AE and EB and FB = FC ; 
.-. AF, FC, or AR FB, > AE and EB. 
Wherefore, of aXl lines thai can he drawn, &c. 

Q.E.B. 



2. We may obserye that natural causes act by the shortest lines ; there- 
fore all reflections are made by the lines which cause the angle of reflection 
to equal the angle of incidence. Hence, by means of a mirror placed hori- 
zontally, we ma/y construct a triangle the perpendicular qf which shall he 
representattve of the height of any object. 
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Let AB be the height of a tower, 
A C a horizontal line, with a mirror at C. 
BOA will be the ang. of incidence of the 
light from B on the mirror at : if now 
an obeerver at D measures the angle of 
reflection ECD, and the distance AC, 
he will have the means of constnictin£ a 
triangle representative of AOB: for 
make the ang. ECD the angle of reflec- 
tion, let CD contain the equal parts 
from a scale that represent the yards or 
feet in AC, and at D let a perpendicular 
DE be raised, — DE a|)plied to the same 
scale of equal parts, will give the height 
of AB. 



B 



D 



3. Were we to take as a Lenmia, Prop. 4, bk. vi., that *' the ndes about 
the equal angles of equiangular triangles are proportionals," we should have 
from the foregoing construction the proportion, and consequently the equa- 
tion, which would determine the height AB. For triuigles BAC and 
EDC being similar, the base of the one is to the base of the other as the 
perpendicmar of the one to the perpendicular of the other : or, 

DC : AC : : ED : B A, and the product of the eztrranes equalling the 
product of the means, 

DC.BA = AC.ED; whence AB = :^^^^5i or, ^ ^ ^ 

AC = 60, ED = 6, and DC = 10. 



10 



= 30 ; when 



Prop. 21. — Theor* 

If from the ends of the side of a triangle there he drawn two st. 
lines to a point within the triangle^ these lines shall be less than the 
other two sides of the triangle^ hut shall contain a greater angle. 

Construction. — ^Pst 2. A terminated st. line may be produced. 

Demonstration. — P. 20. Any two sides of a triangle are together 

greater than the third side. 
Ax. 4. If equals be added to unequals, the sums will be uneqoaL 
P. 1^ If one side of a triangle oe produced, the exterior angle is 

greater than either of the interior opposite angles. 
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Exp. 



Cons. 
Dem. 



1 
2 
3 



5 
6 

7 
8 



10 

11 
12 



Hyp. 



Concl. 1. 



n 



Pst. 2. 

P. 20. 
Add. 
Ax. 4. 

P. 20. 

Add. 
Ax. 4. 

D. 3. 
dfort, 
P. 16. 

P. 16. 

dfort 
Recap. 




Given the A ABC, 

and from B &C the 

St. lines B D, CD 

meeting within 

the A ill the pt.D ; 
then BD and CD 

shall be < BA 

and CA; 
buttheZBDC shall 

be >ZBAC. 

Produce BD to meet C A in the point E. 

In A AB E the sides AB and AE are > B E; 

to each of these add the line EC; 

then the lines AB, AE, and EC, axe > BE 

and EC. 
Again, in A C E D, the sides C E and E D are 

>CD; 
to each of these add the Kne D B ; 
then CE, ED, and DB together are > CD 

and DB together. 
But AB and AC are > BE and E C ; 
mucb more are AB and AC > CD and DB. 
Again,inACDE the ext. £BDCis >the 

int. Z.CED, 
and in A ABE the ext. Z C E D is > the int. 

ZBAC; 
much more is L BDC > L BAC. 
Therefore^ if from the ends of a side^ &c. 

Q.E.D. 



Use and Application. — In Optics this proposition is used to prove that 
if from A we could see the line BO, and also from D a point nearer to the 
line, the base BO would appear less from A than from I) : it does this on 
the principle that quantities seen imder a greater angle appear greater. For 
this reason the apparent diameter of the son measures more when the earfch is 
in perihelion f than when it is in aphdion. And thus, — according to Vitruvius, 
who composed his work on Architecture, about 15 B.C. — the tops of very 
high pillars should be made but little tapering, because they will, from the 
dirtance, of themselves seem less. 
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Prop. 22. — Prob. 

To make a triangle^ of which the sides shall he equal to three 
given st. lines^ hut any tivo whatever of these must be greater than 
the third. 

Solution. — P. 3. From the greater line to cut off a part equal to the 
less. 
Pst 3. A circle may be drawn with any radius. 
Pst. 1. A line may be drawn froDi point to point. 

Demonstration. — De£ 15. A circle is a figure bonnded by one continned 
line, called its circumference, and having a certain point within it 
from which all lines drawn to the circumference are eqnaL 
Ax. 1. Magnitudes which are equal to the same magnitude, are equal 
to each other. 



A 
B 




¥ 'vM G ; 



H 



V 






Exp. 



Cons. 



Dem. 



Data. 



2 QU8BS. 



1 
2 
3 
4 
5 
6 

1 
2 



Assum. 
P. 3. 
Pst. 3. 

/; U. 
. 1. 

Sol. 



C.3,Def.l5 
C.2&AX.1 



Given the st. lines A, B, and C, of which A 
andB>C, AandG>B, and Band C>A; 
to make a A with sides = A, B, and C. 

Assume a st. lioe DE unlimited towards E ; 
make DF = A, FG = B, and GH = C ; 
from F with DF-draw the DEL, 
and from G with GH the HLK; 
join the points F^p. and GK ; 
then the fig. KFG is a A, having FK=A, 
FG=B, andGK=C. 

V F is the centre of DEL, FE=FD ; 
but FD = A, /. FE also = A. 
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3IC.3,Def.l5 



4 
5 
6 



C.2&AX.1 

C. 2. 

D.2,4,&5. 

Recap. 



Dem. 3 IC.3,Def.l5 Again, v G is the centre of HKL, 

GH=GK; 
butGH = C; .-. alsoGK = C, 
and F G is equal to B ; 
.*. FK, FG, GK are respectively equal to A, 

B, and C. 
And therefore <Ae A F K G has its three sides, 

&C. Q.E.F. 

Scholium. — 1. In this proposition it is assumed that the two circles toill 
have at least of le point of intersection, 

Dem. 1 C. & Dat. vFG and GK are > FK, FH > the rad. of DLK. 

..the point H is outside of the DLK. 
Also, V FK and GK are > FG, take away GK or 

GH; 
.-. FM is < FK, and M is within the © DLK. 
Now, H being without, arid M within, the (Js, 
therefore the circles intersect. 



1 
2 
3 

4 
5 
6 



C. & Dat. 
C. & Dat. Sub 



D. 2&;4. 
ConcL 



2. If two of the given lines were together equal to the third, the circles 
would touch externally ; if the two were together less than the third, the 
circles would not touch at all : in either case no triangle could be drawn. 

Use and Application. — 1. All rectilineal figures being divisible into 
triangles, this Proposition is of very extensive use in the construction of 
Geometrical fignres,^either for making one rectilineal figure equal to ano- 
ther, or on the theory of Representative Values making one figure like to 
another : in the^r«^ case the triangles into which the rectilineal figure has 
been divided are repeated, side for side, in another rectilineal n^re of 
exactly the same linear dimensions : and when the construction is com- 
pleted, if the one figure were placed on the other, the two would correspond, 
an^le to angle, line to line, and point to point : in the second case, that of 
making one rectilineal figure similai' to another ; the sides and angles of the 
first must be measured, and from a scale of equal parts, lines drawn in the 
second, representative of those in the first, and angles in the second equal 
to those in the first ; — for equality of angles, according to Definition 1, book 
vi., is essential to similarity of figure. 

2. Practically, a triangle with sides equal to three given lines, will be 
drawn, by describing arcs, with radii equ^ to the sides, intersecting in C, 
and joining CA, and OB ; thus, 

Qiven, ihret lines AB equal to 20, BC to 
25, and G A to 15; to form a triangle. 

From the scale set off a line AB equal to 
20 ; at A with the distance G A, 15, desc. an 
arc ; and at B with the distance BO, desc. 
another arc : the arcs both intersect in C, 
and joining the points, ABC is the triangle 
lequired. 
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3. On a given line, AB, to describe an ieoseeles triangle, AEB, hatfing 
each of the equal eidee, AG, BO, doMe of the base, Afi, or equal <o BO. 



Cons. 



Dem. 



l|P.10,ll,P8t.2 



P8t.3, P. 3. 

.. 1. 

SoL 
0. 1. 



P. 4. 
O. 2 & 3. 

Cone. 



Bisect AB inD, by 

the perp.DE, pro- 
duced indefinitely 

toE. 
From A with rad. 

equal to twice AB, 

descthearcFCG; 
and from B with the 

same rad. desc. 

thearcHCK; 
join the_points CA 

andCB. 
The fig. ACB is the 

isosc. A required. 

V AlF = DB, DC 

common, and 

zADC= zBDC. 
.'. the line A C equals the line B C, 
and they are each double of AB. 
Wherefore on a given line AB, &c, 








Q.B.F. 



4. On a given line, AB, and with a given side eqiuU to BO, to describe 
an isosceles triangle. 

The same construction being made, and the same demonstration followed, 
we arrive at the conclusion, — that BC equals C A, and that each of them is 
equal to the given side BO. 



Prop. 23. — Prob. 

At a given point in a given line to make a rectilineal angle equal 
to a given rectilineal angle. 

Solution. — Pst. 1. A st. line may be drawn from one point to another. 
P. 22. With three given lines, any two of which are greater than the 
third, to make a triangle. 

Demonstration. — P. 8. If two triangles have the three sides of one equal 
to the three sides of another, each to each, the angle contained by 
two equal and conterminous sides of the one, shall be emial to the 
angle contained by any two equal and conterminous sides of the 
other. 
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Exp. 



1 1 Data. 



Cons. 



Dem. 



1 
2 
3 



Qnses. 



Assnm. & 
Pst. 1. 



P. 22. 

Sol. 

C. 2. 

P. 8. 
Eecap. 



Given the point 

A in the line 

AB, and /. 

DOE; 
required at A in 

AB to make 

anZ.=DCE. 

In CD, DE take 

points D and ^' 

E, and join 

DE; 
withAF=CD, AG=CE, and FG = 

make the A AFG; 
then the Z. FAG shaU be = Z D CE. 

V FA=DC, AG=CE, and DE = FG; 

.-. the z:fag=zdge. 

Therefore, at point A in AB, &c. q.e.f. 




DE, 



Scholium. — This Proposition is an extension, or rather a generalization, 
of the eleventh : hy the eleventh we draw an angle of a particular species, — 
a right angle ; but hy the twenty-third we draw any angle whatever. 

Use and Application. — 1. This Proposition is of the widest nse, in 
Surveying, Engineering, Perspective, and indeed in all the other parts of 
Practical Mathematics. 

2. Next to the nse of the Semicircle for measuring aiid making angles of 
a determinate magnitude, that of a Line of Chordt is most important. Its 
construction and use we may here appropriately introduce. 

Take a circle and draw a diameter 
PA; bisect D A in G, and ate draw 
CB at rt ai^es to DA, and pro- 
duce BC to S ; — the circle will be 
divided into four quadrants, each 
90*. Lot the arc AB of 90° be divi- 
ded into arcs of 10% 20% 30% Ac., 
up to 90. Draw AB, the chord of 
90°, and from A, as a centre, set off 
on A B the chords of 10% 20% 30% D 
&C. : the divisions on the line AB 
will be a line of chords. 

N.B. The chard of GO" is equal 
to the radius of the circle. 

In triangle DC F, let the angle 
DGF measure 60%— then, since GF 
and GD are equal, the angles GDF 
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and OFD will be eqnal to each other, each meaauring 60°. The tnaiude, 

■ _ " ' - -^Y, ■ 

equals the radius DC. 



therefore, being equiangular, is also equilateral ; and DF, the chord of 60*", 



On this property depends the use of the line of Chords in the following 
Problems. 

PfiOB. I. — To make an angle to contain a certain number of degrees, as 
30". 




\ G 



Draw AD an indefinite line ; from 
A with the radius equal to the chord of 
60° describe an arc B E ; and from the 
line of chords take 30", and set Ihe dis- 
tance from B on the arc BE ; — BC will 
be the arc of 30°, and CAB the angle 
required. 



Pbob. II. — An angle being given, CAB, to find the measure of it in 
degrees of a circle. 

With the chord of 60° for radius, describe the arc BC ; take the distance 
BC in the compasses, and apply the distance to the line of chords; — the 
number of degrees in the arc BC will be ascertained. 

Prob. III. — From the extremity, D, of a line AD, to draw a perptn- 
dicvlar. 

From D, with the chord of 60° for radius, describe the arc F G ; take 
the chord of 90° for a radius, and from F describe another arc intersecting 
FG in P ; draw P D, — ^and it is the perpendicular required. 

Prob, FV. — To construct a triangle of which the hose AB contains 30 
equal parts, the angle at A 40°, and the side AC 25 equal parts ; and to 
find the angles C and B, and the other side BC. 

Take 30 from the scale of equal 
parts, and by P. 3, draw AB ; at A, 
with the chord of 60°, desc. the arc 
DE, and from D, with the chord of 
40°, or of ang. A, cut the arc in E ; 
join AE, — and EAB is the required 
angle. Produce AE, and set on it 
25, or AC; join CB, — and the tri- 
angle is completed. 

To measure CB, take the distance 
from C to B, and apply it to the 
scale, which will give the equal parts 
19 : and to measure the ansies, — ^with the chord of 60°, describe from C and 
B the arcs GH and DF, ta^e in the compasses the distances G to H, and D 
to F, — these distances applied to the line of chords will give the angle O 85', 
and the angle B 55°. 
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Prop. 24. — Theor. 

If two triangles have two sides of the one equal to the two sides 
of the other, each to each, but the angle contained hy the two sides 
of the one greater than the angle contained hy the two sides of the 
other, the base of that which has the greater angle shall be greater 
than the base of the other, 

CoNSTRTJcnoN. — P. 23. To make an angle equal to a given angle. 
P. 3. From the greater line to take a part equal to the less. 
Pst. 1. Any two points may be joined by a st. line. 

Demonstration. — P. 4. When two sides and the included angle of one 
triangle are equal to the two sides and the included angle of another 
triangle, the triangles are equal in every respect. 
P. 5. The angles at i£e base of an isosceles triangle are equaL 
Ax. 9. The whole is greater than its part. 

P. 19. The greater angle of every triangle is subtended by the greater 
side. 



Exp. 



Cons. 



Dem. 



2 
3 

1 
2 

1 
2 
3 
4 





Hyp.l. 



2. 

Concl. 



n 



Hyp. & P. 23 
P.3, & Pst. 1 

Hyp. & C. 1. 

P. 4. 
C. 2 & P. 5. 

Ax. 9. 

d. fort 



In Ab ABC, DEF, let AB = DE, and 

AC = DF; 
but ZBAC>ZEDF; 
then the side BC > the side EF. 

Let DF be <t DE, and make L EDG = 
ZBAC; 

also make DG =AC or DF, and join EG, 
GF. » J » 

V AB = DE, AC = DG, & Z BAC = L EDG, 
.-.EG is equal to BC. 
AndvDG-DF, .-. ZDGF= ZBFG. 
But ZDGF is> EGF, and ZDFG > 

ZEGF; 
much more is 2I EFG > Z EGF. 
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Dem. 



7 
8 
9 



P. 19. 

D.5&P.19 
D.2. 
Eecap. 



But the greater angle is opposite to the 

greater side ; 
.-.the side EG is >EF. 
But EG = BC, and /. BC is > EF, 
Therefore^ if two triangles have two sides, &c. 



Q.E.D. 



ScHOLniM. — In this proposition it is assumed that D and F will be on 
different sides of EG; or in other words that DH is less than DF or 
DG. 



Peop. 25. — Theoe. 

If two triangles have two sides of the one equal to the two sides 
of the other, each to each, hut the hose of one greater than the base 
of the other, the angle contained hy the sides of the one which has 
the greater hose shall he greater than the angle contained by the 
sides equal to them of the other. 

Demonstration. — P. 4 If two triangles have two sides and the included 
angle in each equal, the triangles are equal in every respect. 
P. 24. If two triangles have two sides equal in each, out of the inclu- 
ded angles one greater than the other, the base of tibat which has 
the greater ang£ shall be greater than the base of the other. 





Exp. 



Dem. 



1 
2 
3 



2 
3 



Hyp.l. 
// 2. 
Concl. 



Sup. 

Sup. 
Hyp.&P.4 



E 



In As ABC, DEF, let AB = DE, & AC = DF, 

but the side BG >EF; 

then the i BAC is > Z EDF. 

If I BAC is > Z EDF, it is either equal 

or less : 
Suppose that I BAC - L EDF; 
thenBC = EF: 
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4 

5 

6 

7 

8 

9 

10 

11 

12 



Hyp. 

Cone. 
Sup. 
H. & P. 24. 

Hyp. 
Concl. 
D. 5 & 9. 
Concl. 
Kecap. 



Dem. 4 Hyp. But BC is =}= EF ; 

/. z:BACiB4: ZEDF. 

Again, suppose L BAC < ZEDF; 

then BC is < EF: 

ButBCis <tEF; 

/. L BAC is < ZEDF. 

Now, Z BAC is =4=, nor <, EDF; 

.-. Z BAC is >ZEDF. 

Therefore., if two triangles liave two sides, &c. 

Q.E.D. 

Scholium. — Propositiona 24 and 25 have the same relation to each 
other as Props. 4 and 8, and the four may be combined thus : — If two tri- 
angles have two sides of the one respectivdy equal to two sides of the other, 
the remaining side of the one will be greater or less than, or equal to, the 
remaining side qf the other, a^ccording as the angle opposed^ to it in the one 
is greater or less than, or equal to, the angle opposed to it in the other; or 
vice vera&» — Labdneb's Eudid, p. 56. 

Use and Application. — The principal use of Props. 24 and 25 is to 
assist in the demonstration of the following propositions. 



Prop. 26.— Theor. — (Important,) 

If two triangles have two angles of the one equal to two angles 
of the other J each to each, and one side equal to one side, viz,, either 
the sides adjacent to the equal angles in each, or the sides opposite 
to them, then shall the other sides he equal, each to each, and also 
the third angle of the one to the third angle of the other. 

Construction. — P. 3. Prom the greater of two lines to cut off a part 
equal to the less. 
Pst. 1. A line may be drawn from one point to another. 

Demonstration. — ^P. 4. Two trian^es are equal, when two sides and 

the included angle in one are equal to two sides and the included 

angle in the other. 
Ax. 1. Magnitudes which are equal to the same, are equal to each 

other. 
P. 16. If one side of a triangle be produced, the exterior angle is 

greater than either of the interior opposite angles. 



Exp. 



2 
3 
4 



Hyp. 1. 



tt 



2. 

Concl. 1. 
2. 



// 



In As ABC, DEF, let Z ABC = Z DEF, 

and Z ACB = Z DFE; 
also let one side = one side ; 
then the other sides shaU = the other sides, 
and the third Z of the one = the third Z of the 

other. 



94 



GRADATIONS IN EUCLID. 



Case I. — Let the equal sides he adjacent to the equal angles, 

A D 



Exp. 


1 




2 




3 


Cons. 


1 




2 




3 


Dem. 


1 




2 




3 




4 




5 




6 




7 



Hyp. 

Concl. 1. 

. 2. 

Sup. 

Sup. 
P.3&Pst.l 

C.3&Hyp. 
P. 4. 

Hyp. 
Ax. 1. 

Concl. 
D.5&Hyp. 

P. 4. 





Let sideBC = side 

EF; 
then AB = DE, 

andAC = DF, 
and ^BAC= L 

EDF. 



For if AB |s =1= _ 

DE, one is > B 

the other. 
Let ABbe >DE: 
Make B G - DE, and join GC. 

V in AsGBC, DEF, BG = ED, BC = EF, 

and ZGBC= ^DEF; 
.-. GC = DF, A GBC = A DEF, and Z BCG 

= ^DFE: 
But ZDFE = ^BCA; 
.'. Z. BCG = Z BCA, the less = the greater, 

which is impossible. 
/. AB is not =}= DE, L e., AB does = DE ; 
Hence in As ABC, DEF, AB = DE, BC = 

EF, and Z AJ^C = L DEF; 
.•.AC = DF, and /. BAC = Z EDF. 



Case II. — Let the equal sides he opposite the equal angles in each, 
Exp. 1 



Cons. 



DsM. 



2 
3 



2 
3 



Hyp. 

Concl. 1. 
. 2. 

Sup. 



Sup. 
P. 3, Pst. 1 

C. & Hyp. 



Let AB = DE, 

^ B = Z. E, and 
^ACB= ZDFE; 
then A C shall = 

DF,BC = EF, 
and L BAC =l 
i EDF. 

ForifBC4:EF 

one of them is B 

the greater. 
Let B C be greater than E F ; 
Make BH = E F, and join AH. 

vinAsABH,DEF, BH = EF, AB^DE, 
and Z ABH= 2IDEF; 




HC 
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P. 4. .-. AH = DF, A ABH = A D E F, and i BHA 

Hyp. But iEFD= /.BCA; 

Ax. 1. -■. L BCA = L BHA, or the int. = the ext. 

angle; 
P. 16. which is impossible : 
Concl. .■.BCi8not4:EF, i.e., BC = EF. 
D.6&Hyp Hencein As ABC.DEF, AB=DE, BC = 

EF,andiABC= /.DEF; 
P.4. .■.AO-DF,and iiBAC=/.EDF. 

Eecap, Wherefort, if two triangles have two angles of 

the one, &c. (j.e.d. 

ScHOLlOM.— !. This ia ths last of the three criteria for intening the 
equality of triangles ; the^rst criterion, contained in Prop. 4, a-~thal At 
(too sides onrf the included anijlt of tach triangle, be equal ; the second, in 
Prop. 8, (fciilAe three aide^ of one irianglt equal the three sidet of the olAer; 
and the third, in Prop, 26, Aat in each triangle two angle) be eqaai and one 
either adjacent to the equai angles, or opposite to one of them. 



2. Of the six partaof atriangleaDythroB, except the three angles, being 
^ an equal to one another, the equality of tie other j "" ' ■""'" 



given equal to one another, tiie equality of tlie o^er parts may be readily 



TJas AHD Application.— 1. The discovery of this PropoaitiotiiH ascribed 
to TBAi.Ba, who made use of it for meamring iaaeeemibtt dittancet, as from 

Atoa 

At the station A set out a line a u 

AC, perpendicular to ABj and at C F^^ 
observe the angle A C B, and by f . 
23 make the ang. A C F equal l^ aug. 
ACB; the lines EA and CF pro- 
duced meet in the point F; and AF 
will be found equal to A B. 

For in triangles A C B, A C F, by 
construction, we have the angles at E <: 







--and the side f 
tlierefore by P. 26, A F will equal AB ; 
measoremDnt equal to that of AR 

Another conHtruction might be used, by producing AC to D, and making 
CD MualtoCA] thenatDdrawDEparp. to AD, and produce BO, till it 
cuts DE in E; in this case DE may be proved eqna] to the distance from 
A fa> K 

2. By the Thet>ry of S^praentative Val«e» (he diatanet of two tlations 
A and B may be found. Suppose AC to measure 70 feet or yards, ang. A 
90°, ong. ACB 66° ; at A make a right angle, and on AC set off TO equal 
parts ; at C draw an angle of 66° ; ^e line CB will cut off B, the distance 
fi-om A : let the distance from A to B be applied t^ the same scale, and A B 
will be Cound uuol to about ISO feet oryaid<,aocordingto1l)e unit oflmgtlL 
fixed on lot AC. 
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3. When neither A nor B are aecegnble^ a proo«B8 ratiier different has to 
be employed, founded however on strictly geometrical principles. 

Select two stations, C and D, firom both of ^> 
which A and B are visible ; and measure the 
line CD, suppose 150 ; take the angles BCD 
60°, and BDA, 22^° ; ADC, 45° ; and ACB, 
45° : it is required to ascertain the distance 
AB. 

From a scale of equal parts make CD 150 ; 
draw the angles BC 60°, and BDA 22^° ; 
the lines CB and D B meet in B : again draw 
the angles ACB 45°, and ADC 45°; the 
lines DA and CA meet in A : ti^e the dis- 
tance AB in the compasses, and apply it to 
the same scale ; — AB will be found to De about 
158. 

4. Given the vertical angle A, and the perpendicular height H, <^ an 
isosceles triangle, to construe it 

Cons. 




\\ 



:iD 



Dem. 



P. 9&a 

p. 23. 

Sol. 

C. 1 & 2. 
0. 

P. 26, De£ 25 
Recap. 



Bisect I A by AG, and cut 

off AD = H ; 
through D draw BC at ± to 

DA: 
the figure ABC is the isosc. H 

A required. 

V z BAD= I CAD, z BDA= 

zCDA, 
and AD, which is equal to 

H, common; 
.-.AB= AC, and ABC is an 

isoso. A. 
Therefore, with the vertical angle A given, &c. 




Q. E. F. 



Lemma. 

A Line which is Perpendicular to one Parallel^ is also Perpen- 
dicular to the other, ' 



Exp. 



Cons. 



1 
2 



Hyp. 



Concl. 



P. 3 or 10. 
P. 11. 



Let ABbe || CD, ^ 

and E F perpen. [ 

toCD; 
then E F shall also 

be perpen. to 

AB. 



\ 






MakeCF = FD; c'' _ 

at C and D erect 

perpendiculars CA and DB, 



B 






D 
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Cons. 



Dem. 



4 
1 

2 

3 

4 
5 



7 

8 

9 

10 



D.35,Ax.l2 

Pst. 1. 
C. & Hyp. 

P. 4. 

Sub. 

Ax. 3. 
P. 4. 

Add. 

Ax. 2. 

Const. 
Def. 10. 
Recap. 






which by the note to the definition of paral- 
lels equal E F ; 
and draw E C, E D. 

InACEF,DEF, theHne CE = FD, FE 

common, and L CFE = / DFE ; 
/. EC = ED, L FED = L FEC, and 

£FDE = £FCE; 
take away the equals E C F and E D F from 

the equals ACF and BDF ; 
.'. the rem. ^ E C A = the rem. 2 E D B. 
Now As CAE, DBE shall have ZCEA 

= ^DEB; 
Adding the equal angles DEB, CEA to 

the equals DEF, CEF, 
.-. the whole Z. BE F = the whole Z AEF ; 
and these angles are adjacent: 
.'. E F is also perpendicular to A B. 
Wherefore a line which is perpendicular^ &c. 

Q.E.D. 



Prop. 27. — Theor. 

If a st, line falling upon two other st, lines makes the alternate 
angles equal to one another^ these two lines shall he parallel. 

Ck>NSTBi7onoK.^ — Pst. 2. A st. line may be prodnced indefinitely in a 
st. line. 

Demonstration. — P. 16. If one side of a triangle be produced, the ext. 
angle is greater than either of the interior opposite angles. 
Def. 35. Parallel st. liaes are such as are in the same plane, and which 
being produced ever so far both ways do not meet. 



Exp. 



Hyp. 1. 



n 



2. 



ConcL 



Let E F fall on 

the two st. A, 

lines AB and 

CD, 
and make the C 

alt. Z. AEF 

= the alt. L EFD; 
then the st. line A B is 11 CD. 




H 
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Cons. 



Dem. 



2 
3 
4 
5 
6 

7 

8 



Sup. 
Def. 35. 



Pst.2&Sup. 

C. 3 & P. 16 

Hyp. 
D. 1 A 2. 

ad irnposs. 

Conol. 

Sim. 

Def. 35. 
Eecap. 




KABandCD 
are not ||, 

on being pro- 
duced they 
will meet to- 
wards A, C, 
orB,D; 

let them be produced and if possible meet 
in G, and form the A EFG. 

V GEF is a A, the ext. L AEF > the int. 

ZEFG; 
but 2lAEF=ZEFG; 
.-. ZAEFisboth > and= ^EPG; 
which is impossible : 
.*. A B, CD do not meet towards B, D. 
In the same way it may be ^hown, they do 

not meet towards AC : 
.*. AB is parallel to CD.. 
Wherefore, if a sL line falling^ &o. q.e.d. 



Scholium. — Since, however, there are some curved Unes which are not 
parallels, though they never intersect, as in the Introduction, § vL, p. 28, 
another demonstration may be made. 



Exp. 



Cons. 



Dem. 



2 
1 

2 
3 

4 
5 
6 

7 
8 
9 



Hyp. 



Concl. 

P. 12. 

P. 3, Pst. 1 
0.2. 

Hyp. 
P. 4. 

C. 1. 
De£ 10. 

Hyp. 

D. 3. 

Ax. 12, n. 

Concl. 




LetEHfidlon AB, CD, 

and make the alt. l s 

AFGandFGD equal; 
then the liues AB and CD 

are paraUeL 

At G draw G A perpeiid* 

to AB; 
take GD = AF, & join FD. 

In AS AGF, DFG, 
GU= AF, GF common, 
andzAFG= zFGD; 
..AG=DF, zGDF=zGAE: 
But z GAF is a rt angle, 
.*. GDF is a rt. ang., and DF perp. to CD. 
Moreover the par. to CD is to be drawn from F ; 
and since the perpendiculars AG and DF are equal, 
the parallel to CD must pass through A : 
.*. AB is parallel to CD. Q.E.D. 



ScHOLiuiif. — Of the angles which two st. lines, one at each extremity 
of a third line, make with it, the alternate angles are those which are on op- 
posite sides and at opposite exbremities of the tiiird line. 
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Prop. 28.— Theor. 

If a st line falling upon two other st. lines makes the exterior 
angle equal to the interior and opposite angle upon the same side of 
the line ; or makes the interior angles upon the same side together 
equal to two rt. angles ; the two st. lines shall he parallel. 

Demonstration. — P. 15. Iftwost. lines cat one another, the vertical 

angles shall be equaL 
Ax. 1. Magnitudes equal to tile same are equal to one another. 
P. 27. If a St. line falling upon two other st. lines makes the sdtemate 

angles equal, these two sk Itnes shall be pai^leL 
P. 13. The angles which one st^ line makes with another upon one 

side of it, are equal to two rt. angles. 
Aje. B^ K equals be taken from equals, the remainders are equal. 



Exp. 



Dem. 



1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

121 




LetthestUneEP 

fall on the two 

st.liiiesAB,CD; 
make the ext. Z 

EGB = theint. 

&opp.ZGHD; C 
and the int. ^s 

B GH + GHD = two rt. angles ; 
then the st. line AB is || the st. line CD. 

For, V ZEGB=ZGHD, 

andZEGB = /lAGH; 

/. ZAGH = ZGHD: 

and /. also st. line AB is || CD. 

Again, v l s BGH + GHD = two rt. angles, 

and i B AGH+ BGH = two rt. angles; 

.-. ZbAGH + BGH = ZsBGH + GHD: 

Take away the common Z BGH, 

.'. the rem; I AGH =the rem. I GHD : 

Bnt I s AGH and GHD are alternate angles; 

.-. the St. line AB is || the st. line CD. 

Therefore, if a st line falling upon two other, 

&C. Q.E.D. 

ScHOLiTJM.— 1. When one st. line cuts, or Mia upon, two other st lines, 
of the four angles formed on eaoh side of the incident line, taken in sue- 
cession, eadi pair consists of an ext: aad an int; adjacent angle ; but taJeen 
alternately, each pair consists of an ext. and an int opposite angle. 

2. ThB princi|»le really aawnned in the twelfth Axiom is,— that two st. 
lines which intersect each othm eaamot beth be psuuUel to the same st. line. 



Hyp, 1. 

It 3. 
Concl. 

Hyp. 
P. 15. 
Ax. 1. 
P. 27. 
Hyp. 
P. 13. 
Ax. 1. 
Sub. 
Ax. 3. 
Cons. 
P. 27. 
Becap. 
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Prop. 29.— Theor. 

If a line fall upon two parallel st. lines, it makes the alternate 
angles equal to one anothftr ; and the exterior angle equal to the 
interior and opposite angle upon the same side ; and likewise the 
two interior angles upon the same side together equal to two rt. 
angles. 

Demonstration. — Ax. 4. If equals be added to nneqnalB, the wholes 

are tmeqnal. 
P. 13. The angles which one st. line makes with another upon one 

side of it are either two rt. angles, or are together equal to two rt. 

angles. 
Ax. 12. If a st. line meets two st. lines, so as to make the two int. 

angles on the same side of it together less than two rt. angles, these 

st. lines, being continually produced, shall at length meet upon 

that side on which are the angles less than two rt angles. 
Def. 35. Parallel lines are such as are in the same plane, and which 

being produced ever so fsa both ways do not meeik. 
P. 15. if two st. lines cut one another, the vertical angles are equaL 
Ax. 1. Magnitudes equal to the same, are equal to each other. 



Exp. 



Dem. 



llHyp. 



Concl. 1. 



1 
2 
3 
4 



tf 



2. 



ft 



3. 



Sup. 



1. 
2. 

Add. 
Ax. 4. 

P. 13. 

Ax. 1. 

Ax. 12. 




Let the st. line 

EFfaUonthe 

||b AB, CD; 
then the 2IAGH 

= the alt. i 

GHD; 
theext ZEGB 

= the int. opp. 

ZGHD; 
and the int. Z s BGH + GHD = two rt. 

angles. 

If Z A GH is =[= Z GHD, one is > the other : 
LetZAGF.be >ZGHD; 
and to each angle let the Z BGH be added ; 
then Z s AGH, BGH together are > Z b 

BGH, GHD: 
But ZsAGH, BGH together are = two rt. 

angles ; 
.-. Z s BGH, GHD together are < two rt. 

angles. 
Now on this condition AB and CD, being 

produced, wiU meet 
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Dem. 



8 
9 

10 
11 
12 
13 
14 
15 



Hyp. Def.35 

Concl. 1. 
P.15&AX.1 

Add. 

Ax. 2. 

P. 13. 

Ax. 1. 

Recap. 



but AB is parallel to CD ; 
.-. L AGH is not z^ L e., is = , Z GHD : 
ButZAGH = EGB, /. EGB^GHD; 
to each angle add ^ BGH ; 
tlienZ8EGB + BGH= ZsGHD4BGH: 
But Z s E GB + BGH = two rt. angles ; 
/. L s GHD + BGH ^ two rt. angles. 
Wherefore^ if a line fall on two parallel 
lines, &c. q.e.d. 



Scholium. —1. This Propoaition, depending on the 12th Axiom, is the 
converse of Props. 27 and 28. 

2. It has been objected to the twelfth axiom that it is not self-evident, 
and that it forms the converse to P. 27 : now, both the assumed axiom and 
its converse should be so obvious as not to require demonstration. 

3. ** The Twelfth Axiom may be expressed in any of the following ways : 
— Two diverging rt. lines cannot be both parallel to the same rt. line : or. 
If a rt. line intersect one of two parallel rt. lines, it must also intersect the 
other : or. Only one rt. line can be drawn through a given point parallel to 
a given rt liue." — Lakdner, p. 316. 

4. The letist objectionable definition of parallel st. lines is, — ** Parallel lines 
are such as lie in the same plane, and which neither recede from nor 
approach to each other. — Potts' Etidid, p. 50. 

Use and Application. — Eratosthenes, who died b.c. 196, at the age 
of 80, applied the last three Propositions to the measuring of the circum- 
ference of the earth, and followed the method still employed. (See Diction- 
ary of Greek and Jiojnan Biography, vol. ii., p. 44-47.) The principle wili 
which he set out was, that two rays of light proceeding from the centre of 
the sun to two points on the earth, are physically paraUel. He learned that 
** at Syene, in Upper Egypt, deep wells were enlightened to the bottom on 
the day of the summer solstice, and that vertical objects cast no shadows. 
He concluded, therefore, that Syene was on the tropic, and its latitude equal 
to the obliquity of the ecliptic, which he had determined to be 23° 51' 20" : 
he presumed that it was in the same longitude as Alexandria, in which he 
was out about 3"", which is not enough to produce what would at that time 
have been a sensible error. By observations made at Alexandria, he deter- 
mined the zenith of that place to be distant by the fiftieth part of the cir- 
cumference from the solstice ; which was equivalent to saying that the arc 
of the meridian between the two places is 7° 12'." The distance from 
Alexandria to Syene, Eratosthenes gives as 5000 stadia. From these data 
it is a very simple operation to deduce the earth's circumference ; for if an 
arc of 7** 12' measures 5000 stadia, the question to be solved, is, — How many 
stadia are there in 360" ? 

For the demonstration of the process, we suppose the circumference 
GSH to be representative of the earth's circumference ; Alexandria to be 
at the point A, and Syene at the point S ; at A the style A is erected 
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perpeadicolar to the horizon: DS and EC 
are rays of lifht from the son when in 
the Solstice, we rav DS peroendiculor to 
Syene, and continaed towards F, the earth's 
centre. Now at A, take the angle AOG, 
made by A C the perpendicular to the hori- 
zon, and by the ray EG ; then, because the 
rays DF and EG are parallel, and the line 
OF meets them, the alternate angles A OG 
and SF A are equal Thus, if we measure the 
one, we at the same time ascertain the other. 
The arc which measures angle SFA is S A ; 
and if the actual distance in nules from S to 
A be measured, we have the elements for 
finding the earth's circumference ; for as the 
degrees in the arc AS are to the distance 
measured from A to S, so are 360** to the mea- 
sure in units of length of the whole circumference. 




Prop. 30. — Theor. 

Straight lines which are parallel to the same st, line are parallel 
to each other. 

Demonstbatton. — P. 29. If a st. line fall upon two parallel st. lines, it 
makes the alternate angles equal to one another ; and the exterior 
angle equal to the.int. and opp. angle upon the same side; and lO^e- 
wise the two int. angles upon the same side together equal to two 
rt. angles. 

Ax. 1. ^niings e(}ual to the same thing are equal to each other. 

P. 27. If a st. Ime &lling upon two other st. lines makes the alt. 
angles equal to one anouier, these two st. lines shall be paralleL 



Exp. 



Cons. 



Dem. 



1 
2 
3 
4 



Hyp. 



Conol. 



Sup. 



C.&Hyp. 

P. 29. 
C.&Hyp. 

P. 29. 



G 



/ 



Let AB and CD 

be each || to a 

EF; 
then AB shall be E 

II to CD. ^ 

Let the line 
GHK cut the 
Hnes AB, EF, and CD. 

vthe line GHK cuts the ||s AB, EF, 
.-.theZAGH = ZGHF; 
And, V GK also cuts the Ijs EF, CD, 
..theZGHF = ZGKD: 



B 



— F 
— D 
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Dem. 5 D. 2. BtttZAGHorAGK = ^IGHF; 

/. £AGK=£GKD; 
and;. ABis || toCD. 
Wherefore^ straight lines whieh are parallel, 

&C. Q.E.D. 

SoHOLiUM. — 1. The corollaiy to this proposition, that two lines parallel 
to the same line eannot pass through the same point, is equivalent to the 
twel^ axiom. 

2. The first axiom and this proposition are similar. 



5 


D. 2. 


6 


Ax. 1. 


7 


P. 27. 


8 


Becap. 



Prop. 31. — Prob. 
To draw a si. line through a given potnt, parallel to a given st. 



line. 



SoLunoK.-^Pst. 1. A St. line may be drawn from one point to another. 
P. 23. At a given iK)int in a line to make an angle equal to a given 

angle. 
F&t 2. A terminated st. line may be produced to any length in a st. 
line. 

Demokstratton. — ^P. 27. If a st. line £eJling upon two other st. lines 

► line 



make the alternate angles equal, these two lines are parallel. 



Exp. 



Dem. 



1 
2 

3 
4 



Data. 



Quass. 

Sup.&Pst.l 
P. 23. 

Pst. 2. 

Sol. 

C. 1, 2. 

P. 27. 

Eecap. 



Let A be the 



£ 



Jt 


[.'- ^ 


V 




/■ 


1 


« 

\ 



D 



F 
C 



given point, & 
BC the given 
line; B 

to draw through 
A a line II to BC. 

Cons. 1 Sup. & Pst. 1 In BC take any point D, and join A, D; 

At A in AD make the ^DAE = /.ADC; 

produce E A to F ; 

then E F, through A, is || to B C. 

•.• AD meets EF and BC, and makes L E AD 
= alt. L AD C, 

2 P. 27. .-. EFis II BC. 

3 Kecap. Wherefore, through a given point, &c. 

Q.E.F. 

Scholium. — 1. Practically, a parallel to BC through the point A, may 
be drawn with a parallel ruler, or with the triangnhu' square. If the com- 
passes are used, the way is (see the last figure ),— -Join. A and anj point, as 
b, in BC : from D with DA describe the arc A^, and from A with AD the 



104 



GRADATIONS IN EUCLID. 



arc Dh ; then, with the distance from g to A hi the compasses, f^rom D cat 
the arc DA in A ; join Ah and produce it ;— £F is the parallel required. 

2. The Twdjik Axioms that if a line falling on two other lines make the 
interior angles on the same side less than two rt. angles, those two lines 
on being producea shall intersect, may very readily he demofUtrcOed by 
the principles now established. 



Cons. 




Exp. 1 Hyp. 1. Let AC falling on AB, . 

CD, make tne int. z s -^i 

ACD,CAB<twort. 

angles; 
and let zsACD, CAE 

= two rt. angles : 
then AB and CD being 

produced shall intersect, 
and AE and CD shall be parallels. 

In AB take any point B, and through B draw EF 

II to AC; 
Along EB produced set EB, as many times as wUl 

m&e the distance £B repeated fall below CD ; 

in the present instance EF equalling twice EB, 

orEB=BF: 
From F draw FG || CD or AE, and = AE; 
the line A BG is but one st. line. 
And '.• CD cannot cut its || FG, and the line AB 

concurs with FG ; 
/. CD shall cut AG between B and G. 

In AS AE B, BFG, the side AE = FG, BE i= BF, 
and I AEB= i BFG; 

therefore the i EBA = z FBG : 
I vx>,*. ^ . ^w. consetquently AB and BG make one st line, and CD 
I being produced cuts AG in the point BL 

Use and Application. — 1. The drawing of parallel lines is required 
in Perspective, Navigation, the Construction of the Sector, or Compass of 
Proportion, and in other branches of Practical Mathematics. 

2. The use of parallel lines enables the Surveyor to ascertain the distance 
of an inaccessible object, by the method of Representative Values or of Con- 
struction : thus, there are three objects. A, B, C, distant from each other 
AC 6 miles, AB 8, and BC 9*4 miles ; at D, a p . 

station on tiie line BC, the angle CDA is found 
to be 60° : the distance from D to A is required. 

From a scale of equal parts construct the 
triangle ABC; and at B make the angle CBE 
equal to 60° ; AD, drawn parallel to B E, is the 
representative value of the distance from D to 
A. Taking DA in the compasses, and apply- r^ 
ing the distance to the scale, the measurement ^ 
of DA wUl be found equal to 6 miles. 



Dem. 



Hyp. 1. 

,. 2. 

Concl. 1. 

.. 2. 
Assum.&P.31 

P. 3. 



P'. 31 & 3. 
Concl. 
Def. 35, C. 

Concl. 
C.3&2, P.29 

P. 4. 
Cor.' P. 15. 
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Prop. 32. — Theor. — (Very Important.) 

If a side of any triangle he produced^ the exterior angle is equal 
to the two interior and opposite angles^ and the three interior angles 
of every triangle are together equal to two right angles. 

Construction. —P. 31. To draw a at. line, through a given point, paral- 
lel to a given st. line. 

Demonstration.— P. 29. A line falling on two parallel lines makes the 
alternate angles equal, and the exterior angle equal to the int. and 
opp. angle upon the same side ; and likewise the two interior angles 
on the same side equal to two rt. angles. 

Ax. 2. If equals be added to equals, the wholes are equal. 

P. 13. The angles which one st. line makes with another upon one side, 
of it, are either two right angles, or together are equal to two rt. 
angles. 

Ax. 1. Magnitudes equal to the same, are equal to each other. 



Exp. 



Cons. 
Dem. 



1 


HyB. 


2 


Concl. 1. 




. 2. 


1 


P. 31. 


1 


C. & P. 29 


2 
3 
4 
5 


C. 

P. 29. 
D. 1. 
Ax. 2. 


6 

7 


Add. 
Ax. 2. 


8 
9 


P. 13. 
Ax. 1. 


10 


Recap, 




E 



Let the side BC of 

the A ABC be 

produced to D ; 
then the ext. Z ACD 

= the int. and opp. 

ZsCAB, ABC; 
and the three int. ^ C D 

i s ABC, ACB, and CAB together = two 
rt. angles. 

Draw from C a line CE || B A. 

V AB is II to CE, and AC meets them, the 

ZBAC=ZACE: 
Again, v AB is || CE, and BD falls on them, 
.-. the ext. Z ECD = the int. and opp. Z ABC: 
But Z ACE = ZBAC; 
/. ext. Z ACD = the int. and opp. Z s BAC 

and ABC: 
To each of these equals add the Z ACB ; 
then Z s ACD + ACB = Z s BAC + ABC 

+ ACB: 
But Z s ACD + ACB = two rt. angles. 
.-. Z s BAC, ABC, ACB together = two rt. 

angles. 
Wherefore, if a side of a triangle be produced^ 

&c. ^.E.D. 
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Cor. L — AU the interior angles of any rectilineal figure, toge- 
ther with four rt. angles, are equal to twice as mang rt. angles as 
the figure has sides. 

Demonstbatiok. — ^P. 15, Oor. 2. All the angles made by any nmnber of 
lines meeting at a iK)int, are together equal to two rt angles. 

Let ABODE be arectiL 

figure, and F a point 

within it; 
and let lines be drawn &om 

F to the ang. points A^ 

B,C,D,E; 
then aU the int i s toge- 
ther with fonr rt. angles 

= twice as many rt. angles as the figure 

has sides. 

V the fig. ABODE is divided into as many 

triangles as there are sides, 
and •.* the /. s in each A = two rt. angles ; 
/. all the angles of the triangles = two right 

angles x the number of sides : 
But the same L s equal the angles of the fig. 

+ the angles at F ; 
and all the ^^ s at a point, as F, = four rt. 

angles ; 
;. the Z. s of the fig. + four rt. angles = two rt. 

angles x the number of sides. q.e.d. 

Cor. II. — All the exterior angles of any rectilineal figure, as 
ABODE, are together eqiuzl to four rt, angles. 

Produce all the 
sides of the fig. 
ABODE: 

•; each int. I + the 

adj. ext. i = two 

rt. angles ; 
/. aU the int. ^ s -*- 

all the adj. ext. 

Is = two rt. Z s 

X the number of sides ; 
and .*. these = all the int. Z s -«- four rt. angles. 
.*. the ext. Ib = four rt. angles. q.e.d. 
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Hyp. 1. 
. 2. 
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Concl. 


Dem. 
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n>p. 




2 

3 


P. 32. 
D.1&2. 
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Hyp. 




5 


P15,0or2 




6 


Concl. 



Cons. 


1 


Pst2. 


Dem. 


1 


P. 13. 




2 


P32,0orl 




3 
4 


Ax. 1. 
. 2. 
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Dem. 


1 
2 


Hyp. 

P. 32. 




3 


P. 32. 




4 


Sub. 




5 


Ax. 3. 



OoR. III. — If two triangles ABC, ADE have two angles of the 
one, ABC, ACB, respectively equal to two angles of the other, 
AE D, ADE ; then the third angle of the one, B AC, sJiall be equal 
to the third angle of the other, DAE. 

TheZs ABC + ACB= £bAED + ADE; 
and the I s ABC + ACB + BAC = two rt. 

angles ; 
also the l s AED + ADE + DAE = two rt. 

angles : 
take away the equals AB C + A C B and AED 

+ ADE; 
/. the rem. Z BAC = the rem. i DAE. 

Q.E.D. 

ScHOLniM. — 1. The OorollBries to be deduced from Pirop. 32, are very 
nmnerons : Lardner's Eudid gives twenty-four. 

2. The first Cor. is of universal extent, apply- 
ing to all rectilineal figures ; the second is appli- 
cable only to figures that are called convex^ in 
which each int. angle is less than two rt. angles. 
Some figures, as ABODE, being concave, at B, 
have re-entrant angles, which are greater than 
two right angles : thus the int. angle at B is 
greater than two rt. angles by the angle ABE. 

3. Without the pr^uction of a side the three angles may be proved 
to be equal to two rt angles, by drawing through any angular point a 
parallel to the opposite side. 

4. In an equilateral triangle each angle measures two-thirds of a rt. 
angle, or 60** ; and in an isosceles triangle, if one angle is rt angled, the other 
two are each 45°, or half a rt. angle. 

Use and Application. — 1. This Theorem may be employed in Astro- 
nomy to determine the Parallax of a heavenly body. 

Let C represent the earth's centre, A a point on the 
earth's circumference AB, and Z the zenith oi the station 
A ; S is a star or any heavenly body not in the zenith. 

By observation take the angle Z AS, the zenith distance 
at the earth's surface A : if the star S were viewed from C 
the centre, the anele.ZCS would be its zenith distance ; 
and tiie angle Z C S is less than angle Z A S. For, by P. 32, 
the ext. an^le ZAS is equal to the angles C -i- S : thus, 
the ang. S is equal to the excess of the angle ZAS above 
the angle ZCS. If now, from an Astronomical Table, I 
learn what is the zenith distance of S as viewed from C, 
the earth's centre, the difference between ang. ZAS and 
ang. ZCS, or the angle ASC will be the parallaz. 

2. By employing the same Theorem we may construct a figure which 
will give the representative value of the perpendicular height qfamountaim, 
as CD. 
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B 




E 



At station A with a theodolite ascertain the angle CAD, — suppose 45' J 
measure AB, 300 feet, and at station B measure the angle CBD, 30°; and 
from these data construct the figure required. 

From B draw a line of indefinite length BE, and take on it 300 equal 
parts to A : at B draw an an^le CBD of 30** ; and at A an angle CAD of 
45°: the lines BC and AC intersect in tbe point C; and a perpendicular 
from C to BE, namely CD, will represent the perpendicular height of the 
niouutain. Take CD in the compasses, and apply the distance to the same 
scale ; — it will be found that CD measures 400, feet or yards, according to 
the unit of length in AB. 

3. On tl^e principle that all the interior angles of any rectilineal figure 

are equal to twice as many rt. angles as the figure has sides, diminished by 

four rt. angles for the amount of the angles at the centre, — we are enabled to 

construct any regular right-lined figure. The angular magnitude of each 

figure is equal to two rt. angles miiltiplied by the number of sides, mintis 

four rt. angles ; and the remainder divided by the number of sides or angles, 

gives each single angle of the regular figure. Let S equal the number of 

sides ; 180° the measure of two rt. angles ; and 360° the measure of four rt 

angles ; and let A represent the angle at each pair of sides, and C the angle 

at the centre by radii to the extremities of each side. 

rru K (S X 180°)-360 , ^ 360 
Then A = ^^ ; and C = — r-. 

To construct a regular Polygon : — ^Ascer- 
tain by the foregoing formula the angle C, and 
the angle A. 1st. When the side AB m not 
given — Draw any radius, as CA, and at C, 
with another radius of the same length as the 
first, make the ang. C as ascertained by the q w 
formula; then describe with CA or CB the 
circle, and the distance AB will divide the cir- 
cumference into as many parts as there are 
units in S : join the points, and the polygon 
is formed. 2nd. When the side AB w given — 
At A and B make angles equal to ang. A, as 

ascertained by the formula ; and bisect those angles by the lines AC and BO 
meeting in the point C ; triangle CAB having the angles CAB and CBA 
equal, the sides CA and CB are also equal: if now, with CA or CB as 
radius, a circle be described, AB will cut off as many arcs from the circum- 
ference as there are units in S ; — draw the chords to the respective arcs, and 
the polygon will be completed. 
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Prop. 33. — Theor. 

The sL lines which join the extremities of two equal and parallel 
St. lines towards the same parts, are also equal and parallel. 

Construction. — ^Pst. 1. A line maybe drawn from one point to another* 

Demonstration. — F. 29. A line falling on two parallel lines makes the 
alternate angles equal. 
P. 4. Two triangles having in each two sides and their included angle 

respectively equal, are equal in every other respect. 
P. 27. If a line falling on two st. lines make the alternate angles equal, 
the two lines are parallel. 



Exp. 



1 



Cons. 
Dem. 



1 
1 

2 

3 
4 

5 
6 

7 



Hyp.l. 
. 2. 



Concl. 

Pst. 1. 
H.&P.29 

H. & D. 1. 

P. 4. 
D.3. 

P. 27. 
D.3. 

Kecap. 



LetABbe = and||toCD; 
and let the extremities 

towards the same parts 

be joined, A to C, and B 

to D; 
then the st. lines A C and 

B D are = and 

Join B and C. 



B 



D 



V BC meets the ||s AB, CD, .*. the i ABC 
= the alt. LBOB: 

Hence, v AB = CD, BC is common, and 
2lABC= ZBCD, 

.-. I ACB = Z CBD, and AC = BD. 

And V BC with AC, BD, makes Z ACB = 
ZCBD, 

.'. the St. line AC is || to the st. line BD ; 

And AC is eqnal to BD. 

Wherefore, the st. lines which join the extre- 
mities, &C. Q.E.D. 

Scholium. — A Parallelogram is a four-sided figure of which the oppo- 
site sides are equal and parallel, and the diagonals join opposite angles. 

Use and Application. — The principle 
contained in this Theorem enables us to 
ascertain the perpendicular height of a 
mountain AG, as well as the distance Jrom 
the base to (he foot of (he perpendicular^ v. B 

CG. 

Take a large right-angled triangle, 
ABD, and putting one end at A, let the 
side DB, by means of a plummet, be 
brought to the peipendicular ; DB shows r 
the latitude AH, and DA the horizontal 
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distance BH : repeat the process as often as the case requires ; — ^fchen. DA + 
EB, &c., equals the horizontal distance OG; and DB -h EC, &c., the alti- 
tude AG. 



Prop. 34. — Theor. 

The opposite sides and angles of parallelograms are equal to one 
another^ and the diameter bisects them ; that isj divides them into 
two equal parts. 

Demonstration. — ^P. 29. A line falling on two parallel Hnes makes the 
alternate angles equal. 
P. 26. If two triangles have two angles and a side of one equal to two 
angles and a side of the other, the other sides and angle are re- 
spectively equaL 
Ax. 2. If equals be added to equals, the wholes are equaL 
P. 4. If two triangles have two sides and the included angle equal in 
each, they are sdtogether equal. 
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Concl. 1. 



If 



2. 
H.&P.29I 

H.&P.29 
D. 1 & 2. 

P. 26. 

D. 1 & 2. 

Ax. 2. 
D.4. 
Concl. 
H. & D. 1. 

P. 4. 
Becap. 




Let ABCD be a 0» and ^ 

B C its diameter ; 
then iA= ^1 D, and ^ B 

also A ABC = A BCD. 

V BC meets the ||b AB 

and CD, 

.-. the L ABC = the alt. Z BCD ; 
and V BC meets the ||s AC and BD, 

.'. the Z ACB = iiie alt. Z CBD : 
Hence, v Lb ABC, ACB = Zs BCD and 

CBD, and B C is common to the As ABC, 

BCD; 
.-. ZBAC = Z BDC, AB - CD, and AC 

= BD. 
And V Z ABC = Z BCD, and Z CBD = 

Z ACB, 
.-. the whole Z ABD = the whole Z A CD ; 
and ZBAC = ZBDC; 
.*. the opp. sides and angles of ZZ7s are equal. 
Also, V AB = CD, BC is common, and 

ZABC = ZBCD; 
.-. the A ABC = the A BCD. 
Wherefore^ the opposite sides and angles of 
parallelograms^ &c. q.£.d. 



PROP. XXXIV. ^BOOIC I. 



Ill 



ScHOLitJif. — 1. The two dia^^onals, AD and BC, bisect each other. 

2. The converse to Prop. 34 is, — If the opposite sides or opposite angles 
of a quadrilateral figure be equal, the opposite sides shall be parallel ; t. e., 
the figure shall be a paraUelo^um. 

3. Both the diagonals, AD and BC, being drawn, it may, with a few 
exceptions which require subsequent propositions, be proved, that a quadri- 
lateral figure which has any two of the following propertdeB, will also have 
the others : — 

1°- The parallelism of AB and CD ; 

2«- The parallelism of AC and BD ; 

3°- The equality of AB and CD; 

4»- The equality of AC and BD; 

Qp- The equality of the angles A and D ; 

6o- The equality of the angles B and C ; 

7<^ The bisection of AD by BC ; 

8°. The bisection of BC by AD ; 

9*>- The bisection of the area by AD ; 
IQo- The bisection of the area by BC. 
These ten data, being combined in pairs, will give 45 distinct pairs ; with 
each of these pairs it may be required to establish any of the eight other 
properties, and thus 360 questions, respecting such quadrilaterals, may be 
raised. These questions will furnish the student a useful geometrical exer- 
cise. **The 9th and 10th data require the aid of subsequent propositions.*" 
— ^Lardneb's Uudidf p. 49. 

UsR AND Application. — 1. The construction and accuracy of the par- 
allel ruler depends on Prop. 34. 

2. A finite si, line may be divided into any given number qf equal part8. 
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QUSBS. 



Pst 1. 



p. 3 & Pst. 1. 

P. 31. 

SoL 

P. 31. 

C.3&5, P.34 
P. 29. 
P. 26. 

Sim. 
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P< 



It 



^L 



Given a line AL^ 

and the number 

of parts, as four ; 
to divide AL into 

those parts. 

From one extremity 

of AL, asA, draw * ^,''' 

an indefinite line 

AX, 
take AB, and make BC, CD, DE each = AB, and 

join EL; 
through D, C, B draw Dd, Cc, B6, ||s to EL ; 
the line AL is so divided that Ab^hc, beszed, and 

ed=dli. 
Also through b draw bm || AX 

vB^CmisaO, .•.&wi = BOorAB; 
also lA^l cbm, and L A6B = i bem : 
therefore Ab is equal to be 
And in the same way dc = bc^ and dh =■ cd, 

Q.E.D* 

3. On the same principle the Sliding Scale, QAllsd from the inventors 
the Vernier or Nonius, is constructed. This scale is very usefnl, as in the 
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fiarometer, lor measnrm^ the hundredth part of an inch ; or in the Theodo- 
lite, for measuring the minutes into whicn a degree is divided. 

lo- For measuring the hundredth part of an tneft, we may take, becaos 
of its clearness, Ritchie a dedcription, in his Geometry^ p. 32^ " Suppose aa 
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1 1 1 n 1 1 : 
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ID 





inch AB, divided into 10 equal parts, each part will be ^ of anincb 
Again, suppose a line CD equal to 9 of these parts to be also divided int* 
10 equal parts, each of these will be ^ol ^(Absl inch, which is y^. Bm 
the length of one of the first divisions being -^, or 3^, and that of the 
second ^-^^j-, one of the first divisions is pj^ of an inch longer than one of tb« \ 
second. If the line CD slide along parallel to AB till the two divisioos 
marked 1, 1, form a continuous line, the sliding scale will have moved yn 
part of an inch towards B. If it slide along tiU the next two divisions coin 
cide, it wiU have moved y^ of an inch, &c." 

2°- For measuring the minutes into which a degree on a 
circle is divided. ''If 59 degrees on the circumference or 
limb of the instrument be divided into 60 equal parts, the 
difference between the length of one degree and one of the 
latter divisions will obviously be ^V of a decree, or one mi- 
nute. This kind of Vernier, on account of its great len^h, 
is seldom employed. If each degree on the arc AB of 15 be 
cUvided into two equal parts or ludf degrees, and if 29 of these 
be taken and divided into 30 equal parts, as in CD, the dif- 
ference between the length of naif a degree and one of the 
new divisions in CD wifl obviously be ^ of half a degree, or 
^ of a degree, that is, one minute. This is a very common 
vernier." If the limb CD move along the arc AB, so that 
the first division on CD and the first on AB are in one and 
the same line, the vernier wiU have laoved ^ of gV* or ^ of a 
degree, i. e., one minute ; if the second division on CD coin- 
cide with the second on the arc AB, the vernier will have io 
moved ^ of a degree, or two minutes, &;c JD 




4. When two objects, A and B, are inaccessible 
from each other, with an instrument to set out per- 
pendiculars from them to a line CD, parallel to the 
line joining A and B, (he distance may be obtained; 
for, by Prop, 34, CD is equal to AB; if therefore 
CD be measured, we learn the distance from A to B. C 



B 



D 



5. Also, when there intervenes an obstacle, as a house, or a lake, io the 
continuation of a sL line AB, beyond the obstacle H ; — ^the direction of AB 
may be ascertained by the method of taking perpendiculars, and of drawing 
parallel lines. 
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At B raise a perpendicular BE, and at E another 
perpendicular EF ; at F, a point beyond the obsta- 
cle, also draw a perpendicular FC ; and set out FC 
of the same length as BE ; then at C draw another 
perpendicular CT), and the line CD will be in the 
same direction with the line AB : and were H the 
obstacle removed, and G and B joined, ABC D would 
be in one and the same st Ime. By construction 
BEFC is a rectangle, and the angles at C and B rt 
angles ; therefore, by Prop. 14, A B and CD will be 
in the same st. line with BC. 




fi B 




6. A field of the shape of a parallelogram, 
ABCD, may he divided into two equal parts by the 
diagonal AD ; but if it has to be divided from the 
point E, bisect the diagonal in F, join EF, and 
produce EF to G ; the Ime EG will divide the field 

into two equal portions. For in the triangles A F E, , ^ 

DFG, the angles EAF, AEF are respectively ^ Gr 

equal to the angles FDG, FGD, by Prop. 29, and 

AF equal to FD ; therefore by Prop. 26, the triangles AFE and FDG are 

equal And since the trapezium BEFD and the triangle AFE by Prop. 30 

together make up half the field ABD ; the same trapezium with the triangle 

FGD, which is equal to the triangle AFE, will also make up half the field : 

therefore the line EG divides the field into two equal portions. 



Prop. 35. — Theor. 

Parallelograms upon the same base and between the same par- 
allels are equal^ or rather equivalent^ to one another. 

Demonstration. — P. 34. The opposite sides and angles of parallelo- 
grams are equal to one another, and the diameter bisects them. 

Ax. 6. Doubles of the same magnitude equal each other. 

Ax. 1. Things equal to the same are equal to one another. 

Ax 3. If equals are taken from equals, the remainders are equal. 

P. 29. A St. line falling on two parallel st lines makes the exterior 
angle equal to the int. and opp. an^le. 

P. 24. Triangles with two sides and their included angle in each 
equal, are equal in all other respects. 
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Eyp. 



11 Hyp. 1. 



It ^* 
Concl. 



Case I. 



Snp. 



Dem. 



1 



2 
Case II. 



Deh. 



1 



3 
4 



6 

7 
8 
9 

10 
11 



P. 34. 

Ax. 6. 
Snp. 

H. & P. 34. 
H.&P.34. 

Ax. 1. 

Ad. or Sub. 

Ax. 2 or 3. 

P. 34. 
P. 29. 
P. 4. 

Sub. 

Ax. 3. 

Recap. 




Let the Os ABCD, EBCF, be on the 

same base B C, 
and between the same ||8 AF and BC ; 
then the ZI7 ABCD = the O EBCF. 



Let the sides AD, DE 
opp. to BC ft€ termi- 
nated in the same 
point D. 



Because Os ABCD, DBCE are each 

double of A DBC; 
therefore O ABCD = the O DBCE. 

Let AD and EF &e not terminated in one 
point D, 

V ABCD is a O, A D £ F A E DF 
.•.AD = BC; 

and EBCF being 

aO,EF = BC; 
and.-.AD = EF. 
Add, or take away 

the common 

part DE; 
.*. the whole, or remainder, AE = the whole^ 

or rem. D F. 
And V AE = DF, and AB = DC, 
and the ext. ^ FDC = the int. L E AB ; 
.-. EB = FC, and A E AB = A FDC. 
From trapezium A B C F take away the equal 

AsEABandFDC; 
the rem. O ABCD = the rem. O EBCF. 
Therefore^ Parallelograms upon the same base^ 

&0. Q.E.D. 




Scholium. — 1. The equality denoted is equality of surface, pr area, not 
equality of sides and angles. 

2. BuoNAVENTimA Cavalibri, who was a pupil of Galileo, and died 
A.D. 1647t invented the Method of Inditnaiblea, one of the methods which 
preceded that of Fluxions. ** He considers a line as oomposed of an infinite 
number of points ; a tsaitace, of an infinite number of tines ; and so on." 
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** This method, absolutely considered, is defective and even erroneous ; but 
the error is of the same kind as that of Leibnitz, who considered a curve 
as composed of an infinite number of infinitely small chords ; and a surface, 
of infimtely small rectangles. The error in both is one which does not affect 
the result, for this reason, — ^that it ooxxsiBts in using the simplifying effect of 
a certain supposition too early in the process, by which the logic of the 
investigation may be injured, but the result is not affected." — Penny Cyclop. 
vi., p. 387. 

The eqyudity of parallelograms may he explained by this method of 
Indivisibles, wluch consists in the supposition that Surfsu^es are composed of 
lines, like so many threads in a piece of cloth. Now two pieces of cloth are 
equal, if in each there be found the same number of threads equal in length, 
and that the thr^Kls are as clos^ woven in one piece as in the other ; and 
this will be true, though one piece be a rhomboid, and the other a square. 
For let ABCE represent a square piece 
of cloth, and A BD F a rhomboidal piece, 
on thd same width AB, and between the 
same jMuralldis A B, CD. If in the square 
ABCE as many lines or threads as we 
please be drawn narallel and equal toAB, 
as 1, 3, 5, and tnese lines or threads be 
produced into and across the rhomboid 
ABDF, there will be no more lines or 
threads in the one than in the other ; the 

lines or threads are all of equal length, being equal to the same line or 
thread AB ; and in the one the lines or threads are the same in number, or 
set as close together, as in the other : consequently, tiie two pieces of doth, 
or the square and rhomboid on t^e same base AB, and between the same 
parallels AB and CD, are equal in surftu^e or area. 

IJsis AND Application. — In the measurement of Sur&ces or Areas, the 
unit of sur&ce is a rectangle ; and it is therefore necessary to convert aU 
parallelograms which are not rectangles into rectangles, in order to find 
their areas. The following method enables us to convert the parallelogram 
ABDF, into a rectangle AB C £, of equal aroa. 

Produce indefinitely the paraUd DF, ahd at B and A, the extremities of 
the other parallel AB, raise, by Prop. 11, the perpendiculars BE and AC ; 
then ABDF wiQ be converted into a rectangle ABCE, which by Prop. 35, 
is equivalent to ABD F. 

Hence, the area of a parallelogram is equal to the area of a rectangle 
having the same base and altitude; and if we multiply the linear units in 
the base by the linear units in the altitude, we obtain the square un^^ or 
unite of surface^ in the parallelogram: 
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Prop. 36. — Theor. 

Parallelograms upon equal hases^ and hetvoeen the same parallels, 
are equal to one another. 

Construction. — Pet 1. A st line may be drawn from any one point to 
any other point. 

Demonstration. — ^P. 34. The opposite sides and angles of parallelograms 

are eqnaL 
Ax. 1. Magnitudes ec^ual to the same, are eqnal to each other. 
P. 33. Straight lines joining the extremities of two equal and parallel 

St. lines towards the same parts, are also themselves equal and 

paralleL 
Del A. A parallelogram is a four-sided figure of which the opposite 

sides are parallel ; and the diiigoual is iSie st. line joining two of its 

opposite angles. 
P. 35. Parallelograms on the same base and between the same paral- 
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2. 



Concl. 

Pst. 1. 

H.&P.34. 
Ax. 1. 
H.&C. 

P. 33. 
Def. A. 
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P. 35. 
P. 35. 
Ax. 1. 
Becap. 




LettheOsABCD a 

EFGH, be on " 

equal bases, BO 

andFG, 
and between the 

same ||b A Hand 

BO • 
then £J ABCD = £J EFGH. 

Join the points B, E and C, H. 

vBC = FG, andFG = EH; 

.'. B C = E H. 

Bnt BC is II EH, and BC and EH are joined 

towards the same parts by BE, OH ; 
.'. BE and CH are eqnal and parallel; 
and .'. also EBCH is a parallelogram. 
Now the Ob EBCH, ABCD are on the 

same base BC, and between the same 

parallels BC, AH; 
therefore O EBCH = jTJ ABCD. 
Also OEBCH= CJ EFGH; 
therefore O ABCD = O EFGH. 
Therefore, parallelograms upon equal basesy 

&C. Q.E.D. 
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Scholium. — The 36th Propositioxi may be considered as a corollary of 
the 35th. 

Use and Application. — 1. The Diagonal Scale is constmcted on the 
principle of parallelograms on eqnal bases and between the same parallels 
beine equal : the opposite sides of a parallelogram are divided into tiie same 
number of equal parts, and the corresponding parts being joined form simi- 
lar parallelograms, each one equal to the other ; the diagonals to the similar 
parallelograms are drawn, and thus the Diagonal Scale is constructed. 
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The principle is thus shown, — ** Let eft, hi, /c?, be three equi-distant 
parallel lines, having other equi-distant lines drawn at right an^es 
across theuL Join ad, then mg will be the half of cd or ab. For 
draw ^ A at right angles to cd, then the triangles amg, ghd are obviously 
equal, and hence mg=hd = eh; that is, mg is the haJf of cd, or its equal 
ab. 

"I^ instead of drawing one line kl between eb, fd, there be drawn 
nine equidistant lines," as l^tween the parallels K AB, GDC, ''the part ing 
in the second line would obviously be ^ of ab, the part on tiie next line ^ 
&c." — Ritchie's Oeom., p. 29. 

In the Diagonal SoaJe KBGG thus constructed, the distance AB repre- 
sents 100, and each of the divisions between A and B 10 ; and on the diago- 
nal line diverging from A, the first distance from the perpendicular AD to 
the diagonal wUl be ^ of 10, or 1 ; the second distance from AD to the 
same diagonal, ^ of 10, or 2 ; the third distance, ^ of 10, or 3 ; and so on. 
Thus the spaces between E and A, are hundreds ; between A and B, tens ; 
and between B and G, units. If, however, the spaces between £ and A are 
tens, those between A and B are units, and between B and G ten^ : indeed 
the values depend on what we caU the spaces between E and A. The extent 
from /on the perpendicular EL, to A on the seventh diagonal to the seventh 
parallel, may be taken for 277, 27*7, or 2*77, according as we consider E A 
hundreds, or tens, or units. 

The Diagonal Scale is of very extensive use in the construction and mea> 
surement of Geometrical Figures. 
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Prop. 37. — Theor. 

Triangles upon the same base and between the same parallels are 
eqtiol to one another, 

OoNSTBUcnoN. — ^Pst. 2. A St. line may be produced in a si. line. 
P. 31. Through a given point to draw a hne parallel to a given line. 
DeL A. A parallelogram is a four-sided figure of which the opposite 
sides are parallel, and the diagonal joins opposite angles. 

Demonstbatiok. — P. 35. Parallelograms on the same base and between 

the same parallels are equal. 
P. 34. The opposite sides and angles of parallelograms are equal, and 

the diameter bisects them. 
Ax. 7. Halves of the same magnitude are equaL 



E 




Let the Ab ABC, DBC 

be on the same base BC, 
and between the same 

llsAD, BC; 
then the A ABC = the 

A DBC. 

Produce AD both ways 

indefinitely, 
through B draw BE || C A, and through C 

CF||BD; 
then EBCA and DBCF are parallelograms. 

'/ the /ZJ^ aro on B C, and between the ||s B C, 

.•.theZI7EBCA = theOI>BCF: 

But a /ZJ is bisected by its diameter, and 
;. A ABC = half the jTJ EBCA, 
and A DBC =half the O DBCF ; 

.-. also A ABC = A DBC. 

Wherefore, triangles upon the same base, &c. 

Q.E.D. 

Scholium. — On the principle that triangles are the halves of parallelo- 
grams, the areas of triangles are obtained ; the product of the oase and 
altitude gives the area of a parallelogram ; consequently, half the product 
of (he hoM and aUitude gives the area of the triangle. 
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Prop. 38. — Theor. 

Triangles upon equal hoses and between the same paraMels, are 
equal to one another. 

Construction. — ^Pst. 2. A st. line may be prodnced indefinitely. 
P. 31. To draw a line through a given point parallel to a given line. 
Def. A. A parallelogram is a four- sided figure of whic& uie opposite 
sides are parallel, and the diagonal joins opposite angles. 

DsMONSTRATiON. — ^P. 36. Parallelograms upon equal bases and between 
the same parallels are equaL 
P. 34. The opposite sides and angles of parallelograms are equal to 

one another, and the diameter bisects them.' 
Ax. 7. The halves of the same or of equal magnitudes are equal. 
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Goncl. 

Pst. 2. 
P. 31. 

Def. A. 

H. & C. L 
P. 36. 
P. 34. 

Ax. 7. 

Recap. 




Let tbe As ABC, q. 

DEF, be on equal 

bases B C, E F, 
and between the 

same||sBF,AD; 
then the A ABC = 

the A DEF. 

Produce AD both ways indefinitely; 
through B draw B G || C A, and through F, F H 

II ED; 
then GBCA and DEFH are parallelograms. 

vBC = EF, andBF || GH; 

.•.the£7GlBCA = theOl>EFH: 

But a parallelogram is bisected by its diagonal; 

/. As ABC, DEF each = half GBCA, DEFH ; 

and.-. A ABC = A DEF. 

Wherefore^ triangles upon equal bases, &c, 

Q.E.D. 

SoHOUUM. — 1. The bases of the triangles are placed so as to form por- 
tions of the same st. line. 

2. The Area of a triangle may be bisected, or divided into any number 
of equal parts : in the one case, by bisecting the base ; in the other, by 
dividing the base into equ^ parts, and joining the points of division Ahd the 
vertex. 

Use and Application. — 1. By the last two propositions we arrive at a 
practical way of dividing a trtanfftdar space, as ABC, into two equal parta; 
for if the base BC be bisected from the vertex A by A K, then, because the 
two triangles ABK and ACE are on equal bases BK and CK, and between 
the same parallels, AD and BC, those triangles are of equal areas. « 
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P.31,Pst.l 
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then AD is parallel 
toBF. 

Join A, D, and AD 
is parallel to BF. 

But suppose AD 
not parallel to 
BF, 

through A draw 




AG II BF, and join G,F; 

Dem. 1 H. & C. 3. V the As ABC, GEF are on equal bases, 

BC, EF, andBF || AG; 
.-. the A ABC = the A GEF : 
But A ABC also = A DEF; 
/. ADEF = AGEF, 
or, the greater is equal to the less, which is 

absurd : 
.'. A G is not parallel to B F. 
In like manner no line except AD is parallel 

toBF; . 
therefore AD is parallel to BF. 
Wherefore, equal triangles upon the same 

bases, &c. q.e.d. 

ScHOLnjM. — 1. The pomt G might be taken in ED produced, and a 
similar argument pursued. 

2. From this and the preceding propositions, Lardner has deduced six- 
teen corollaries. Of these the principal are — 

l°- A parallel to the base of a triangle through 
the point of bisection of one side, will bisect the 
other side. 

2p- The lines which join the middle points 
D, E, F, of the three sides of a triangle divide it 
into four triangles which are eqiud in eyery 
respect. 

3<*- The line joininjO^ the points of bisection ~^ 
of each pair of sides, is equal to half the third 
side. 

4P- a trapezium is equal to a parallelogram 
of the same altitude^ and whose base is half the 
sum of the parallel sides. 

Let D be bisected in H, and through H a 
parallel, GHF to AB be drawn. 

Since CG- and FD are parallel, the aisles 
GCH and G are respectivdy equal to D, and k~ 
HFD (29) and OH w equal to HD ; therefore -^ 
(26) CG is equal to FD, and the triangle OHG 
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to the triangle DHF. Therefore AF and BG- are together equal to AD 
and BC, and the parallelogram AG to the trapezium AC ; and since AF and 
BG ore equal, AF is half the sum of AD and BC. 

Thus the Area of a trapezium will be found by taking half the sum of 
the parallel sides and multiplying that half sum by the altitude C £. 

3. "The area of a square U found numerically by multiplying the num- 
ber of equal parts in the side of the square by itself. Thus a square whose 
side is twelve inches, contains in its area 144 square inches. Hence in 
arithmetic, when a number is multiplied by itself, the product is called its 
square. Thus, 9, 16, 25, &c., are the squares of 3, 4, 6, &c. ; and 3, 4, 5, 
&c. , are called the square roots of the numbers 9, 16, 25, &c. Thus square 
and square root are correlative terms." — ^Lakdner's Euclid, p. 54. 



Prop. 41. — Theor. — flmportantj 

If a parallelogram and a triangle he upon the sam-e bckse and 
between the same parallels^ the parallelogram shall be double of the 
triangle. 

CoNSTBUcnoN. — Pst. 1. A straight line may be drawn from any one 
point to any other point. 

Demonstration. — ^P. 37. Triangles upon the same base and between 
the same parallels, are equ^ to one another. 
P. 34. The opposite sides and angles of parallelo^ms are equal to 
one another ; and the diameter, or di^^onal, bisects the puallelo- 
gram. 

Let the O AB C D, and the 

AEBC, bothbeonBC, 
and between the same ||s 

BC, AE; 
then theOABOD shall be 
double of the A E B C. 

Join the points, A, C, by the 
St. line AC. 

".• the As A B C, E B C are on the same base BC, 

andBC||AE; 
.-. the A ABC = the A EBC : 
But /^s are bisected by their diagonals ; 
.-. the O ABCD = twice the A ABC ; 
and CJ ABCD equals twice the triangle EBC. 
Wherefore^ if a parallelogram and a triangle, 

&C. Q.E.D. 



Exp. 
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Hyp.l. 






^ 2. 




2 


Concl. 


Cons. 


1 


Pst. 1. 


Dem. 


1 


Hyp. 




2 
3 
4 
5 
6 


P. 37. 
P. 34. 

Concl. 

D.2. 

Recap. 
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ScHOLTUif. — The converse of Prop. 41 is, — If a parallelogiain is double 
of a triangle, and they have the same base, or equal bases upon the same 
straight line and towiuids the same parts ; they shall be between the same 
parallels. 

Use and Application. — The general method for finding the area of a 
triangle, or of any figure that may oe resolved into triangles, is founded on 
this proposition. The area of a parallelogram is measured by the product 
of the base and altitude : and a triangle on the same, or on an equal base, 
being half the parallelogram, the area of a triangle is equal to the product 
of the altitude and half the base, or what is the same thing, equal to half 
the product of the base and altitude. The area of polygons is the sum of 
the areas of the triangles into which the polygons may be divided. 



1. For the area of the triangle, ABC : 

Take AD perpendicular to BG ; bisect BC by 

GH also perpendicular to BC ; 
and complete the Os ADBE, ADCF. 
The area of the triangle ABC equals AD xBG, 



or AD X 4 BC. 




2. For the area of any figure made up qf straight 
lines, flwABCDE: 

Since the whole figure ABCDE is made up of n 
the triangles ABD, BCD, and DE A ; 

The area of ABCDE equals the sum of the areas 
of the triangles ABD, BCD, and DE A : 

That is, the area of ABCDE equals (CG x ^BD) 
+ (BFx ^AD)4-(EHx JAD). 




3. For the area qf a regular polygon, as 
ABCDEF: 

From the centre divide the polygon into 
triangles, and drop the perpendicular OG to AB ; 
Taea tiie area of triangle AOB equals OG 
X ^ AB • 

'^And'the area of ABCDEF equals (OG x 
^ AB, or AG) x the number of triangles in the 
figure ; or equals the perp. O G x ^ the perimeter. 




A G B 



4. Dividing a circle by an infinite number of triangles having their com- 
mon vertex in the centre, the area of a circle equals the product of the 
radius and of the semi-circumference. This method depends on the princi- 
ple that the circle is the limit of the polygons inscribed in it ; the cu^^um- 
ference is the limit of their perimeters ; and the radios the limit of their 
perpendiculars : and as the area of any polygon equals the perpendicular 
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multiplied by half the perimeter, the area of the circle, therefore, is equal 
to the radius x ^ the circumference. 

It was Archimedes, of Syracuse, the most famous of ancient mathema- 
ticians (bom B.C. 287) who first demonstrated this principle, and established 
the ratio between the diameter and the circumference of a circle. The cir- 
cumference of a circle he showed "to be greater than three times its diame- 
ter, by a quantity greater than ff of the diameter, but less than f of the 
same. The proportion now employed is as 1 to 3*14159265, &c., or for 
general purposes, as 1 to 3*1416 : that is, when the diameter measures 1 foot, 
or yard, or mile, the circumference wUl measure 3*1416 feet, or yards, or 
miles. 

If we take D to represent the diameter, C the circumference, A the area 
of a circle, and p = 3*1416 ; by having any two of these given, we can 
ascertain the others : thus, 

~ ~ 4 • 



10- 



p C ^ p 



3o.A = ^^l^=^ = 



4A 



20- C=i?D=-Yj = 2y/pA. 



4p 
^~D"D« ~4A* 



Prop. 42. — Prob. 

To describe a parallelogram that shall he equal to a given tri- 
angle^ and have one of its angles equal to a given rectilineal angle. 

Solution. — P. 10. To bisect a finite st. line. 

Fst 1. A St. line may be drawn from one point to another. 

P. 23. At a point in a st. line to make an angle equal to a given 

angle. 
P. 31. To draw through a given point a parallel to a given line. 
Def. A. A parallelogram is a four-sided ngure, of which the opposite 
sides are paralleL 

Demonstration. — P. 38. Triangles upon equal bases and between the 

same parallels are equal to one another. 
P. 41. If a parallelogram and a triangle be upon the same base and 

between the same parallels, the parallelogram shall be double of 

the triangle. 
At, 6. The doubles of the same or of equal magnitudes are equaL 



Exp. 



Data. 
Quaes. 1. 
2. 



tf 



Given the A ABC 

and the /. D ; 
to desc. a /Z7 = 
the A ABC, 
and having an 
angle = the /. D. 
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Cons. 



Dem. 



1 
2 



4 
5 

1 
2 



4 
5 
6 

7 



P.IO, Pst.l 
P. 23. 

P. 31. 



Def. A. 
Sol. 

C. 1 & 3, 
P. 38. 

C. 



P. 41. 
Ax. 5. 
C. 2. 

Recap. 




Bisect BCinE, 

and join A E ; 
at E in EC make 

the L CEF = 

the Z D ; 
and at A draw 

AFG||BC,and . ^ 

atC,Ca| EF; B E C 
then EFGC is a parallelogram, 
and equal to the triangle ABC, and having 

an angle = Z I^- 

vBE = EC, andBCII AG; 

.-. AABE = AAEC, and A ABC = twice 
AAEC: 

But the O FECG and the A AEC are 
both on EC, and EC is | AG; 

.-. the O FECG = twice the A AEC ; 

and /. the O FECG = the A ABC. 

The ZCEFofZI7FECG=the L D. 

Wherefore^ there has been described a paral- 
lelogram^ &0. Q.E.F. 



ScHOLiTTM. — To describe a triangle equal to a given parallelogram, 
T'ECG, and having an angle eqtial to a given angle, D, As in the last 
figure, produce the parallels GF and CE, and make EB equal to EC ; at B 
construct an angle equal to the given angle D, and produce BA to meet the 
parallel G A in A, and join AC ; then the triangle ABC, thus constructed 
will, on drawing BH parallel to FE, be found by Prop. 41 equal to the 
parallelogram FECG. 



Prop. 43. — Theor. 

The complements of the parallelograms which are about the 
diameter of any parallelogram^ are equal to one another. 

Demonstration. — P. 34. The opposite sides and angles of parallelograms 
are equal, and the diameter bisects them. 
Ax. 2. If equals be added to equals, the wholes are equal. 
Ax. 3. If equals be taken from equals, the remainders are equaL 
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Dem. 




1 
2 
3 
4 
5 
6 



Exp. 1 Hyp. 1. Let ABCDbea/I/? 

& AC its diameter, 
EH and GF CJ^ 

about AC, 
and BK and KD the 

/~7fl complements 

of the figure ; 
then the complement 

BK= the complement KD. 

V AB CD is a CJ ^^^ -^C its diameter; 

.-. the A ABC = the A ADC : 

And •.• AEKH is a CJ^ and AK its diameter, 

.-. the A AEK = the A AHK : 

Also the A KGC = the A KF C. 

Then, V A AEK = A AHK, and A KGC 

= AKFC; 
the As AEK and KGC = the As AHK and 

KFC: 
But the whole A ABC = the whole A ADC ; 
therefore the rem. complement BK = the rem. 

complement KD. 
Wherefore^ the complements of the parallelo- 

grams ^ &o. q.e.d. 

Scholium. — The parallelograms about the diagonal, and also their com- 
plements, have each an angle m common with the whole parallelogram, and 
therefore are equiangular with it. 

Use Ain) Application. — K any parallelogram, as BID in the last figure, 
be given, another parallelogram, KB, may be found, equal to it, andhatfiriff 
one side, EK, eqttal to a given line. For, produce FK, and from K set off 
a distance equal to the nven line £K ; produce the ndes DH, DF, and 
HK indefinitely; and through £ draw AB parallel to HG or DC; 
draw the diagonal AK, and produce it imtil it cuts DF produced in G ; 
tiirough G draw a parallel to kF or HD, and it will cut HK and AE 
produced in the points G and B : — then the parallelogram BK will be equal 
to the given parallelogram KD. 



8 
9 

10 



Hyp. 1. 
. 2. 



Concl. 

Hyp. 1. 
P. 34. 
Hyp. 2. 
P. 34. 
P. 34. 
D. 4 & 5. 

Ax. 2. 

D.2. 
Ax. 3. 

Recap. 



Prop. 44. — ^Prob. 

To a given line to apply a parallelogram which shall be equal to 
a given triangle^ and home one of its angles equal to a given angle. 

Solution. — P. 42. To describe a paralldograan that shall be equal to s 
given triangle, and have one of its angles equu to a given rectiliiidal angle. 
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P. 31. To draw a line, through a point, paraUel to a given line. 

Pst. 1. A line may be drawn between any two points. 

Pst. 2. A terminated st. line may be produced to any length in a st. line. 

Demonstbation. — P. 29. If a line fall upon two parallel lines, it makes 
the alternate angles equal, and the ext. ai^le equal to the int. and 
opposite angles, and likewise the two interior angles upon the same 
side equal to two rt. angles. 

Ax. 9. Th.Q whole is greater than its part. 

Az. 12. A st. line meeting two st Imes, so as to make the two int. 
angles on the same side less than two rt. angles, these two lines, 
bemg produced, shall meet on the side on which the angles are less 
than two rt. angles. 

P. 43. The complements of the paraUeloerams which are about the 
diameter of any parallelogram are equal 

Ax. 1. Magnitudes equal to the same are equal to one another. 

P. 15. If two st. lines cut one another, the vertical angles are equal 



Exp. 


1 




2 


Cons. 


1 




2 


• 


3 




4 




5 




6 




7 


Dem. 


1 


• 


2 




3 



Data. 
Quaes. 



P. 42. 



Pos. 



Pst. 2. 
P.31,Pst.l 

Pst. 2. 

P.31, Pst.2 

Sol. 

C. 3 & 4. 
P. 29. 

Ax. 9. 




D 




Given the line AB, 

A C, and L D ; 
to apply to AB a 

CJ = the AC, 

and having an 

ang. = the I D. 

MakeaZZ/BEFG 

= the A C, and 

having aa ang. G f- 

EBG=ZD; / 
place the /ZJ so / 

that the side ^* 

BE form one st. 

line with AB; 
produce FG to H; 
and through A draw AH || BG or EF, and 

join H B : 
Next produce HB and FE to meet in the 

point K ; 
through K draw KL || AE ; and produce 

GBandHAtoMandL; 
then the /ZJ BL = the A C, and has its ang. 

ABM = iJ). 

V HF falls on the parallels AH and EF, 
/. the Z B AHF and HFE together = two rt. 

angles ; 
and Z sBHF& HFE together< twort. Z s; 
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Dem. 



6 

7 
8 
9 



10 
11 
12 
13 
14 



Ax. 12. 



Concl. 

Pst2. 
P. 31. 
Pst. 2. 
Conol. 



P. 43. 
C.1&AX.1 
P.15&C.1 

Ax. 1. 

Becap. 



but when int. angles on the same side axe 

< two rt. angles, their sides meet, if 

produced ; 
therefore HB and FE being produced wiU 

meet: 
Let them be produced & meet in the point K; 
through K draw KL || E A or FH ; 
and produce H A to L, and GB to M ; 
then FKLH is a [J, HK the diameter, AG 

and ME Os about HK, and LB and FB 

the complements ; 
and .*. compL LB = compl. BF : 
ButZI7BF=AC, .•.OLB = ACl 
And V ZGBE= ZABM,andZGBE = ZD, 
/. also L ABM = £ D. 
Therefore^ to the st. line AB the parallelogram^ 

&C. Q.E.F. 



ScHOLniM. — 1. In ihia Problem the Solution and the Demonstration are 
almost nnavoidablx mixed together. 

2. When a |)araUelogrun is drawn on a straight line, it is said to be 
applied to that Ime. 

Use akd Application. — ^TMs proposition contains a kind of Gfeometricdl 
Division. The whole area of one ngnre, as G, or BF, being given, and AB 
the side of another ; what is required is, so to separate the parts of the 
nven figure, that when applied to the given line, the same number of parts 
shaXi. be contained in the required figure, as existed in the given figure. 

Arithmetically we can say, a given triangle contains, for example, 20 
square feet, — a given line 4 lin^ feet ; how can we apply a parallelogram 
to the 4 lineal feet, so that the area of the parallelogram shall equal that of 
the triangle ? We divide 20 by 4, and the quotient 5 is the lineal measure- 
ment of the other side of the parallelogram. 

OeametriceUly we say, a ^ven rectangle BO contains 12 square feet, — a 
given line, BD, or its equal EH, 2 lineal feet ; how can we apply another 
rectangle to BD or EH measuring 2 lineal feet, so that the area of the 
required rectangle may equal the area of the given rectangle ? 

Produce indefinitely the parallels A C and 

BE, ABandCE; 
from B set off BD equal to the represen- 
tative value of 2 feet, and draw the 

diag. DE; 
produce DE until it cuts AC produced in 

F, the diagonal DF will so divide or 3 [^ 

intersect AC produced, that the part 

C F shall equal the other side of tibe 1 

rectangle, of which the given side BD -ri"--^ 

is 2 Bneal feet. ^ 
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For, oomplete tlie rectaiLKle ADGF: EH equals BD, and EI equals 
C F ; and the complement EG is eqnal to the complement E A : and if we 
divide AE into equal squares, and EG into equal squares, we find that in 
the first there are 12, and in the second 2 x 6, or 12 also. 



Prop. 45. — ^Prob. 

To describe a parallelogram equal to a given rectilineal figure^ 
and having an angle equal to a given rectilifieal angle, 

SoLTJnoN. — ^Pst. 1. A line may be drawn to join any two points. 

P. 42. To describe a parallelogram that shall be equal to a given tri- 
angle, and have one of its angles equal to a given rectilin^ angle. 
P. 44. To a |B;iven line to apply a parallelogram that shall be equsJ to 
a given triangle, and have one of its angles equal to a given angle. 

Demonstration. — ^Ax. 1. Magnitudes which are equal to the same, are 

equal to each other. 
Ax. 2. If equals be added to equals, the wholes are eqnaL 
P. 29. If a fine Mis on two parallel lines it makes the alternate angles 

equal ; and the ext. angle equal to the int. and opp. angle on the 

same side ; and the two int. angles on the same side equal to two 

rt. ancles. 
P. 14. Ii at a point in a st. line two other lines on opposite sides 

make the adj. angles equal to two rt angles, i^e two unes are in 

one and the same st. line. 
P. 30. St. lines parallel to the same line are parallel to each other. 
Def. A. A parallelogram is a four-sided figure of which the opposite 

sides are equal and parallel, and the diagonals join opposite angles. 



Exp. 



Cons. 



3 
4 



Data. 



QUSBS. 



Pst. I, 
P. 42. 



P. 44. 



Sol. 




Given a rectilin. fig. ^ 
ABOD, and an 

to describe a CJ = 
ABCD, having 
an angle = Z E. ______ 

To divide the fig. 

into triangles, join DB ; 
describe a IZ] FH = the A ADB, and having 

an L FKH = Z E ; 
to the line GH apply the /Z7GtM. = the ADBC, 

and having an ang, = Z E ; 
then the fig. F KM L is the /ZJ required. 
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Dem. 



1 


C. 2 & 3. 


2 


Ax. 1. 


3 


Add. 


4 


Ax. 2. 


5 


P. 29. 


6 


Ax. 1. 


7 


D. 6. 


8 


P. 14. 


9 


C. 


10 


P. 29. 


11 


Add. 


12 


Ax. 2. 


13 


P. 29. 


14 


Ax. 1. 


15 


P. 14. 


16 


C. 2 & 3. 


17 


P. 30. 


18 


C. 2 & 3. 


19 


Def. A. 


20 


C. 2 & 3. 


21 


Ax. 2. 


22 


Recap. 



V Z E = Z FKH, aM also L GHM; 

.-. ZFKH = ZGHM: 

To each of the equal angles add the /. KH G ; 

then the L b FKH + KHG = L sGHM + KHG : 

But L 8 FKH and KHG = two rt. angles ; 

.'. L s GHM and KHG = two rt. angles : 

Thus at H in HG, the adj. L s GHM, GHK 

= two rt. angles ; 
.*. KH is in the same st. line with HM. 
Again, •/ HG meets the parallels KM and FG, 
.-. ZMHG= ZHGF; 
To each of the equal angles add Z HGL ; 
then Zs MHG and HGL = ^s HGF and 

HGL: 
But L s MHG and HGL = two rt. angles ; 
.*. i s HGF and HGL = two rt. angles. 
And V FG is in the same st. line with GL, 
and KF || HG, and HG || ML; 
.*. KF is parallel to ML : 
Also KM is parallel to FL ; 
.*. KFLM is a parallelogram. 
And V A ABD = [J HF, and A BDC = 

OGM; 
therefore the whole fig. ABC D = the whole 

O KFLM. 
Wherefore^ the parallelogram KFLM has been 

described, &c. q.e.f. 



Cob. — ^Hence a parallelogram equal to a given rectilineal figure can be 
applied to a siven right line and in a given angle, by applying to the given 
line a paralldograni equal to the first triangle. 

Use akd Application. — 1. By this and the preceding Problem we may 
measure the superficial content of any rectilineal figure whatever, by first 
reducing it to triangles, and then making a rt. angled parallelogram equal 
to the sum of the triangles. We may also make a rt. angled parallelogram 
on a given line, and which shall be equal in area to sever^ irregular figures. 
Also if we have several figures, we may make another equal to their 
difference. 

• 

2. By principles already established, and by the Problems for the con- 
version oi rectilineal figures into parallelograms of equal area, too may 
change any right-lined figure, as ABODE, first into a triangle, and then 
into a rectangle of equal area. 
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Join DA and DB to divide the given figure 
itito triangles, and produce AB indefinitely. 
Through E draw £H parallel to DA, and 
through C, OF parallel to DB : join DH and ]^ 
DF ; — then the trian^e DHF is equal in area 
to the given figure ABODE. 

Next, throuffh D draw DNparallel to HF ; 

bisect HF, a side of the triangle DHF, in L ; 

at L raise the perpendicular L M, and through H A 

F draw FN a parallel to LM ; the fig. LMNF 

is a rectangle of the same altitude as uie triangle, and on half its base, — and 

is ^erefore equal in area to the triangle DHF. 

3. In a similar way a crooked boundary, ABODE, between two fields, 
M and N, may he Tuade straight without changing the relative size of the 
fields. 

Draw AO the su'Btend to angle B, and 
through B, a st. line BF parallel to AO, and 
join OF; the crooked boimdary AB, BO is 
now converted into the single boundary OF. 
In a similar way FO and OD will be converted 
into one boundaiy, and this last and DE into 
a single boundary ; and thus the crooked boun- 
daries A B, BO, OD, and DE, will be changed 
into one straight boundaiy without affecting L 
the size of the fields ; the shape wUl be altered 
but the areas of M and N remain as at first. 




Prop. 46. — Prob. 
To describe a square on a given straight line* 

Solution. — P. 11. To draw a st. line at right angles to a giren line from 

a given point in the same. 
P. 3. From the greater of two lines to cut off a part eqtud to the lesa 
P. 31. To draw a line through a point parallel to a siven line. 
Def. A. A parallelogram is a four-sidedf figure of mdch the opposite 

sides are equal and parall^, and the diagonals join oppostto angles. 

Demonstration. — ^P. 34. The opposite sides and angles of paraUelogxams 

are equal. 
Ax. 1. Things equal to the same are equal to each other. 
P. 29. If a Ime fall on two parallel st. lines, it m^es the alternate 

angles equal to each other ; and the ext. angle equal to the int. and 

(^posite angle on the same side ; and the two int. angles equkl to 

two rt. angles. 
Ax. 3. If equals be taken from equals, the ronainders are equal. 
Def 30. Of four-sided figures a square is that which has ail its sides 

equal, and all its angles rt. angles. 
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Exp. 1 
2 



GONS. 



Dbm. 



2 
3 

4 
5 



Datum. 

QUSBS. 

P. 11. 

P. 3. 

P. 31. 

Def. A. 

SoL 



1 
2 

3 
4 
5 
6 
7 
8 



10 
11 
12 



P.34&C.2 
Ax. 1. 
D. 1 & 2. 
0.3. 
P. 29. 

C. 1. 
Ax. 3. 
P. 34. 

D. 7 & 6. 



D.6,7,&9. 
D. 3. 
Def. 30. 



Given the st. line AB ; 
it is required to draw a squwe ^ 
on AB. 

From A draw AC at rt.angles 

to AB; 
make AD = AB ; j^ 

through D draw DE || AB, 

and through B, BE || AD ; 
and ABDE is a parallelogram, 
and the square required. 




V AB = DE, AD = BE, and AB=-AD; 
.-. AB = AD = DE =EB; 

and .*. the /~~/ ABDE is equilateral. 

Also, •.* AD meets the parallels AB and DE, 

.'. the int. ^^s BAD, ADE = two rt. angles : 

but the Z BAD is a rt. angle ; 

.*. ^ ADE is also a rt. angle. 

Now the opposite angles of /~7s are equal ; 

.'. I ABE opposite to /, ADE is a rt. angle, 

and i BED opposite to /, BAD is a rt. angle ; 

/. the figure ADE B is a rectangle ; 

it is also equilateral ; 

therefore □ ABED is a square on AB. 

Q.E.F. 

CoR. 1. — The squares on equal lines are equal; and if the 
squares are equalj the lines are equal. 

2. Every parallelogram having one right angle, has all its angles 
rt, angles. 

Scholium. — Oiven the diagoMU AB, to construct a square. 

At A and B draw perpendica- rr^ 

lars AE and BF ; 

bisect the it. angles by AC and 
BG meeting in ; 

ihrongh B and A draw B D || 
AC, and AD || CB; 

then ABCD is the square re- 
quired. 

V the z s CAB and CB A are 

equaL AC = CB; 
and vACBD is a O, AD = CB, and BD = CA ; 
.'.AC=CB = BD=:DA, and the fig. is equilateral. 
Again, the z s CAB, CBA being together one rt. angle, 
the angle C is a rt angle ; 



Cons. 



Dem. 



P. 11. 
P. 9. 
P. 31. 

SoL 

C.2,&P.6. 

P. 34. 
ConcL 
C. 
P. 32. 
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Dem. 



6 P.46, Oor.2. 



7 
8 



C. a OoncL 
Concl. 



But in a £17, as A CBD, when one angle is a rt. axigle, 
all the angles are rt. angles ; 

.'. also AOBD has its angles rt. angles ; 

And therefore, the figi^ being equilateral and rec- 
tangular, A CBD is the square required. 



Use and Applioation. — ^The ChometriecU Square is an instnunent 
means of which, and of the property of similar triangles that the sides 
about the equal angles are proportional, the height of an inaccessible oijed 
can be ascertained, provided a measurement to the perpendicular from the 
object can be made. The edges of the square are each divided into 100 
equal parts, and from one comer a plummet is suspended ; when the object 
is seen along one edge of the instrument, the plummet cuts another edge, 
and forms a triangle similar to the triangle formed by lines representing uie 
perpendicular from the object, a parallel to the horizontal line at its base, 
and the hypotenuse, or distance from the point of observation, to the object 
itself. 



In the adjoining figures, AB represents 
the horizon ; pD Sk parallel to the horizon ; 
DB the height of the instrument ; CD the 
height of the object C above the parallel to 
the horizon ; sp the edge along which the 
object is to be seen ; sr, rn, andpn gradu- 
ated edges each of 100 parts ; and p the 
point of suspension for the plummet. 

From the place of observation measure 
the distance pJ), and the height of the in- 
strument DB ; direct the edge sp towards 
the object C, and note the number of parts 
in « r or in r ». 1° When the plummet cuts 
srino, the triangle ps o ia similar to the 
triangle CDjp ; and we have the proportion 

so : sp y.pD ; CD; whence CD = ^^'^ 
'^ ' so 

and CB = CD + DB. 2^- When the plum-, 
met cuts rn in o, the triangles onp and 
CD^ are similar ; and we have the propor- 
tion pn : no :: pB : DC; whence CD = 

^~P^ ; and CB = CD + DB. 
pn 





D 



B 



For example, let pJj = 60ffe. ; «o = 50eq. pts. ; and DB = 6 ft ; re- 
quired CB. Here50 : 100 :: 60 : 120=0D, and 120 + 6 = 126ft. = CB. 
— See Tate's Geometry, pp. 49-51. 
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Peop. 47. — Theor. — (Most Important,) 

In any right-angled triangle^ the square which is described upon 
the side subtending, or opposite to, the right angle, is equal to the 
squares described upon the sides containing the right angle. 

Construction. — ^P. 46. To describe a square on a given straight line. 
P. 31. Through a point to draw a line parallel to a given line. 
Pst 1. Any two points may be joined by a st. line. 

Demonstration. — De£. 30. A square has all its sides equal, and its angles 

rt. angles. 
P. 14. If at a point in a st. line two other st. lines on the opposite 

sides of it make the adjacent angles together equal to two rt. angles, 

these two lines shall be in one and the same st. line. 
Ax. 1. Things equal to the same are equal to each other. 
Ax. 2. If equals be added to equals, the wholes are eqnaL 
P. 4. If two triangles have each two sides and their included angle 

equal, the triangles are in every other respect equal. 
P. 41. If a paralldogram and a triangle be upon the same base and 

between the same parallels, the parallelogram is double of the 

trian^e. 
Ax. 6. Things double of the same are equal to each other. 



Exp. 



Cons. 



Dem. 



2 

3 

1 
2 



Hyp. 



ConcL 



P. 46. 



P. 31. 

Pst. 1. 

H.&Def.30 
P. 14. 



H.Def.301 
& P. 14. j 



Let ABC be a A 

and BACa rt. 

angle; 
then the square 

on BC = the 

squares on AB 

and AC. 

Draw on BC a 

square BE; on 

BA, a square 

BQ; &onAC, 

a square H C ; 
through A draw 

AL II BDortoCE; 
join AD and FC ; also AE and BK. 

V I s B AC and BAG are each a rt. angle ; 
.'. the lines AC, AG on opp. sides of AB make 

the/wij. Z s = two rt. angles, and /. CA ia 

in the same st. Kne with AG. 

Also A B is on the same st. line with AH. 
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Dem. 



4C.l,Def.30 



5 

6 



8 



Ax. 1. 

Add. 

Ax. 2. 

C.l,Def.30 



9 
10 



11 
12 



13 

14 
15 
16 

17 

18 

19 

20 



P. 4. 
0.2. 



P. 41. 
C.2. 



P. 41. 

D. 9. 
Ax. 6. 
0.3. 

Ax. 2. 

C. 1. 

Ooncl. 

Eecap. 



•/ the I s DBO & 

FBA are each 

a rt. angle ; F 
/.the I DBO = 

the I FBA: 
To each of the 

equals add the 

ZABO; 
/. the Z DBA 

= the whole 

ZFBO: 
Hence, •.* AB = 

FB,BD=BO, 




L E 



and Z DBA = ^FBO; 
.•.AD = FO, andAABD = AFBO. 
Now the O BL and the A ABD are both 

on BD, and between the same parallels 

BD and AL; 
.-. the CJ BL is double of the A ABD. 
Also the square GB and the AFBO are 

both on FB, and betw. the same paraTLels 

FBandGO; 
.*. the [Z7 or square QB, is double of the 

AFBO: 
But the A ABD = the A FBO ; 
therefore the £J BL = the square GB. 
Also, after joining AE, B K, the CJ L = the 

square H ; 
therefore the whole square B D E = the two 

squares GB and HO. 
Now the squares are BE on BO, BG on B A^ 

and OH on OA; 
therefore the square on BO «= the two squares 

on BA and CA. 
2%erefore, in any right-angled trianglcj &c. 

Q.E.D. 

OoE. 1. — " Hence, if the sides of a rt, angled triangle he given 
in numbers^ its hypotenuse may he found: for let the squftres of 
the sides be added together, and thfi square root of their sum 
will be the hypotenuse." Suppose AB the base, AG the per- 
pendicular, BO the hyxx)tenu se ; the form ula for BO is, 

BO = VABa + A02. 
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JSxampie. The heieht of a tower is 40 feei, and the breadth of its ditch 
90 feet : required the length of a ladder to reach from the farther side of 
the ditch to the top of the tower. 

^40* + 30» or V1600 + 900, or V2500 = 50 ft., length of the ladder. 

Cor. 2. — If the hypotenuse and one side he given in numbers, the 
other side may he found : for let the square of the side be sub- 
tracted from that of the hypotenuse, and the remainder is equal 
to the square of the other side. The square root of this remaiii- 
der will therefore be equal to the other side. Thus, 

AB = VBC2-AC2 ; and AC = VBC^-AB^. 

Example, One village A is at right angles with two others B and ; the 
distance from B to C is 50 furlongs ; from A to C 30 furlongs : required the 
distance from A to B. 

V50»-30« = V2500-900 == V1600 = 40 furlongs from A to R 

CoR. 3.' — If any number of squares he given, a square equal to 

their sum may he found ; or if one square he given, any multiple 

of it may he ascertained ; or if two squares he given, the difference 

between them ; or a square may he made that shall be the half, 

fourth, ^c, of a given square. 

1^ Set the Hues AB and BC, representa- c 

tive of the sides of the first two given squares, C^ 
at rt. angles ABC, — the square on AC = AB* 
+ BC* ; at C place CD, representative of the 
third square, at rt. angles to A C, — the square C 
on AD = AB2+BC*+.CD2; and at D place 
E D, representative of the fourth square, at rt. 
angles to AD, — ^the square on AE = AB* + 
BC* +CD2 + DE2. 

2**' Supposing A B to be representative of the line on which 
the given square is constructed, its multiple square will be 
obtained in a similar way; for in this case BC, CD, DE being 
each equal to AB, the square on AE is the multiple of the square 
on AB. 

3°- Let AB be the less, and AC the greater of two lines ; at 
B the extremity of the less, raise a perpendicular B G, and from 
A at the other extremity with A C as radius, inflect on B G the 
greater line ; the square of the intercept C B wiU equal the dif- 
ference of the squares on AC and AB. 



1 
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4^' Make the angles A and B each equal to 
half a right angle ; C being a rt. angle, the 
square on AG will be one half of the square 
on AB : again, at A and C make the angles 
CAD, ACD each equal to half a rt. angle, and ^ 
the square on CD will be ^ of that on AC, or ^ 
^ of the square on AB : the process may be continued for any 
bisection of the rt. angles supposed to be formed at the extremi- 
ties of a line, as for |, ^, ^j &o. 

Cor. 4. — " If a perpendicular BI> be dravm from the vertex of 
a triangle to the base, the difference of the squares of the side^ AB 
and C B, is equal to the difference between the squares of the seg- 
ments AD and DC." 

For (47. 1.) AB2=AD2 + BD^; 
andCB2 = DC«+BD2. 

Take the latter from the former, 

AB2-GB2 = ADa-DC2. 
The diflference vanishes when 

AD = DC. 

CoR. 5. — " If a perpendicular be drawn from the vertex B to 
the base AC, or A C produced, the sums of the squares of the sides 
and alternate segments are equaV* 

For AB2 + BC2 = AB* 4. BD* + DC* ; and AB* + BC* = 

BC* 4 AD* 4 BD*; 
therefore (Ax. 1) AB* + BD* + DC* = BC* + AD* + BD*. 
Take away the common square BD* ; 
and (Ax. 3) AB* + CD* = BC* + AD*. 

Scholium. — 1. The 32iid and 47th Propositions are said to have been 
discovered by Pythagoras, bom b.c. 570, and other principles of Greometiy 
to have been brought by him from Egypt into Greece. Wnatever we may 
think of the tale of his extravagant joy on the discovery of the 47th, certain 
it is that this is one of the most important propositions in all Ehiclid, for on 
it, and on the proposition in the sixth book which establishes the similitude 
of equiangular triangles, the whole science of Trigonometry is founded. 

2. A plain and practical illustration of the 47th Proposition may be 
ffiven by taking three lines in the proportion of 3, 4, and 5, and construct- 
mg with them a rt. angled triangle BAG: on each of the three sides draw a 
square, and sub-divide each square ; that on AG 3, into nine smaller squares, 
that on AB 4, into sixteen, and that on BG 5, into twenty-five squares : the 
sum of the squares, 9 + 16, on AG and AB, equals the squares on B G. 
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To form a rt angle, lines containing 3, 4, and 5 equal parts, or any equi- 
multiples of them, may be used : thus, measure off a line containing 5 feet 
or links, &c. ; at one extremity B, with 4 feet or links, draw an arc, and at 
the other extremity G, with 3 feet or links, another arc : the two arcs inter- 
sect in A, and the lines from A to C, and from A to B, are at right angles 
to each other. 

Use and Application. — 1. The 47th and its corollaries may be applied 
for the construction of all similar rectilineal figures by Prop. 31, bk. vi., 
where it is proved "that in right-angled triangles, the rectilineal figure 
described upon the side opposite to the ri^ht angle, is equal to the similar 
and similarly-described figures upon the sides containing the right angle ;" 
and to the making of a circle the double or the half of another circle, by 
Prop. 2, bk. xii, **that circles are to one another as the squares of their 
diameters. " 

1*^ To make a rectMieal figure AD KEF, similar to a given rectilineal 
figure ABJjKC, 

Divide the figure into triangles by the lines 
AH, AL produced, if necessary; take AD equal 
to the side of the required figure, and through D 
draw D K parallel to BL, tlm)ush K, KE parallel 
to LH, and through E, EF paraSel to HC. Then 
ADKEF will be simUar to, ABLHC,— for by 
Prop. 29, the angles D, K, E, F are equal to those 
at B, L, H, and C, and the triangles ADK simi- 
lar to ABL, AKE to ALH, and AEF to AHC. 

Now, by Prop. 19, bk. vi. , " Similar triangles are to each other as the 
squares of their Hke sides ;" and figures made up of similar triangles being 
similar, all similar figures are to each other as the squares of l^eir like sides. 

^ area AEF AE« AK« AD« area AEF area AHC 
Jb or. 




areaAHC~AH« AL« ~ AB» 
ar ea AKE _ areaALH 
"Xd5 AB« ' 



In like manner 



and 



AD« ~ AB« 
area ADK area ABL 



AD« 



AB« 
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Adding thaee equals^ we have, 

areaADKEF areaABLHG areaADKEF 



AD« 



AD^ 



AB^ 




• area ABLHC" AB»* 

— See Tate's Oeometry, jl 92. 

2° TonMheaeinUihedo'td^orihehalf <^ aauiAere 

Lefc A B be the diameter of AD BO; afcAzaiBea 
perpendicular AE, and at B make tibe angle ABE 
equal to half a rt. an^e ; produce BC imtil it cute 
AE : tiie square on BE will be double of the square 
on AB, and the circle of which BE is the diameter 
double of the circle of which AB is the diameter. 

Again, let BE be the diameter of a circle ; at E 
and B make angles each equal to half a rt. angle ; and 
the square on AB will be one half of the square on 
BE ; and the circle of which AB is the diameter one- 
half of the circle of which B E is the diameter. 

2. By this 47th Pniposition, the Chords, Natural Sines, Tangents, and 
Secants of Trigonometrical Tables are constructed. 

With AC as radius desc. G 
an arc C G, and from A raise R — s^ ,^ _ x'H 

a peipendicular AG ; the arc 
C BkG beiug the measure of 
a rt angle, is equal to 90° : 
join C and G, CG is the line I 
of chords; — on which the F 
chords of CB 30% CK 60% 
being inflected, 05 is the 
chord of 30% Cife the chord of 
60°. The sine of arc OB is 
BD, the tangent OE, the 
secant AR The co-sine is ^ 
FB, the co-tangent GH, the 
co-secant AH. 

Let it be supposed that the Badius AB is divided into 1,000,000 parts, 
and that the arc BO is 30°. Since the Ohoid Oik of 60" is equal to the 
Radius AO ; BD the siae of 30° shall be equal to the half of AO, or 
600000, in the rt. angled triangle ADB. Now AB« = AD« + BD« ; and 
AB^— BD« = AD« or BF*, the Sine of the complement: substituting 
the numbers we have V (lOOOOOO*— .500000^) = 866025 = FB. Next, 
as the triangles ABD, AEO are equi-angular, we have the proportion 

AO : OE; therefore, the tangent of 30° 0E="^ '^^^ 




AD : BD 



or 



500000x1000000 50000000000 



AD 



= 677350. Then AO" + OE" = AE«, 



866025 866025 

and AE is the secant of 30° ;— therefore V (1000000* + 677350") = 1164703 
the Natural Secant for an arc of 30°. 

3. Arithmetically, when the given numbers are 3, 4, 5, or their equi- 
multiples, i?ie sum of the squares of the two less is equal to the square of the 
greater, as (6 x 6) + (8 x 8) = 10 x 10 = 100, and when any two are given 
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we can find the third exactly : but with respect to all other numbers, though 
the sum of the squares of any two numbers always equals or constitutes the 
square of a number greater uian either, we cannot attain that number with 
perfect accuracy ; excepting in the case of right triangtUar numbersy all we 
can do is to approach ito value by increasing tiie nimiber of decimal places in 
the root. Thus (5 x 5) + (8 x 8) = 25 + 64 = 89 ; but the square root of 
89 is 9*433981, &c — 8ee the Introduction, § vi, on IncommensurMe Qtian- 
tities. 

Bight triangular numbera may he found thus : — 

fi« 1 »« +1 

Put n any odd number, then — ^ — = the second number, and — 5 — = 

^9 1 49 + 1 

the third number : thus, take 7, then —5 — = 24, and — - — = 25. Now 

(24x 24) + (7x 7)=676 + 49 = 25 X 25=626; the rt triangular num- 
bers being 7, 24, and 25. 

4 The height of any elevation on the earth's 
surface is so small when compared with the earth's 
diameter, that for practical purposes, as levelling, 
and ascertaining the height of mountains, we may 
consider the earth's acttud diameter, and the dia- 
meter + the elevation, as the same quantity, i e., 
BE and LE not sensibly to differ; nor tiie arc 
AL from the horizontal levd AB. We assume LE 
to be 7960 miles, or that we may have an easier 
number 8000 miles. If we take AB one mile, then 
BL =Tinnr P^ ^^ ^ mile, or nearly 8 inches ; t. e. , 
for every mile of survey, the saifaoe or curvature 
of the earth is 8 inches below the horizontal leveL 

5. Heightt and Dietanees from, the curvcUure of the earth are computed 
by Prop* 47, from the principle established in Prop. 16, bk. iii , that the tan- 
gent AB is perpendicu lar to the radius C A of the arc AL. ThoD. if AB be 

re quired, we h ave V (LO + LB) ■ — ^AC* = AB : if LB, the formula is 

VAB« + AC» = BC, and BC— LC or AC = BL. 

Ezampk 1. Given BL, the height of the Peak qf Teaeriffe; what wiU he 
the radius qf its horizon, or the distance at which it may he seen f 

HereCB = CL + LR And VCB*— AC* = AB the horiiKmtal radius. 
Or, 4002«~4000« = 16016004—16000000 «= 16004. And V16004 = 126 
miles = AR 

Ex. 2. A meteor B is seen over a distance from AtoD qf 200 miles : 
required its height. ___^ 

Here BL =^ BC— L C or AC. And VAC* + AB« = CR 

Or, V4000« + 100* = V16010000 = 4001 -24 miles. And 4001-24—4000 
= 1 124 miles height of the meteor. 

Ex. 3. A fountain B one mUe^firom A, is observed from A to have 'the 
sa/me apparent level : how much is B above A? L e., how much is B further 
from the earth^s centre than L or A? 

Here BO— LC = BL. And V(4000» + 1") = 4000.0001256 = BC ; 
then 4000.001255—4000 = .0001266 of a ittile » 8 inches nearly. 
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Jfy Prop. 36, bk. iii, the square of the tangent AB equals the rectangle 
of BL into BE ; and as in levelling the distances are usually small, AB^ = 
BL X EL nearly. 

When AB is 1 mile, BL is } of 1 foot, or 8 inches ; 

„ AB is 2 miles, BL is f of 4 feet, or 32 „ 

,, AB is 3 miles, BL is |- of 9 feet, or 6 feet ; 

„ AB is 4 mUes, BL is | of 16 feet, or 10*6 feet. 

Thus two-thirds of the square of the number of miles that the level is long, 
gives the height of B above A in feet, or what the horizontal level differs 
from l^e lev^ of the earth's curvature. 



Prop. 48. — Theor. 

If tJie squares described upon one of the sides of a triangle he 
equal to the sqvxires described upon the other two sides of it, iht 
angle contained by the two sides is a rt angle. 

Construction. — ^P. 11. To draw a st. Hue at rt angles to a given st. 
line from a given point in it 
P. 3. From the greater to cut off a part equal to the less. 
Pst. 1. A line may be drawn from one point to another. 

Demonstration. — ^Ax. 2. If equals be added to equals, the wholes are 

equal 
P. 47. In a rt. angled triangle the square on the side subtending the 

rt angle is eqiud to the sum of the squares of the sides contaming 

the rt angle. 
Ax. 1. Magnitudes equal to the same magnitude are equal to each 

other. 
P. 8. If two triangles have two sides of the one eq^isX to two sides of 

the other, each to each, and have likewise their bases equal, the 

angle which is contained by the two sides of the one shall be equal 

to the angle contained by the two sides equal to them of the omsx. 



Exp. 1 1 



Cons. 



Hyp. 



Conol. 



P. 11. 



P.3&Pst.l 



In triang. ABC let 

the square on BC 

= the STim of the 

squares on AB 

and AC; 
then the ZBAC is 

a rt. angle. 

At A draw A D at 

rt. angles with 

AC; 
make AD = AB, and join DC. 
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Dem. 



1 
2 



4 

5 



8 

9 
10 
11 
12 



C. 2. 
Add. 
Ax. 2. 

C. 1. 
P. 47. 

Hyp. 
Ax. 1. 

C.2&D.7. 

P. 8. 
C. 1. 
Ax. 1. 
Becap. 






\* D A = AB, .*. DA square = AB square : 
Let the square on AC be added to each; 
then the squares on DA and AC = the 

squares on AB and AC : 
But D AC is a rt. angle ; 
/. the square on DC = the squares on AD 

and AC. 
Also the square on BC = the squares on AB 

and AC; 
.*. the square on D C = B C square, and D C 

ThusinAsDAC, BAC, AD = AB, DC = 

B C, and A C is common ; 
.-. ^DAC = ZBAC: 
But D AC is a right angle ; 
.*. BAC is a right angle. 
Therefore^ if the squares described, &c. 

Q.E.D. 



ScHOLiXTM. — ^The 48th is the converse of the 47th Proposition, and may 
be extended thus : — The vertical angle of a triangle is less than, equal to, or 
greater than, a rt. angle, as the square on the ba»9 is less than, equal to, or 
greater than, the sum of the squares of the sides. 



Eemarks on Book I. 



1. It will have been seen that the First Book is founded 
entirely on the Definitions, Postulates, and Axioms ; — ^the first 
fiLsing the meaning of the terms employed ; the second assigning 
the instruments that may be used ; and the third setting forth 
the principles on which the comparisons and arguments are con- 
ducted. In a few instances, for the illustration of certain propo- 
sitions, other principles, not belonging to the first book, have 
been assumed ; — ^but these are to be regarded in their proper 
light, not as strict proofs, hut as methods of explanation. 
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2. A few only of the properties of the circle are mentioned : 
those of the straight line and rectilineal angle are subservient to 
the proof of the properties of the triangle ; and all rectilineal 
figures are either triangles, or may be resolved into triangles. 
The First Booh therefore may in general terms be described as 
treating of the Oeometry of Plane Triangles, 

3. Excluding the Definitions, Postulates, and Axioms, it is 
not unusual to make a three -fold division of the contents of this 
Book. The first part, extending fi:om the 1st Prop, to the 26th, 
unfolds the properties of triangles ; the second^ firom Prop. 27 to 
32, those of parallel lines ; and the third^ from Prop. 33 to 48, 
those of par^elograms, of course including the square. 

4. The most important Propositions are, — three^ namely, 
Props. 4, 8, and 26, containing the criteria^ or conditions of equa- 
lity between triangles ; owe, Prop. 32, the equality of the exte- 
rior angle to the two interior and opposite angles, and of the 
three interior angles of every triangle to two right angles ; one^ 
Prop. 41, the proportion of the parallelogram to the triangle on 
the same base and between the same parallels ; and one^ Prop. 
47, the relation between the hypotenuse and the sides about a 
right angle. These propositions at least must be thoix)Ughly 
mastered, not by committing them to memory, but by becoming 
so perfectly familiar with the principles contained in them, and 
wifli the connexions which exist between the arguments or rea- 
sonings employed, as never to feel at a loss for the demonstra- 
tion, however diversified may be the figures constructed, nor 
even though no figure at all be drawn. The great aim should 
be to understand, and as a means to this, to follow up each pro- 
position regularly through all its gradations, and verify it by its 
appropriate proofs. 
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BOOK II. 

CONTAINING THE PROPERTIES OP RIGHT-ANGLED PARALLELOGRAMS, 

OB RECTANGLES. 



In this Book, the relations will be investigated between the 
rectangles formed by the segments of straight lines, or of lines 
produced. When a line is cut or divided at any point, the seg- 
ments are the portions between the point and the extremities of 
the line ; when that point is within the extremities, the line is 
cut internally ; when the point assumed is without the given line, 
and the line has to be lengthened, it is cut externally ^ — the pro- 
duction of th« line in this case containing the point of section. 
If a line is cut internally, the line is the sum of the segments ; 
but if cut externally, the line is their difference. 

The subject of Geometry being magnitude and not number, 
it is necessary, as we have said (p. 20), to discriminate between the 
Geometrical conception of a rectangle, and the Algebraical or 
Arithmetical representation of it : yet the latter, as illustrative 
of the Geometrical truth, will materially assist the former, — our 
ideas of number being more definite than our ideas of space. 
Accordingly, to each of the Propositions will be appended, what 
some have named, though loosely, the Algebraical or Arithme- 
tical proof. 

The numerical area of a rectangle is obtained by supposing 
the two sides containing the rectangle to be divided into a num- 
ber of linear units of the same kind, as inches, feet, &c., and 
then multiplying the units in on^ side by the units in the other ; 
the product represents the Area or enclosed space. 

Of the two sides, one is considered as the hase^ the other as 
the altitude ; and they may be represented by the letters b and 
a ; — thus the formula for ihe area of a rectangle will be aft ; and 
for that of a triangle y or ^ ab ; and for a square a* or 5*, 
according to the side taken, — ^the sides in this case being equal. 

L 
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Definitions. 

m 

1. Every right-angled parallelogram, or rectangle, is said to 
be contained by any two of the st. lines which contain one of the 
right angles. 

The rectangle is contamed by any two contezininonB aides. 



2. In every paraUelogram, any of the A. 
paraUelograms about a diameter, toge- 
ther with the two complements, is called 
the Gnomon. Thus the parallelogram 
HG, together with the complements AF, H 
FC is the gnomon ; which is more briefly 
expressed by the Letters A G K or E H C, q 
which are at the opposite angles of the 
parallelograms which make the gnomon. 



£ 



D 



F^ 



K 



a 



Axiom. 

" The leading idea, which runs through the demonstrations 
of the first eight propositions, is the obvious axiom, founded on 
the 8th Axiom, bk. i., that the whole area of every figure, in each 
case, is equal to all the parts of it taken together," — ^Potts' 
Euclidy p. 68. 

N.B. — ^The Propositions. &c., required for the Oonstmction and Demon- 
stration will not in every instance be given. The learner is sapposed 
to be familiar with most of them. 



Prop. 1. — Theorem. 

If there be two st, lines, one of which is divided into any number 
of parts, the rectangle contained by the two st. lines is equal to the 
rectangles contained by the undivided line and the several parts of 
the divided line. 

Cons. — 11. 1. At a point in a st. line to draw a ri^t angle. 

3. I. From the greater of two lines to cut on a part equal to the 

less. 
31. I. Through a point to draw a st. line parallel to a given st. line. 

Pem. — 34. I. The opposite sides and angles of parallelograms are equal 
Ax. 8. Magnitudes which coincide are equal : t. e., the whole area of 
every figure, in each case, is equal to lUl the parts of it taken 
together. 
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Exp. 



Cons. 



Dem. 



1 
2 
3 

4 
1 



2 
3 

4 
5 

6 
7 
8 
9 



Cor. 



Hyp. 



Concl. 



11. I. 
3. I. 
31. I. 

Concl. 
Def. 1 & C. 



Concl. 
Def.l&C. 

Concl. 
C. &34.I. 

Concl. 
Sim. 
Ax. 8. 
Becap. 



Let A and BC be A B 

the two lines, 

B C being divi- 
ded in D & E ; 
then n A.BC = 

n A.BD + 

D A.DE + 

n A.EC. 

• IF 

At B draw BF at rt. angles to BC ; 
make B G = A : 
through D, E, and C draw DK, EL, and 

CH ||s BG, and through G, GH t| BC ; 
then n BH = Qs BK + DL + EH. 




V BH is contained by the lines GB, BC, of 

whichGB = A; 
••• nBH= q A.BC: 
Also, V BK is contained by GB, BD, of 

whichGB = A; 
/. nBK=nA.BD: 
And •.* D L is contained by DK, DE, of which 

DK = GB = A; 
.-. qDL= n A.DE: 
In like maimer D EH = □ A.E C : 
/. D A.BC = A.BD + A.DE + A.EC. 
Wherefore^ if there he two st. lines, one of 

Whichj &C. Q.E.D. 

2A.|BC; or3A.^BC; or 4 A.|^BC, &c. = A.BC. 

ScH. — The propositions of this Book may be verified by Algebra and by 
Arithmetic ; and in doing this we shall first state the Hypothesis algebrai- 
cally and numerically, and then separately give, what are d^iominateid, the 
Algebraic and Arii^meticcU Froofe. 

Alg, ikAriih. ffifp.—li&t A=a=^Q; BC=6=10; BD+DE+EC=m 
+ »+jp=6+3 + 2=10. 



Alg. b—m+n+p 

(xa) ab=am+an+ap 



Arith. 10=6 + 3 + 2 

(x6) 6x10= (6x5) + (6x3) + 

(6x2) 
or, 60=30+18 + 12 

Use and A pp. — One of the methods of DemongtrcUing the RtUe for the 
Multiplication of numbera depends on this proposition. 

Let A represent 8, and BO 54. We cut or separate the number 54 into 
as many parts as there are digits : for example, 50 + 4 ; each part is multi- 
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plied by 8 ; the one part 4x 8 = 32, and the other part 50x 8 = 400. Now 
all the partial products make up iiie whole prodnct ; therefore (4x8) + 
(60x8) = 64x8; or 32 + 400 = 432. 



Pbop. 2. — Theob. 

If a 8t, line he divided into any two parts, the rectangles con- 
tained hy the whole line and each of the parts, are together equal to 
the sqtiare of the whole line. 

Cons. — 46. I. On a given st. line to describe a square. 

31. L Through a given point to draw a parallel to a given st. line. 

DESff. — Def. 30. 1. Of four-sided figures a square is that which has all its 
sides equal, and all its angles rt. angles. 
Ax. 1. Magnitudes which are equal, &a 



Exp. 



Cons. 



Dem. 



1 
2 
3 

1 

2 

3 
4 

5 
6 



Hyp. 



Concl. 



46. I. 
31. I. 

Conol, 

Cons. 
Def. 30. 1. 

Ax. 1. 

Cons. 

Ax. 1. 
D. 3 & 5. 

Recap. 



Let AB be divided j) 

into any two parts 

inC; 
thentheDsAB.AC 

+ AB.CB = tlie8q. 

on AB. 

On AB describe the 
square ADFB; 

and through C draw * 
CE|ADorBF; ^ 

thennsr>C + EB= g 
the square DB. 



B 

*- — r-" 
I 

I 



T 

— I 



B 



K^ 



vAF=AE + CF,and 

AF = AB square; 
also, V AE is contained by AD, AC, of which 

AD = AB; 
.-. D AE = AB.AC: 
And •/ C F is contained by B F, CB, of which 

BF=AB; 
.-. nCF = AB.CB: 
Therefore Qs AB . AC + AB. CB = the square 

on AB. 
If therefore, a st, line be divided into any two 

parts, &G, Q.E.D. 



Alg. ib Arith, Hyp,—lj^ AB = a unitB = 9, and AC + OB 
6+4. 



■m+n^ 
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Alg. Then m+n= a 

( x-a) .'. af?i+ an= axa, or a' 



Arith. Th6ii5+4=:9 

(x9) .-.46 + 36 = 9x9=81 



ScH. — 1. *' There is no necessity for the absolute construction of the rec- 
tangles, to establish the relations they express." — Lardnbb's Bttdidf p. 66. 

Thus, Given the line A= *ife+y, to prove that A* = Aife+ Ay. 
Take the line B= A; then B. A=Bife+By=Aib+Ay. 

2. ** The object of most of the propositions of this book is, to determine 
the relations between the rectangles under the parts of divided lines. We 
shall first confine our attention to a finite line oivided into two parts." 

*' In this case there are three lines to be considered, — 1st, the whole line, 
expressed by W ; 2nd, the greater part, by P ; 3rd, the less part, by p : 
then W« = (W. P + W.i?). 

But the two parts may be considered as two independent lines, L, and 
I ; then the whole line is their sum, S ; and S' =" S. L + S. / : and D being 
the difference, or L — Z, L' =L. i + L. D. 

Use and Application. — Numerical Multiplication may also be proved 
by this process : for if a number be divided into its parts, the square of the 
number, which is the product of the number multiplied into itself, equals 
the sum of the produd» of each part into the undivided number. In the 
same way in Algebraical equaiiona, in which a quantity may be represented 
by a, and its parts by m + n ; if both sides of tne equation are multiplied 
by the quantify a, then ay.a or a^ = (mxa) + (9»x a)=f?»a + na. 

* The wood engraver substituted Jk for x in the figures ; hence the use of k. 



Prop. 3. — Theor. 

If a 8t. line be divided into any two parts, the rectangle contained 
by the whole line and one oftheparts, is equal to the rectangle con- 
tained by the two parts together with the square of the aforesaid 
part, 

CoNB. — 46. I., Pst 2, and 31. I. 

Dbm.— De£ 1. IL, De£ 30. I., and Ax. 1. 



Exp. 



Cons. 



Hyp. 

Concl. 



46.I.Pst.2 



31. I.- 



Let the st. line AB be A 
cut in C ; 

ThenD AB.BC= D 
AC . CB + the square 
onBC. 

On BC draw a square 
CDEB, and produce 
EDtoF; 

through A draw AF || 
CDorBE; B 
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Cons. 



Dem. 



CoocL 



2 
3 



4 
5 
6 

7 



Def.l.II.| 
& 30. T. J 

Ax. 1. 
.1. I 



&30. 



Ax. 1. 

Hyp. 
D. 4 & 5. 
Recap. 



thenn AE, i.e., AB. 
BC = n AD + 
square DB. 

V □ AE is contained 
by AB. BE, of which 
BE=BC; 

.-. QAE^AB.BC: 

Also, V n AD is con- * 
tained by AC. CD, ^ 
of which CD = BC; « 

.. nAD = AC.BC: 



C 



JB 



t —I- 

F D 






And □ DB = the square on CB : 
.-. nAB.BC = nAC.BC + BC2. 
Thus, if a at. line he divided into any two 
parts, &c. Q.E.D. 

Alg.^Ar%tK.Hyp.'-L&iKl^ = a==9', BC = i»=6; andAO = fi=a 

A Ig. Then a= w+ « ( x m) 
.\ma = in^ +mn 



Arith. Then 9 = 6 + 3 (x6) 
.-.54=36 + 18 

Ovy Let A be a line divided into h and y, and B another line = h'. 
Then (1. IL) A.B = B.Jfc+B.y. But {Hyp.) B = k. 
therefore B.ife = jfe«; andB.y = ifc.y. Thus A.B = P+i;.y. 

Cor. 1. A2-B3=(A + B).(A-B); or (ifc+y)«-ifc« =(ifc + y 
'■¥Tc)*{k + y-k)={2k-¥y)'y', or 81-36 = 45 = 15 x 3. 

2. A2-B2 is greater than (A-B)* by twice B.(A-B); or 
{k + y)^ — k^ is greater than (k + y — k)^ or yf'bj2k'(k + y — k) or 
2k' y; or 81 — 36 or 45 greater than 9 by twice 6 x 3, or 36. 

Use and Application. — Multiplication of numbers may also be proved 
by this 3rd Prop. ; for if a number, as 56, has to be multiplied by another, 
as 7, if the number, as 56, be separated into two parts, of which the multi- 
plier 7 shall be one part, then on taking the square of the multiplier 7 one 
part, and multiplying the other part 49 by the same multiplier, the product 
will equal 7 times 56. Thus 56 x 7, or 392 = (7 x 7) + (49 x 7) = 49 + 343. 



pROt*. 4. — Theor. 

If a St. line be divided into any two parts, the square of the whole 
line equals the squares of the two parts, together with tunee the rec- 
tangle contained by the parts. 

Cons.— -46. I., Pst. 1, and 31. I. 
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Dbh. — 29. I. If a line fidls on two parallel lines, it makes the alternate 
ancles equal, and the ext. angle equal to the int. opposite angle, 
and the two interior angles equal to two rt. angles. 
De£. 30. I. A square has its sides equal, and its angles rt. ancles. 

5. I. The angles at the base of an isosceles triangle are equ^, and if 
the equal sides be produced, the angles on the other side of tiie base 
shall be equaL 

Ax. 1. Magnitudes, &;c. 

6. L If two angles of a triangle be equal to one another, the sides 
also which subtend the equal angles shall be equal to one another. 

Az. 3. If equals be taken, &c 

34. I. The opposite sides and angles of parallelograms are equal to one 

another, and the diagonal bisects them. 
43. I. The complements of the parallelogram which are about the 

diameter of any paralldogram are equS to one another. 



Eyp. 



Cons, 



Dem. 



1 
2 



Hyp. 
Concl. 



46.I.Pst.l 



31.1. 



Concl. 
C.2&29.L 

2C.1,D.30.I 

3 5.1. Ax. 1. 

4 6. I. 

5 34. 1. D. 4. 

6 Ax. 1. 
TC.2, 29.1. 

8 D.30, Ax.3 

9 34. I. 




^ 



Let the line AB be A 
divided at C ; 

then the square on 
AB = the squares ^ 
on AC and C B, to- 
gether with twice 
the DAC.CB. 

On A B construct the 

square ADEB, and D 

join D B ; 
through C draw CGF -^ 

II AD or BE, and through G, HK || AB 

orDE; 
thenAE = HF + CK + 2AG. 

V BD falls on the ||s CF, AD, 
/. the ext. ^ BGC = the int. Z ADB ; 
But ADEB being a square, AB = AD : 
And V Z ADB = I ABD, and /_ BGC = 

ZCBG; 
/. BC = CG: 
ButGK = BC, CG = BK, and /. BC = GC 

= GK = BK; 
and .'. the fig. CGKB is eqtdlateral. 
Again, v CB meets the ||s CG, BK, the I s. 

KBC, GCB = two rt. angles : 
but KBC is a rt. angle, .*. GCB is a rt. angle ; 
and .*. the /. s opposite, CGB, GKB, are rt. 

angles ; 
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Dbm. 



101 ConcL 



11 
12 

13 

14 

15 

16 
17 

18 
19 

20 

21 
22 



D. 6 & 10. 
Sim. 34. 1. 

D.ll &12 

43. I. 

D.4. 

Ax. 1. 
D. 15&16 

D. 13. 

D. 17 & 18 

Const. 

Ax. 1. 
Becap. 




.'. also GGKB is rec- A 

tangolar : 
.*. CGKB is a square 

andonCB. ^" 

For the same reason 

H F is a square on 

Ha,whicli = AC; 
.-. HF and CK are 

squares on AC and p. 

CB. ^ 

And ".• the compl. AG j^ / | *^ 

=the compl. GE ; 
and V GC = CB, and Q AG = AC-GC, or 

AC.CB; 
/.Q^^E =nAC.CB; 
and .*. Os AG and GE together equal twice 

AC.CB: 
And H F, C K are squares on A C and C B ; 
.. HF + CK + AG + GE = AC^ + BC^ + 

2 AC.CB. 
But HF, CK, AG, and GE make up ADEB 

the square on AB ; 
.•.AB2 = AC2 + BC2+2AC.CB. 
Wherefore, if a sU line he divided into any two 

parts, &c. Q.E.D. 



Alg,AArUk.Hyp,'—'L^A^=a=12; AC=m=8; and BC=n = 4. 



Alg, Then a=m+n 

Squaring, a'=(m+»)', or m'^ + 
2wn + »* 



Arilh. Then 12=8+4 

Squaring, 12«=(8+4)»=:144=64 
+ 64+16 



Oti Let the line he made up of the parts h+y^ 

Then (2. IL) A2=A.ife + A.y. But (3. IL) A.fcdb'+ifc.y : And A.y 

=y*+A.y. 
Hence A«=*« +y« +2/fc. y. 

Cor. !• — The parallelograms about the diameter of a square are 
also squares, 

2. — The squnre of a line is four times the square of its half; 
for AC being equal to CB, AC^ + CB^ =2 AC^ or 2 CB« ; and 
the rectangle AC- CB is the same as AC^ or CB^. Thus AB^ 
= 4 (V)^» i' «•) ^ the numerical example 12 x 12 = 4 (6 x 6) = 144. 
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3. — Half the square of a line is equal to double the square of half 

the line; thus (^#)'= 2 (^)» or ^^^ = 2 (6 x 6) ; or ^** = 2 x 36 = 72. 

4. — This proposition may also be employed for a line diTided 
into any number of parts ; then, the square of the line will he equal 
to the sum of the squares of all the parts ^ together with double the 
rectangle under every distinct pair of parts. Let A'R = k-¥y + z] 
then AB2 =A:2 +y2 _,.2;2 4. 2 (A:.y + y.<^ + Ar.z). Take a number 
12 = 6 + 4 + 2 ; then 12 x 12 = (6 x 6) + (4 x 4) + (2 x 2) 4- 2 {(6 x 4) 
4- (4x2) + (6x2)}; or 144=36 + 16 + 4 + 2 (24 + 8 + 12). 

Use AiTD Afp. — 1. In Algebn^ the square of a binomuUf that is, of a 
quantity made up of two terms, as k + y, is identical with the squares of the 
parts added to twice the product of the parts ; thus {h + yy=k^ +y* + 2 jfc.y. 

2. This Proposition points out a practical way of extracting the Square 
root of a number. 

Let a number 144 be represented by the w- 

square AE, and its square root by the line f- 

AB. The square root of every number [ 

containing an even number of oU^ts con- J^ 
sists of half that even number of digits ; 
and the square root of every number 
containing an odd number of digits, con- 
sists of — ^ digits. "We know therefore 

that AB the line required wiU be repre- 
sented by a number consisting of two digits. 

Suppose AB divided at G, so that AG represents the first digit, and GB the 
second. Seek the root of the first figure in 144, namely, of 100, — and it is 
found to be 10 ; the square of 10 therefore is represented by HF ; HF being 
removed or subtracted, there remains 44 for the sum of the rectangles, AG, 
FK and of the square CK. But as the gnomon AKF is not convenient for 
use, the rectangle KF may be removed and placed as a continuation of AG, 
asMLHA; the whole rectangle LB therefore contains the remainder 44. 
As A G equals 10, twice AG, or MG^20. We must therefore divide 44 by 
20 ; — ^that is, to find the divisor we double the Root already found, namely 
10, and say, — ^how many twenties are there in 44 ? We mid there are two 
for the side BK ; but smce 20 was not the whole side MB, but only a part 
M G, the new figure in the quotient, 2, mnst be added to the divisor 20, ma- 
king 20 + 2, or ^ ; and 22 is contained exactly in 44. The first digit in the 
root is 1 ; the second, 2 ; or together 12. Thus the Square of 144 is equ^ 
to the square of 10, to tiie square of 2, and to twice 20, which are the two 
rectangles comprehended under 2 and 10. It is for these reasons that the 
formula or rule given for extracting the square root of a number, requires 
the number to be separated into periods of two ; the nearest square, and its 
root, to the left hand period are found, — and as twice the rec^mgle of the 
parts added to the square of the part to be found, make up the remainder, 
— ^for the division of that remainder we take twice the root, or rectangle 
already found, and to complete the divisor add to (ha^t twice the root tiie 
new term of tiie root : and so on, until the operation is completed. 




154 



GRADATIONS lH EUCLID. 



Prop. 5. — Theor. 

If a 8t, line he divided into two equal parts, and also into two 
unequal parts, the rectangle contained by the unequal parts together 
with the square of the line between the points of section, is equ^l to 
the square of half the line. 

Con.-— 46. I., Pst. 1, and 31. L 

Dem. — 43. I. The 'complements of the parallelograms abont the diameter 
of any parallelogram are equal to one another. 
Ax. 2. If equals be added, &;c. 

36. L Parallelograms upon equal bases and between the same parallels 
are equal to one another. 

Ax. 1. Things equal to the same, &c. 

Def. 30. I. A square has its sides equal, and its angles rt angles. 

Cor. 4. II. The parallelograms about the diameter of a square are also 

squares. 
34. I. The opposite sides and angles of parallelograms are equal to one 

another, and the diameter bisects them. 



Exp. 



Cons. 



2 
3 
4 
5 



K 



Hyp. 1. 
Concl. 



46. I. Pst. 1. 
31. I. 



ft tf 



ft It 
Concl. 



D B 



H 






"JVI 



/ i 

1^ 1- 



E 



G 



I 
Y 



Let AB be divided into two equal parts 

inC, 
and into two tmequal parts in D ; 
then the □ AD . D B + the square on C D 

=the square on CB. 

On CB construct a square CEFB and 
join B E ; 



through D draw D H G 
through H „ KLM 
& through A „ AK 
then □ AH + square on CD = square 
EB. 



CE or BF} 
CBorEF; 
CLorBM; 
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Dem. 



1 
2 
3 
4 



7 
8 

9 
10 

11 
12 

13 
14 



43. I. 

Add. & Ax. 2. 
Hyp; 

36. 1. & Ax. 1, 
Add. & Ax. 2. 

Def.30. 1. 4.II 

Concl. 
Def. 2. II. 

Ax. 1. 

Add. Cor. 4. II 

Ax. 2. 

Cons. 

Ax. 1. 
Kecap. 



The complem. C H = the oomplem. H F ; 
adding DM to each, then CM = DF : 
But vAC = CB; 

.-. qAL=nCM, and AL = DF; 
adding to each Q CH, then □ AH = 08 

DF and CH. 
Bat *.• D H = D B, and □ AH is contained 

by AD.DH; 
/. pAH also = AD.DB: ^ 
Also Os DF and CH make the gnomon 

CMG; 
.•.CMG = thenAD.DB: 
Add the square LG, that is the square 

on CD; 
then CMG + LG = DAD. DB + CD2: 

But CMG + LGmake up CEFB, or the 

square on C B ; 
.•.AD.DB + CD2=CB2. 
Wherefore, if a st. line be divided into two 

equal parts, &c. q.e.d. 



A rith. A A Ig. Hyp, —Let A 0=0 B=a=10, and AB=A C + C B=2 o= 
20, or AB=AD + DB, and let CD=m=Q, Then AD=a+w=10 + 
6, and DB=a— t/i=10— 6. 

Ai XT — {a+m)—{a—m) 
and {a^-m) {a^Tn):=a'^ — m* 

& (10 + 6) (10-6) = 100-36=64 
( + 36) .-.(16x4) + 36=100 

Cor. — It is manifest that the difference of the sqtiares of two 
unequal lines, AC, CD, is equal to the rectangle contained by their 
sum and difference ;—i. e., AC^ - CD^ = (AC + CD) (AC - CD). 

From the square E B take the square D M, there will remain 
E M and C H ; if H F be taken from E M and placed by the side 
of CH, as AL, then CH and HF become AH, and AH is con- 
tained by AC + CD or AD, and by AC - CD or DB : hence AC^ 
-CD« = (AC + CD) (AC-CD). 
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Since AG=a=10is half the sum of AD + DB, and CD=m=6 half their 
difference, the corollary may be thus expressed : — *'The rectangle contained 
by two st. lines AD and DB, is equal to the difference of the squares of half 
their sum AC, and half their difference CD;" i c, AD.DB=AC«— CD», 
or (a+m) {a—m)^=a^ — to*. 



Lardner'a Corollaries to this Proposition are — 1st. As the 
intermediate part CD diminishes, the rectangle increases, and 
vice versd. The rectangle is a maximum when AB is bisected 

by D, its value being — 2~ . — ^2nd. The greater the rectangle ig, 

the less will be the sum of the squares of the parts ; the sum of 
the squares of the parts being at a minimum when the line C B 
is bisected in D. — 3rd. Of all rectangles having the same peri- 
meter, the square contains the greatest area.— 4lh. Of all rec- 
tangles equal in area, the square is contained by the least peri- 
meter. — 5th. If a perpendicular be drawn from the vertex of a 
triangle to the base, the rectangle under the simi and difference 
of the sides is equal to the rectangle under the sum and differ- 
ence of the segments. — 6. The difference between the squares of 
the sides of a triangle, is equal to twice the rectangle under the 
base and the distance of the perpendicular from the middle 
point. — These Corollaries may be taken as the subjects of Greo- 
metrical Exercises. 

SciL — ^When a line is divided in two points equally and unequally, 
several linear magnitudes have to he considered ; — 1st. the whole line AB ; 
2nd, the equal segments AC and CB ; 3rd, the unequal segments AD and 
DB ; 4th, the intermediate part, that is, the part CD between the points of 
section. 

The following are the principal properties connected with the equal and 
unequal division of a line : — V^ The intermediate part equals half the dif- 
ference of the unequal parts; thus CD = ^ (AD— DB), or 6 = ^ (16—4). 
2P' The_greater segment equals half the sum added to half the differemce ; 
thusAD=i(AD + DB) + ^(AD— DB); or 16=^ (20 + 12). 3»- The less seg- 
ment equals half the sum minv^a half the difference ; thus DB=^ (AD + 
DB)— i(AD— DB), or 4=^ (20—12). 4«- The sum of two unequal lines 
equals twice the less added to the difference of the lines ; thus AD + DB= 
2I)B + (AD-DB); or 16+4=(2x4) + (16— 4). 

Use and App. — 1. By the Cor. to this Proposition the difference between 
the squares of two unequal numbers may be &und voOhovi squaring them; 
— ^for the product of their sum and difference will equal the d&erence 
of the squares. Thus, if in a rt. angled triangle the hypotenuse is 100 feet, 
and the base 80, we may find the perpendicular without squaring the num- 
bers ;— for (100 -H 80) X (100— 80):;=a600, and V3600=a60=the perpendicular. 

2.^ We have also the means of finding Quantities in Arithmetical Pro- 
gression, To be in Arithmetical Progreanon, quantities most mcrease or 
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diminiah by a ooxmnon difference : if there are three quantities, for instance, 
and the first exceeds the second by as much as the second exceeds the third, 
such Quantities are in arithmetical progression, — ^the first and third being 
named the extremes, and the second the mean. Take, in the line A B, A I) 
the greater segment = 16, DB the less=4, and AC the half snm= 10. AC 
is the mean between AD and DB, the conmion difference being the inter- 
mediate part CD. In numbers we may take 16, 10, 4; these are in arith- 
metical pTOffeeaaioxif because their common difference is 6. Generally we 
afi&rm — '*l%e arithmetical mean is half the sum of the extremes, and the 
common difference is half the difference of the extremes." 

*' The fiftii proposition may then be announced thus : — The square of the 
arithmetical mean is equal to the rectangle under the extremes together with 
the square of the common difference." — ^Lardner's Eudid^ p. 71. 

3. This proposition is employed to establish one of the most important 
properties of lines cutting one another within a circle ; as Prop. 35, bk. iii , 
**if two straight lines cut one another within a circle, the rectangle con- 
tained by the segments of one of them is equal to the rectangle contained 
by the segments of the other." 

4. By this proposition the method maybe demonstrated oi finding the 
value of an A<ffecUd Quadraiie Equation inAigebrct, that is, of an equation 
which contains the square and the first power of an unknown quantity. In 
each, equations the square is not completed, beins defective by the square of 
half the co-efficient of the second term. The proSem to be solved is—Given, 
in the 8q[uare CF, LG and 2,CH, required DM ; t. 6., required the magni- 
tude which will complete the square. The magnitude DM is the square on 
DB, and DB is equal to Dfi; and 2DH-GD represents 2 CH. In the 
magnitude 2 DH^CD, 2 DH is the factor or co-efficient of CD ; and if we 
take half of that co-efficient we have DH, — ^the square of which, DM, is the 
magnitude we are seeking to make up the square. To solve an adfected 
quadratic equation, as x* -f- 4x= 12, we complete the square by adding to each 
side the square of half the co-efficient 4 ; men x* + 4fic -h4= 12 + 4= 16 ; ex- 
tracting the square root, 07 + 2=4 .'.x=2. 



Pbop. 6. — Theob. 

If a si. line he bisected and produced to any pointy the rectangle 
contained by the whole line thus produced and the part of it produ- 
ced^ together with the square of half the line bisected^ is equal to the 
square of the st. line which is made up of the half and the part 
produced. 

Cons.— 46. I., Pst 1, and 31. L 

Dmf.— 43. L, Ax. 2, 36. L, Ax. 1, De£ 30. I., Cor. 4. II. 
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Exp. 



Cons. 



2 
3 
4 
5 

1 
2 



Hyp. 



Concl. 



46. I. Pst. 1. 
31.1. 



// 



tt 



II 



II 



Concl. 

• 

H. & 36. I. 
43.I.&AX.1. 
Add. & Ax. 2. 

Cons.,Cor.4.n 



Ax. 1. 

GlAdd. Cor. 4. II 
7 



8 

9 
10 



Ax. 1 & 2. 

Const. 

Ax. 2. 

Becap. 



LetAB be bisec- 
ted in C& pro- 
duced to D, 







B D 



thenQAD-DB K 
+ the square 
on CB = the 
square on CD. 

On CD construct the square CEFD, and 
join DE; 



7s 






G F 



CE, or DF 
AD, or EF 
CL, or DM 



through B draw BHG 
„ H „ KLM 

& „ A ;, AK 

thenQ AM + LG^ square CF. 

Dem. 1H. &36. I. vAC = CB, n AL= DCH; 

butnCH = nHF; .-. nAL=nHF; 

Adding to each □ C M, then Q A M = the 
gnomon CMG. 

But DM = DB; .-.dam contained by 
AD.DM = nAD.DB; 

and .'. gnomon CMG= D AD-DB: 

Adding L G the square on C B to each, 

then n AD'DB and square on CB = 
CMG and LG: 

But CMG and LG make up CEF D the 
square on C D ; 

.-. nAD.DB + CB2 = CD2. 

Wherefore^ ifast, line he bisected and pro- 
duced^ &C. Q.E.D. 

Alg. & AriCk,. Hyp,—ljet AC or CB=a=8 ; AB=2o=-16 & BD==7ii=4 
AD=2a+w=16+4; and CD=a+m=8 + 4. 

Alg, NowAD=2a+wi (x w) 

and therefore (2a + m) m=2 am + m' . (Add a' ) 
therefore (2a + m) m + a^=a^ + 2 a m + m* 
But a« +2 am +m'»=(a+ 771)* 
therefore (2 a + «i) w + a* =(a + w) * 

^rt«^ NowAD=16+4 (x4) 

then(16+4)x4=(2x8x4) + (4x4)=64+16. (Add 8x8) 
and4(16+4) + 64=64+64+16 
But 64 + 64 + 16=(8 + 4)«=144 
therefore 4 (16 + 4)+64=(8 + 4)«=rl44 
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Cor. — If a line AD be dravm from 
the vertex K of an isosceles triangle to the 
base or its production^ the difference be- 
tween the squares of this line and the side 

of the triangle is the rectangle under the ^_____ 

segments BD x DC of the base. BD E C B E C D 

For (by Cor. 4, P. 47. I.) AD^-AC^ =CE2-DE2 ; but (by 
5 and 6. 11.) CE^-DEa =BD.DC, .-. AD^-AC^ = BD.DC. 

N.B. If AD coincide with the perpendicular AE, the part DE 
will vanish. 

ScH. — The algebraical results of Prop. 5 and 6 differ only in apx>ear- 
ance, "arising from the two ways in which the difference between two 
unequal lines m^ be represented geometrically when they are in the same 
direction." In Prop. 5, the difference DB=a — m^lO— 6, of the two lines 
AC=a=10 and GD=m=6, is exhibited by producing the less CD, and ma- 
king CB=CA. Then DB=AC or CB— CD=a— m=10— 6=4. In Prop. 
6, &e difference DB of the two unequal lines CD and CA, is exhibited by 
cutting off from CD the greater, a part CB equal to C A the less ; then DB 
=CD— CB or CA=(a+m)—«=(8+4)— 8=12— 8=4. 

Use Ain> App. — Maurolico, a mathemati- 
cian, and abbot of Messina, who died A.D. 1575, 
measured the diameter of the earUi by making 
use of this Proposition. 

From A the top of a mountain, the height of 
which AD is known, the angle GAB is measured, 
formed by EA and AB, a tangent to the circle in 
B, the Hmit of vision. In the rt angled triand.e 
ADF, the angles bein^ obtained, the sides AF, 
FD will be found by Tngonometiy ; and FD equals 
FB : thus AB=AF+FB, and its square=AB*. 

Now (by Prop. 6. 11.) ED being divided in C 

and produced to A, the rectangle EA» AD + CD* 

=AC« ; and (by Prop. 18. III.) ABC is a right 

angle : therefore AC«=AB« -f BC« or CD«, and 

thus the rectangle EA-AD+CD' =AB« +CD« ; 

take away the common part CD', and the rectangle E A*AD=AB'. Divide 

AB* 
both sides of the equation by AD, and EA=-7-=; . Then EA— AD=ED 

AD 

the diameter of the earth. 

Example. A mountain is 2} miles, AD, ainwe (he level, ¥D,of the sea; 

and the limit qf vision, or AB, is 141 miles: required the earOCs diameter 

DK 

AB* 
By the result just obtained EAr=-^^^, and ED=E A— AD. 

»- . AB« 141 X 141 19881 ^^-„ . ., , -^-^ ^ o e 

Therefore ^tT ot — 5-= — = -;r-^= 7952 '4 miles : and 7952.4—2.5= 
AD 2.5 2*5 

7949.9 the earth's diameter. 
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Prop. 7. — Theor. 

If a St. line be divided into any two parts^ the squares of the 
tohole line and of one of the parts are equal to twice the rectangle 
contained hy the whole and that part, together with the square of 
the other part. 

Cons.— 46. L, Pst 1 and 31. I. 

Dem.— 43. L, Azs. 2 and 6, De£ 30. L, Cor. 4. II., Ax. 8, and 34. I. 



Exp. 



Cons. 



Dem. 



2 
3 
4 

1 
2 
3 
4 
5 
6 
7 

8 

9 

10 

11 

12 

13 
14 



Hyp. 



Concl. 



46.1. Pst.l. 



31. I. 

// // 
Concl. 

43.1. 
Add.&Ax.l 

Ax. 6. 

Const. 

Ax. 1. 
D. 30 1., 4. II 

Ax. 6. 

Ax. 1 & 8. 

Add. & 34. 1 

Ax. 2. 

Const. 

C. 1, 3. 

Concl. 
Becap. 



Let AB be divided _\ 

into any two parts 

inC; 
then the squares on jj 

AB and CB = twice 

AB.BC + AC2. 

On AB make a square 
ADEB, and join D 
DB; 



„G 

/ 1 

/ 
/ 

W— 


A 

# 1 

/ 



K 



E 



through C draw C F 
& „ G „ HK 



BE, 
AB; 



thenthe squares AE + GK = twice AK + HF. 

V the compl. AG = the compl. GE ; 

on adding C K to each, AK = C E ; 

/. AK + CE=twice AK: 

But AK + CE make up AKF + CK ; 

.*. AKF and CK together = twice AK : 

butBK = BC, 

twice A K = "twice A B • BK, and twice 

AB.BK = twice AB-BC; 
.'. the gnom. AKF + CK = twice the rect. 

AB.BC: 
Adding to both the equals H F, i, e., the 

square on HG or AC, 
then AKF4-CK + HF = twice AB- BC and 

AC squared: 
But AKF + CK + HF make up the figures 

ADEB and CK, 
and ADE B and CK are the squares on AB 

and CB; 
I .-. AB* + BC2 =twice AB-BC + AC«. 
Wherefore, if a st. line be divided into any 

two parts, &c. q.e.d. 



^ l»ROP. VII. — BOOK 11. 161 

Alg, AArith. Hyp. — Let AB=a linear umt8=16 ; AC=i»=9 and CB 
=»=7. 

Alg, Thena=:m+n; Squaring, a*^m'+2wi»+fi'. 
(Add »*) a« -\-n^=m^ +2win+2»«. 
But 2m»+2»'=2 (m+n) n=2an, 
therefore a*+n'=2afi+«i'. 

Arith. 16=9+7; Squaring, 256=81 + 126+49. 
(Add 49) 256 +49=81 + 126+ 9a 
But 126+98=2 (9 + 7) 7=2 (16 x 7)=224, 
therefore 256+49=222+81=305. 

Another form of stating the same result is, 

LetAB=a=16; AC=6=9; and BC=fl^— 6=16— 9=7. 
thenAB« = o« And 2AB.BC=2a«— 2o6. 

BC«=a«— 2a6+ft» AC«= 6« 

Sum 2 a'— 2a6+6« = 2a«— 2a6+6« 



Cor. 1. — K AB and BC be considered as two independent 
lines, AC being their diflference, "<Ae stim of the squares of way 
two lines is equal to twice the rectangle under them toget/ier with the 
square of the difference;'' i.e., AB2 +BC2 =2 AB-BC + AC* ; 
or 100 + 64 = (2x80) + 4. 

CoR. 2. — Hence and (by 4. II.) the squa/re of ike sum of hoo 
lines, the sum, of thei/r squares, and the square of their difference, 
ore in arithmetical progression, — the common difference being tunce 
the rectangle u/nder the swm. 

By 4- 11. (AB+BC)2=;:AB2+BC2+2AB.BC; and by Cor. 
7. II. AB2+BC2 = (AB— BC)2+2 AB.BC; or AC2+2 AB-BC. 
Thus the common difference is 2AB-BC; therefore the quan- 
tities {AB+BC)2, {AB2+BC2), and AC^ are in arithmetical pro- 
gression ; as 324, 164, and 4, — ^the com. dif. being 160. 



Prop. 8. — Theor. 

If a si, line be divided into any two parts, four times the rec- 
tangle contained by the whole line and one of the parts together with 
the square of the other part, is equal to the square of the st, line 
which is made up of the whole and that part, 

M 
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GRADATIONS IN EUCUD. 



Exp. 



Cons. 



Cons. — ^Pst. 2. A tenninated st. line may be prodaoed in a st. line. 

3. L From the greater line to cut off a part equal to the less. 

46. I. On a given at. line to describe a square. 

31. 1. Through a given point to draw a st. line parallel to a given 
st. line. 

Dem. — 34. I. The opposite aides and angles of parallelograms are equal 
to one another, and the diameter bisects them. 

Ax. 1. Magnitudes equal, &c. 

36. L Parallelograms upon equal bases and betrireen the same parallels 

are equal. 
43. L The complements of the parellelocram which are about the 

diameter of any parsillelogram, are equid to one another. 

4. XL If a St. line be divided into any two parts, the square of the 
whole line equals the square of the two parts together with twice 
the rectangle contained by the parts. 

De£ 30. L A square is a four-sided figure having all its sideB eqnal, 

and its angles rt. angles. 
Cor. 4. XL The parallelograms about the diameter of a square are also 

squares. 
Ax. 2. If equals be added, &c. 
Ax. 8. Magnitudes which coincide are equaL 
Ax. 6. Things double of the same are equaL 

Let AB be divi- A 

ded in the 

point C; M 

then four times X 

AB.BC with 

the square on 

AO added = 

the square of 

(AB+BC). 

Produce AB to 
D, sothatBD B' 
= BC; 



%P- 



Conol. 



Pst.2&3.1 



46. 1. Pst. 1 
31.1. 



// 



// 



Concl. 



C 

T 










On AD describe the square AE F D, and join 

ED; 
through B and C draw ||s BL, CH, to AE 

or DF, and cutting ED in the points K 

and P; 
also through K and P, MGKN and XPRO 

llsto ADorEF; 
then AK + MR + (HR + BN) +NL + XH, 

mi up the figure AE FD. 
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Dem. 1 ai.&34.L 

2 Ax. 1. 

3 Sim. 

4 C. 1 & D. 2. 

5 36. I. 

6 C. & 43. I. 

7 D. 4. 

8 Ax. 1. 
Ax. 6. 



lOC.l, Def.30| 
& 31. I. ) 
1134LCor.4.II 
X2 Ax. 1. 

13 D. 12 & 2. 

14 C. a & 4. 

15 36. I. 

16 Gonflt. 

17 43.L&AX.1 

18 D. 15 & 17. 

19 Ax. 1. 

20 D. 9. 

21 Add. & Ax. 2 

22 Const. 

23 D. 21. 

24 „ 

25 Ax. 1. 
2eAd.,Cor.4.II 
27 34. 1. & Ax. 2 



28 

29 
30 



Ax. 8. 

Concl. 
Becap. 



vCB = BD, CB=GK, and BD=KN; 

.•.GK = KN. 

In like manner P R = E : 

And V CB=BD, and GK = KN; 

.-. D CK = BN, and GR= DRN: 

But □& CK, RN are compls. of the rect. 

C 0, and therefore CK = RN : 
also rect. B N = rect. G R ; 
/. nBN = CK = GR = RN; 
and therefore the sum of these four = four 

times CK. 
Agam, vCB = BD, BD = BK, and BK = 

CG; 
and also v C B = GK, and GK = GP : 
.•.CG = GP. 

And V CG = GP, and PR = RO ; 
and AX II CP, and PO || HF; 
.-. rect. AG = MP. and PL = RF : 
But •.* MP, PL are the compls. of the □ 

MKLE, 
.•.MP = PL, and also AG = RF; 
.-. AG, MP, PL, and RF are all equal to 

one another; 
and the sum of the four = four times any 

one, as A G. 
But (BN + CK + GR + RN)=four times 

CK: 
.*. the eight rectangles in the gnomon AOH 

= four times AK. 
Now rect. AK is contained by AB«BK, 

and AB.BK = AB.BC; 
.*. four times AK = four times AB«BC : 
But four times AK = the gnomon AOH; 
.-. four times AB. BC = AOH : 
Add to each XH, that is the square on AC ; 
then four times AB-BC + AC^ = AOH + 

XH: 
But AOH + XH make up AEFD the 

square on AD; 
.-. 4 AB. BC + AC2 = AD2 = (AB+BC)^. 
Wherefore^ if a si. line be divided, &c. 

Q.E.D 
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Alg.dk Ariih.ffyp,'-QireaiAB=a=16; AC*=m=10, and CB=«=6. 

Alg. Then m+n=a; taking n from 
each, m:=^a — n; 
Squaring, m'=a' — 2an-\-n^ 



Ariih. 10 + 6=16; (—6) and 10=16 
-6; 
Squaring, 100=256—192 + 36, 
(+4x06) then 384+100 = 256 

+ 192 + 36; 
But 256 + 192 + 36= (16 + 6)», 
therefore 384+ 100= (22)« =484. 



( +4an) then4an+m^ =o' +2an 

+ n«; 
Buta«+2an + n« = (o+»)3, 
therefore 4 a» + m* = (a + n) '. 

We obtain the same result in another form : 

Let AB=a=16, BC=6=6, and AC=<t— 5=16—6=10; 
then4AB.BC=4a6; And (AB+BC)« = a«+2a6 + &« 

AC^= a^—2ab + b^ 

Sum a«+2a6 + 6« = Sum a*+2a6 + 6* 



ScH. — 1. The Proposition may be otherwise expressed : — *' the square of 
the sum of ttoo lines is equal to four times the rectangle under them together 
with the square of their difference;" thus (AB+CB)« =4AB.CB + (AB— 
CB)* = (16+10)«=4 (16x10) + (16—10)'; or 676=640+36. 

2. Or, four times the square of half the sum is equal to four times the 
rectangle under the lines together with four times the square qf haJif the dif- 
ference/' thus, 4 ^^^'^^^^' =4AB.CB+4 ^^^^^' =4xl69 = (4x 
160) + (4x9) = 676. 

UsK AND Afp. — ^The Principles established in Props. 6, 7, and 8 are 
applied to Algebra and to various operations connected with the extraction 
of the Square, root. 



Prop. 9. — Theor. 

If a st, line be divided into two equal parts, and also into two 
uneqtial parts, the squares of the two unequal parts are together 
doMe of the square of the half line and of the square of the line 
between the points of section. 

Cons. — 11. I. To draw a st. line at rt. angles to a given line at a given 
point in it. 
3. 1. From the greater of two lines to cut off a part equal to the less. 
Pst. 1. A line may be drawn, &c. 

31. I. Through a given point to draw a line parallel to a given line. 

Deh. — 5. I. The angles at the bas^ of an isosc. triangle are equaL 

32. I. If a side of any triangle be produced, the ext. angle equals the 
two int. and opp. angles ; and the three int. angles of every triangle 
equal two rt. angles. 



PROP. IX. BOOK II. 



165 



29. L A line faUing on two parallel lines makee the alt. angles equal, 
and the ext. angle equals the int. and opp. angles upon the same 
side ; and the Jrwo int. angles upon the same side equal two right 
an^es. 

6. L If two angles of a triancle be equal to one another, the sides 
opposite the equal angles shall be equal to one another. 

47. 1. In every rt. angl^ triangle the square on the side subtending 
the rt. angle is equal to the sum of the squares on the sides con- 
taining the rt. angle. 

34. I. T^e opposite sides and angles of parallelograms equal one 
another, and the diagonal bisects them. 

Ax. I. Magnitudes equal to the same are equal 

^, . 



Cons. 



Dem. 






I ^» 






A 



C— 



B 



Exp. i 1 



1 
2 



1 
2 

3 

4 



Hyp.l. 

Concl. 

11. I. 

3. 1. & Pst. 1 

31. I. 

31. 1. & Pst. 1 

Concl. 

C. 2 & 5. 1. 

C. 1 & 32. 1. 

D. 1 & 32. 1. 
Sim. 

D.4,29.I.C.4 
32.1. 
6. I. 



Let ABbe divided into two equal parts at C, 

and into two unequal parts at D ; 
then AD2+DB2=2 {AC2 + CD2). 

From C draw CE at rt. angles to AB : 
make CE = AC or CB, and join EA, EB; 
through D draw DF || CE, and meeting 

EBinF; 
and through F draw FG || AB, and join 

AF; 
then the squares on AD and DB = twice 

the squares on AC and CD. 

. AC = CE, .-. ZEAC = ZAEC; 

and ACE being a rt. angle, .*. i s AEC 

and E AC = a rt. angle ; 
and Z AEC being= L E AC, each is half a 

rt. angle. 
So, V L CEB = L EBC half a rt. angle, 
.-. (AEC and BEC) or L AEB is a rt. angle : 
And •/ GEF is half a rt. angle, and L EGF 

= ECB art. angle; 
/. rem. Z E F G = half a rt. angle, and GEF 

= ZEFG; 
and .". the side E G = the side GF. 
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D£M. 



.5t 



/ \ ^- 









D 



B 



8 

9 

10 
11 
12 
13 

14 



15 
16 
17 

18 
19 

20 
21 

22 
23 

24 



D. 4, 29. 1. 

32. I. 

6. I. 
C. 2. . 
Concl. 

C. 1 & 47. 1. 

D. 7. 



47. I. 

34. 1. 

D. 13. 

D. 13 & 16. 

D,4&47.1. 


Ax. 1 k D.18 
C. & 47. I. 


Ax 
D. 


. 1. 
10. 



Reoap. 



Again, v F B D = half a rt. angle, and FDB 

= the int. /. E CB a rt. angle ; 
.'. rem. Z BFD is half a rt. angle, and 

ZFBD= ZBFD; 
and. '.the side DF = the side DB: 
AndvAC = CE, /.AC^^CE^; 
and .-. AC2 +CE2 = ti^aoe AC2. 
But ACE being a rt. angle, AE^ = AC^ + 

CE2, or twice AC2: 
Again, since E G = G F, the square on E G 

= that on GF ; 
and .-. EG2 + GF» = twice GF^ : 
butEF2 = EG2 andGF2; 
.-. E F« = twice G F» which = twice C D«; 
and from above AE^ = twice AC^ ; 
/. AE2 +EF2 =twioe (AC^ + CD^) . 
But AEF being a rt. angle, AF^ = AE^ 

+ EF2 ; 
and .-. AF2 = twice (AC^ + CD^) : 
But ADF being a rt. angle, AF* = AD^ 

+DF2; 
and .•.AD2 + DF2= twice (AC^+CD^); 
and D F equalling DB, AD^ + D B« = twice 

(AC2+CD«). 
Wherefore^ if a si, line he divided into two, 

&C. Q.E.D. 



Alg. tkArith. Hyp.— Let AC, CB each=a=10; AB=2a = 20; and 

CD=m=4. 
Also, let AD=a+w= 10+4 and DB=a— wi=10 — 4. 



Alg. Then {a + m)* = a* + 2 am + m* 
and (a — m)*=a" — 2am + m^ 
Adding (»+»»)'+ (a— «»)'*= 2a' 
+ 2m* 



Arith. Then(ia+4)« = 100 + 80+16 

= 196 
and (10-4)« = 10a-^ + 16=36 
Adding (10+4)« + (10--4)« = 200 

+ 32=232 
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Another form of the same Algebraical resnlt is 

AD«= a«+2a7»+ m* And2AC« = 2a* 
DB«= a«— 2am+ m« 2CD«= 2m* 

AD«+DB« = 2a« +27»* = 2AC« +2CD«=2a'»+2m« 



ScH. — 1. The Proposition may be expressed, ** ths mm of the squares of 
any two lines is eqtuu to twice the square of half their sum togdher wi& 
twice the square of half their differenee,^^ 

Because AD« = (AC + CD)« = AC«+2 AC-CD + CD' 

AndBD« = (BC— CD)* = (AG-CD)«=AC«— 2AC.CD + CD' 

By addition AD« + BD« =2ACa + 2CD« 

_^.^ AD+DB , ^^ AD— DB 
But AC= 2 *^^ CD = 

Therefore, the sum of the squares of any two lines, &c. Q.E.D. 

2. Or, ihe sum of the squares is equal to hailf the square of the sum toge- 
ther with half ihe square of the difference ; thus AD« +BD« = ^ ^^t^^^' + 

(AD— rrB)« , ,vi« . «s • iruj oc 20x20 8x8 . 

^ 1- ; or m numbers 14* +6* t. «., 196 + 36= — 5 — -t -s"" *• *•> 

200 + 32=232. 



Prop. 10. — Theor. 

If a st, line be bisected and produced to any pointy the square of 
the whole line thus produced^ and the square of the part of it pro^ 
duced, are together double of the square of half the line and of the 
square of the line made up of the half and the part produced. 

CoN&— 11. L, 3. I., 31. I., Pst. 1. 

Dkm.— 29. L, Ax. 9. 

Ax. 12. If a st. line meet two st. lines, so as to make the two int. 
angles on the same side of it taken together less than two rt. angles, 
these two st. lines, bein£ continually produced, shall at length meet 
on that side on wliich the angles are less than two rt. angles. 

5. I., 32. I. 

15. L If two st. lines cut one another, the opp. or vertical angles shall 
be equal. 

6. I., 34. L 

36. I. Parallelograms vl^ji equal bases and between the same i>arallels 

are equal. 
47. I. 
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Exp. 



Cons. 



Dem. 




1 
2 

1 
2 
3 
4 

5 
1 

2 
3 

4 
5 
6 
7 

8 

9 

10 

11 
12 

13 

14 



Hyp. 

Concl. 



11. I. 

3.1. & Pst. 1. 
31.1. 
Pst. 2 & 1. 

Concl. 

C. 3 & 29. L 

Ax. 9. 
Ax. 12, Pstl. 

C.l &5.I. 
C. 1. 
32. I. 

Sim. 

D.7,& 15.1. 

29. 1. & C.l. 

32. I. 

6.1. 
D.10&34.L 

32.I.&D.12 

6.1. 



Let AB be bisected in C & produced to D ; 
then the squares on AD and DB = twice 
(AC2+CD2). 

From C draw C E at rt. angles to AB ; 
make CE - AC or CB, and join AE, EB ; 
through E and D draw EF || AB, DF || CE ; 
produce F D and E B to meet in G, and 

join AG; 
then A D2 + DG2i= twice (AC^+CDa). 

vEF meets the ||s EC and FD, the i b 
CEF and EFD = two rt. angles ; 

and .-. the Z s BEF & EFD< two rt. angles. 

the lines E B and F D .'. wiU meet as in G. 
Join AG, 

then, vAC=CE, the ZAEC = ZCAE; 

and AC E is a rt. angle ; 

.-. each Z AE C, C AE = half a rt. angle : 

And Z B CEB, CBE being each half a rt. 
angle, AEB is a rt. angle. 

And E BC being half a rt. £ , its vertical 

^iDBGishalf art. Z : 
but L BDG = the alt. L DCE, which is a 

rt. I ; 
/.the rem. /_ DGB = half a rt. ^ and also 

Z.DBG; 
and .'. the side BD = the side D G. 
Again, •/ Z EGF = half a rt. £ , and Z EFG 

= ECDart.Z ; 
.-. rem. L FEG=half a rt. Z , and Z FEG 

= ZEGF; 
and .'. the side F G = the side F E. 
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15 
16 
17 



18 
19 

20 



21 

22 
23 
24 
25 

26 
27 



C. 1 & 36. 1. 
Ax. 1 & 6. 
47.L&D.16 



D.14ife36.L 
Ax. 1 & 6. 

47. 1. & 34.1. 



Dem. 15 C. 1 & 36. 1. And v E C = A C, .'. the squares on E C and 

AG are equal, 
and .'. the squares on E C and AC = twice 

the square on AC : 
but the square on AE = the two squares on 

EC and AC; 
and .*. the square on A E = twice the square 

on AC. 
Again, •/ F G = FE, FG sq. = FE squared ; 
and .*. the squares on FG and FE = twice 

the square on FE: 
but the square on E G = the two squares 

onFGandFEj 
and /. the square on E G= twice the square 

on FE or on CD: . 
And from the abore, the square on AE = 

twice the square on A C ; 
.-. AE2 4 EG2 = twice (AC^ + CD2). 
But AG2=AE2+EG2; 
.•.AG2= twice (AC2 4CD2): 
but AC2 also = {AD2 + GD^) = (AD^ + 

BD2); 

Concl. .-. AD«+ BD«=twice (AC«+ CD«). 

Becap. Wherefore^ if a st. line be bisected and pro- 

duced, &C. Q.E.D. 

Alff.<kArtih.Jffifp.'-IjstAB=2a=20; =^=AC=CB = a= 10; and 
BD=m=2. ^ 

Alg, ThenAB+BD=AD=2a+m 
and CB+BD=CD=a+m 
therefore (2a+m)* = 4a*+4am+m* 
(+m«) and (2a + m)*+m*=4a«+4am + 2m' 
Again (a+m)^=a* +2om + m* 
( + a*) and (a+m)«+a«=2a'»+2am + m« 
{ X 2) and 2 (a+«i)« +2a« =4a« +4am + 2m» 
But (2a+«i)* +m*=4a« +4am + 2m« 
therefore (2a + m)* + wi'* = 2 a« + 2 (a+ m)* 

ArUh. Then AB + BD=AD=20 + 2=22 
and CB + BD=CD=10 + 2=12 
therefore (20+2)«=?(4x 100) + (4 x 20) + 4 
(+4)and(20+2)«+4=(4xl00) + (4x20) + (2x4) 
Again (10+2)« = 100 + 40 + 4 



D. 17. 

D. 20 & 21. 
47.1. 
Ax. 1. 
47.I.&D.11 
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( + 100)and(10 + 2)« + 100=200+40 + 4 
(x2) and 2 (10 + 2)« +200=400+80 + 8 
But (20 + 2)« +4=400 + 80 + 8 
therefore (20 + 2)» + 4= 200 + 2 (10 + 2)« 
or 484+4=200 + 288=488 
In another form the Algebraical and Arithmetical illufltration may be stated. 

LetACorCB=a=10; BD=«i=2; CD=a+OT=10 + 2=12; and AD 

= 2a + TO=20 + 2=22 
ThenAD«=4a«+4am+«i« And 2 AC = 2a« 

DB»= m^ 2 CD* = 2a^jf4am+2m» 

AD*+ DB»=4a*+4am+2TO = 2AC«+2CD»= 4tt» +4am + 2 m* 

Or, 22x22=484 And 2x10x10=200 
2x 2= 4 2x12x12=288 

Smn 488 = Si 

SoH. — 1. Propositions 9 and 10 are applicable to Algebra, and like Prop. 
5 and' 6 are identical ; for the different enunciations arise from the two ways 
of representing the differences between two lines. 

Gen. Use and App. of Pbop. L — X., Bk. XL — These ten Propositions 
contain the whole theory of the relations of rectangles and squares formed 
by lines and their parts. As we have shown, all these relations may be 
expressed Algebraically, and may also be applied equally well to numbers. 

** When lines are expressed numerically, various problems may be propo- 
sed respecting them, the solution of which may be derived from the prece- 
ding propositions. We shall here subjoin some of those problems, which will 
probably be sufficient to fiuniliarize the student with such investigations." 

V^ Given the «umS, and differeneeD, qftwo magnitudes, A'B the grecUer 
and CD the less; to find the irMignihides themselves. — The formulas are, — 

"S" +-2"= AB the greater ; and -^ — ^=CD the less. 

2°' Since the area of a rectangle expressed in numbers is equal to the 
product of its sides, — if the Area he divided by one side, the quotient toUl 
give the other : thus, let the sides be AB and BC ; the rectengle is expressed 

byAB'BC; and — ^^ — = AB; — -j^ — =BC; or let the area in num- 

144 144 

bers be 144, and the sides 9 and 16 ; then -^ — 16 ; and -^^ = 9. 

«7 lO 

^ « xhere are five quantities depending on a rectangle, any two of which 
being given, the sides of the rectangle can be found ; 

lo- The sum of the sides. 2°' The difference of the sides. ^ The area. 
4^ The sum of the squares of the sides, b^ The difference of the Isquares of 
the sides. 

These being combined, 1° and 2<» ; 1° and 3° ; 1** and 4° ; V* and S" ; 
2o and ^ ; 2" and 4° ; 2° and 5° ; 3° and 4° ; S** and 6<» ; and 4° and 5*, 
produce ten Problems, — of which the combination 3** and 6" al^ne presents 
any difficulty. The solutions will form useful exercises for the learner."— 
Lardnbk's Eudid, pp. 79 and 80. 
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Prop. 11. — ^Prob. 

To divide a given line into two partSy so that the rectangle con- 
tained by the whole and one of the parts shall be equal to the square 
of the other part, 

Sol. — 46. 1. To describe a square on a given Una 
10. I. To bisect a given finite st. line. 

3. I. From the greater line to cut off a part equal to the less. 
Psts. 1 and 2. 

Dem. — 6. n. If a st. line be bisected and produced to any point, the 
rectangle contained by the whole line thus produced and the part 
of it produced, together with the square of half the line bisected, 
is equal to the square of the st. line which is made up of the half 
and of the part produced. 

47. L In any rt. angled triangle, the square of the hypotenuse is equal 
to the sum of the squares of the base and perpendicular. 

Ax. 3 and 1. 

Def. 30. I. A square has all its sides equal, and its angles rt. angles. 



Exp, 



Cons. 



Dem. 



1 Datum. 



2 Quaes. 



5 
6 



46. I. 
10.I.&Pst.l 

Pst.2,&3.1. 

46. I. 

Pst. 2. 
Sol. 

C. 2 & 3. 

2 6. II. C. 2. 

3 47. I. 



Let AB be the 

given line ; 
to divide it into 

two parts, so 

that rect. AB* 

BH = AH sqre. 

On AB desc. a 

square ABDC; 
bisect AC in E, 

making AE = 

EC,&joinEB; 
produce G A to F, 

making E F = 

EB; 
and on AF deso. 

the square AHFG: 
Produce GHtoK: 
the line AB is divided in H, so that AB • BH 

= the square on AH. 

V AC is bisected in E, and produced so that 

EF=EB; 
.-. nCF.AF + AE»=EF»and EF« = EB«; 
also the square on E B = the squares on AB 

and AE: 
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Dem. 



6 

7 
8 



10 
11 



Sub. Ax. 3. 
Const. 

Ax. 1. 

Sub. Ax. 3. 

C.&De£30 

C.4. 

Concl. 
Recap. 



Take away AE" ji 

from each ; then 

n CF. AF = AB«. 
ButnFK=CF. 

FA, and AD« = 

AB«; 
/. the square A D = 

the rect. F K : 
Take away AK, and 

the square FH EJ'' 

= the rect. HD : 
But pHD is con- 
tained by HB» 

BD,orHB.AB; - 
and FH is the ^ 

square on AH ; 
.•.thenAB.BH = AH". 
WhertforCj the given line has been divided^ 

&C. Q.E.F. 




N.B. A line thus divided is (in 30. vi) said to be cut in extreme and 
mean ratio. 

7%e Algebraical Solution may be given thus: 

Take AB=a, — required the point H, eo that AB*BH shall equal AH-. 

LetAH=a;; theuHB=a — x 

Now by the prob. a {a — a;)=a;* ; or sc' =a' — ax ; i. e., ac* + ax=a* 



Solving the qoadratic, we have aj' + aa; + -7-= a* + -^j- = 

+a V5 — a 



a 



Hence a;= 



extracting the root, !c+^=^. 

-^5 1 

Thus AH the one part=a5= — ^ — ^AB, 

3 -/g 

and HB the other part=a— aj=a — AH = — ^ — 'AR 

Or, * * required how far a given line nmst be produced so that the rec- 
tangle contamed by the given line and the line made up of the given line 
and the part produced, may be equal to the square of the part produced." — 
Potts' JEvxHia, p. 73. 

Or, **to find two lines having a given difference, such that the rectan^e 
contained by the difference and one of them may be equal to the square of 
the other.'* 

The Arithmetical Solution cannot be tacpressed in whole numbers; we can 
however approximate to the values of A£l and HB by extending the root of 
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5 to aay nmiiber of decimal places desired. Thus, suppoBing AB=a= 10, 

AH=a;=^^-jr — ^a and HB=a — x= — s^^*^ 

1-i. V5— 1 2.23606g-l ,^ 1.236068 -^ ^,0^0^ a tt 
1st -^^"2 — •<»= 2 xlO= 2 X 10=^6.18034= AH; 

^- 3— V5 3—2.236068 ,^ -763932 ,. . ^,_^ „., 
2nd. — ^—*^= 2 xlO= — - — xlO=3.81966=HB; 

And AH + HB=AB=6. 18034+3. 81966=10. 00000. 

Cor. I. To cut a line in extreme and mean ratio, it must first he 
produced in extreme and mean ratio ; that is, C F . F A nmst equal 
AB«. 

Cor. II. When a line C F, or its equal, is cut in extreme and 
mean ratio, the rectangle AC . (AC — AF) is equal to the square 
of AH, or AF; orAC.HB = AH«. 

Hence, if a line, C F, be cut in extreme and mean ratio, the 
greater segment, AC, will be cut in the same maimer, by taking 
in it a part equal to the less, AF ; and the less, AF, will be 
similarly cut, by taking in a part equal to the difference (AC — 
AF) or HE ; and so on. 

Cor. III. Aline CF being cut in extreme and mean ratio, the 
rect. AC.AF under its segments = AC" — AH', the difference 
between their squares ; thus 10x6. 18034 = 100 - 38 • 1966 = 
61.8034. 

ScH. — ^Let A be a Une cnt in extreme and mean ratio, G the greater seg- 
ment, L the less, and D the difference : then 1. A' +L> = 3G^ ; 2. (A+L)' 
= 6G«; 3. A.D=G.L; and4 L«=G.D. 

Use and App. — This 11th Prop, is applied in 10. iv., to the drawing of 
an isosceles triansle, of which each of the angles at the base is double of the 
third ancle ; and, in 30. yL, to the catting <? a line in extreme and mean 
ratio, — ^uiat is, so that the whole line is to the greater segment as the greater 
is to the less. The constmction of pentagons in bk. iv. also depends on this 
problem, and of regular bodies, as descril^ in bks. xiiL ziv. and xv., called 
also the Platonic ^lids. 



Prop. 12. — Theor. — (Important) 

In obtuse angled tfiangles, if a perpendicular be dratvn from 
either of the acute angles to the opposite side produced^ the square 
of the side subtending the obtuse angle is greater than the squares of 
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the sides containing the obtuse angle by twice the rectangle contained 
by the side upon which when produced the perpendicular falU^ and 
the st, line intercepted without the triangle between the perpendicular 
and the obtuse angle. 

Govs. — 12. I. To draw a st. line perpendicular to a given st. line of an 
imlunited length from a given point without it. 
Pst. 2. A terminated st. line may be produced to any length in a st. line. 

Dem. — 4 II. If a st. line be divided into any two parts, the square of 

the whole line is equal to the square of the two parts, together with 

twice the rectangle contained by the parts. 
Ax. 2. If equals be added to equals, the wholes are equal 
47. I. In any rt angled triangle, the square described upon the side 

subtending the rt. angle is equal to the square described upon the 

side containing the right angle. 



Ex.& 

Cons. 



Dem. 



I 



4 

5 
6 

7 
8 



Hyp. 

12.I.&Pst.2 

Concl. 



Hyp. 

4. II. 
Add.&Ax.2 
C.2&47.I. 

47.1. 

Concl. 

Explaai. 

Kecap. 




Let ABC a triangle have 

an obtuse /. ACB; 
From A to BC produced 

draw a perp. AD ; 
tlienAB«>(AC«+BC») 

by twice BC. CD. 

For, since BD is divided 

into two parts at C ; 
/. BD» = BC» + CD"+ 

2BC.CD: 
adding AD* to each, BD» + AD" = BC« + 

CD«+AD«+2BC.CD. 
But ADB being a rt. ang., AB"=BD* + 

AD»; 
andalso AC*=CD» + AD«j 
therefore AB»= BC" + AC + 2 BC. CD ; 
i. e., AB« > AC«+ BC" by twice BC-CD. 
Wherefore^ in obtuse angled triangles^ if a 

perpendicular, &c. q.e.d. 



Alg. AAriih. ffffp.—LetBC^a^S; CA=6 = 6.708; AB=c=10; and 
letCD=m=3; DA=n=6; 
then BD=a+m=5+3=8. 
the triangles ABB and AOD are rt. angled, viz., at ADB and ABC. 

Alg. Since <?" = (« +m)«+n« ; and &*=w»*+»^ ; 

therefore c* — 6* = (a + nt)* — m* = a* + 2 am + m» — 7»' = a* + 2 am, 
and e*=h^+a^ ■\-2am ; i. e., c* is greater than 6* +o* by twice am. 



PROP. XIII. — ^BOOK II. 175 

ArWk Siiioel0« = (5+3)«+6« ==64+36; & 6.708« or45=3« +6«=9+36 ; 
therefore 10»— 6-708«, or 100—45= (5 + 3) « -3* = 64-9 =25 + 30;. 
a^dlO« = 6•708«+5• + (2x6x3) =45+25+30: 
i. e., 10> or 100 greater than 45 + 25 by 30. 

Use and App. — 1. By this Propositioii the Area of a triangle may be 
ascertained wJien tlie three sides are knovm. 

Let the Bides A B= 20, A0=13, and B0=11. 
Now (12. I.) AB«=AC«+BC«+2BC.CD; 
therefore AB«-AC«— BC«. ; or AB«— (AC« +B C») = 2 BC-CD ; 
ic, 2BC.CD=400— (169+ 121) =400—290= 110; 

therefore BC.CD=^=55, and ^^^=00=^^=5: 

But (47. L) AC«— CD«=AD« ; t. e., 169—25=144; and AD= V144 
= 12. 
We have now ascertained AD the altitude of the triangle ABC, and BC 

the base is given ; 
Again (41. I. ) the Area of a triangle equals half that of a parallelogram on 

the same base and of the same altitude : 

Thus the A«» of trian^e ABC=A^ =12x11 ^132^^ 

Or, by bisecting the line BC in G, we obtain the same result ; thus. 
Since ^ — r- = BO "DG; therefore — ^7= — =DG; 

AndDG+^=DB; then (47-1.) AB«—BD«=AD« ; whence we find 
AD itself 

Numerically, 5 = 1 16»6, therefore - = 10»6=DG ; 

And 10.5+^=16; then (47. I.) 400—256=144; and V144=AD as 
before. 



Prop. 13. — ^Theok. 

In every triangle, the square of the side subtending either of the 
acute angles is less than the squares of the sides containing that acute 
angle by twice the rectangle contained by either of these sides and 
the straight line intercepted between the perpendicular let fall upon 
it from the opposite angle and the acute angle, 

OoNa— 12. L, Pst. 2. 
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Dem.' — 7. IL If a St line be divided into any two parts, the squares of 
the whole line and of one of the parts are eqnial to twice the rec- 
tangle contained by the whole and that psuii, together witii the 
square .of the other part. 

Ax. 2, 47. I. 

16. I. If one side of a triangle be produced, the ext, angle is greater 
than either of the int. and opposite angles. 

12. IL In obtuse angled triangles, if a perpendicular be drawn from 
either of the acute angles to the opposite side produced, the square 
of the side subtending the obtuse angle is greater than the squares 
of the sides containing the obtuse angle, by twice the rectang^ con- 
tained by the side upon which, when produced, the perpendicular 
falls, and the straight line intercepted without the triangle between 
the perpendicular and the obtuse angle. 

3. IL If a line be divided into any two parts, the rectangle contained 
by the whole and one of the parts equals the rectan^e contained 
by the two parts together with the square of the aforesaid part. 

Ax. 6. Doubles of the same are equaL 



Ex.& 

Cons. 



1 

2 



Hyp. 

12. I. 

Concl. 



Let A A B C have the Z B acute, 

On BC one of the sides let the perp. AD 

faUfrom /_ BAG; 
then AC < (AB«+BC*) by twice BC-BD. 



Case I. — Let the perp, AD /all within the triangle ABC. 



Dem. 



4 
5 



C. 2 & 7. II. 



Add.&Ax.2 



C.2&47.I. 

D. 2 & 3. 

Concl. 



Since B C is divided at 
D, CB«+BD*=CD« 
+ 2BC.BD; 

OnaddingAD", CB•+ 
BD»+AD•=CD«+ 
AD»+2 BC.BD: 

But /^ s at D beingrt. i s 

AB» = BD«+AD», andAC« = CD«+ AD*; 

.•.CB»+AB«=AC»+2 BC.BD; 

that is, AC < (BC«+ AB«) by twice BC • BD. 




Case II. — Let the perp, AD fall without the /^ ABC 

Dem. 1 C. & 16. L Since D is a rt. Z , A 

ZACB>art.Z. 
.•.AB« = AC»+BC« 

+twiceBC.CD; ^ 
add B C* to each. 



1 
2 
3 



C. & 16. L 
12. II. 
Add. Ax. 2. 



C. & 3. II. 




andAB«+BC*^ ^ 
= AC«+twice-{BC«+BC.CD). 
But BD being divided in C, the Q BD . BC 
= BC«+BC.CD; 
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Dem. 



5 
6 

7 
8 



Ax. 6. 
Ax. 6. 

D. 3 & 6. 

Concl. 



Now the doubles of equals being equal, 
twice BD . BG = twice BO • CD + twice 

BC*: 
.>AB2 + BC«=AC2+twice BD-BC; 
.•.AC2 alone < AB^ + BC^ by 2BD.BC. 



Case III. — Lastly, let the side AC be perpendicular to BC 
Dem. 



1 
2 



47.1. 
Add. & Ax.2 

Recap. 



Here AB2 = AC2 + BC2; 

and adding BCS then AB^ +BC2 = AC^ 

+ 2BC2,or2BC.BC. 
Wherefore^ in any triangle^ the square sub^ 

t€7iding^ &c. q.e.d. 



QASRl.—Alg. diArilk. Hyp. LetBC=a=10; AB=c= V61= 7-8102; AC 
=^6=V41 = 6.4031; BD=m=6; AD=n=6; and DC=ar-w=10 
—6=4* 

Alg, (47. I.) c'* = n^^■m'* and 6«=n» + (a— m)'» 

Snbtracting, c* — 6*=w' — {a — m)* =m' — (a' — 2am+m) = 26im — a^ 
Transpose, o^-f c'=6'+2a«i5 or 6* +2 am=a'+c* 
therefore, h* is less than a'^-\-c^ by 2 am. 

AriUh. {41. L) 61»:25+d6, aad 41 = 2^+16 

Subtracting, 61-41 = (2 x 10 x 6)— 100= 120—100 = 20 
Transposing, 100 + 61=41 + 120; or 41 + 120=100 + 61 
therefore, 41 is less than 100+61 by 120. 

Case 1L — The peipendicular AD here passes ont of the triangle, and the 
positions of C and D are changed ; so that we have B0=a=2 ; AB 
= c=V61; AC=6=V41; BD=m=6; AD=«=6; andDC=m— 
a=6— 2=4 

Alg. (47.1.) c«=in«+n« and 6« = (m— a)«+n« 

Subtracting c«— 6« =m*— (m— a)* = m"— m' +2 am—a^ =2 am — a« 
Transpose a>+c^=&' +2 am; or 6«+2om=a« +c* 
therefore h^ is less than a' + c^ by twice am 

Artth. (47. L) 61=36+25, and 41 = 16 + 25 

Subtracting 61— 41=36— 16=36— 36 +24-4 =(2 x 12) -4 
Transpose 4+61=41 + (2 x 12) ; or 41 + 24=4+61 
therefore 41 is less than 4+ 61 by 24. 

Case III. — The perpendicular AD and the side AC coincide, and the points 
DandC; so that we have B0=a=4; AD=AC=6=5; and AB 
=c=V41. 

N 
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Alg, (47.1.) b*+a*^e^ 

Add a« and 6* +2o«=c' +o« 
i. e. , &' IB lefls than c* + a' by 2a' 
or 2aa 



ArUh, (47. L) 26 + 16=41 

Add 16 and 25+32=^41 + 16 
i. e., 25 is less than 41 + 16 by 2 
xl& 



Cor. I. — If in the figure to Case II. a perpendicular CG be 

draxvn from the angle C to AB, the rectangle under the side 

AB and the part GB intercepted between the perpendicular and 

B is equal to the rectangle c/BC»DB. The two rectangles 

AB'BG and BC«DB each equal half the difference between the 

Kn A4.\. AH ^Tjn • (AB«+BC;)-AC* 
square AC and the squares AB and BC ; %. e., 2^ 

= BC.DB = AB.Ba. As ^^^^^=^ = 5^= 12 = 2 x 6 = 
7.8012x1.5364. 

SoH.— The Propositions 12 and 13 are of hi^h importance, — ^for they 
contain the elements of Trigonometrical Analysis, or the Arithmetic of 
Sines. 

Use and App. —1. In finding the Area of a Triande, it is of the great- 
est advantage to obtain the perpendicular either by calcalation or by mea- 
surement. When the three sides of a'triangle are given, the perpenaieular 
may he obtained, on the foregoing principles, in either of the ways following : 

FntsT Method. — When (he perpendiadar, AD» fdUs %oiOUn the base. 

By 12. I., from / A draw AD parpen, to BO ; 1 

47. I., in triimgle ABD, AB«=AD« + BD« 

47. I., ftintriang. ACD, AC«:=AD« +CD> 
Subtract, and AB«— AC'» = BD«— CD* 

By3&10. I. From BC cut off BE equal to DC, 
and bisect ED in G ; 
ED isevidently bisected in G, so that 2 GD ^ J, J. 




B 



D 



=ED. 

Now, since, by Cor. 5. XL, the difference of the squares of two lines equals 
the rectangle under their sum and difference ; 

AB«-AC« = (BA+AC) (BA-AC)=(BD+DC) (BD— DC)=BC x 
2GD=2BCxGD. 
Dividing now both sides of the equation by 2 BC, we have 

P-. (BA+AC) (B A-AC) , . x>^ BC ^^ BC ^^ 

and AD= V-A.B*— BD' the perpendicular required. 
Ex. Given BC=6, AB=4, aaid AC=3; required the perpendicular AD. 
Bisect BC in G ; then GD=^=^ ; and BD=|. + 1=3J 
therefore, by 47. L, AD:5= V16—»A*= VW— W= VW=¥=2| 
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Seconi) Method. — When the perpendicular, AD^ falls without the heise. 

By 12. I., from z A draw AD perpendicular to BO ^ 

produced ; /% 

47. L, in triangle ABD, AB«=AD« +BD« / 

47. L, and in triangle ACD, AC«=AD« +CP« / i 

Subtract, and AB«— A C»=BD«—CD« / / 

By 10. L, let BC be bisected in G; then BD + CD= / / 

2GD, because BD=2QB+CD, and BD+2CD / / 

=2GB+2CD=2GD. Also BD— CD=BC. / / 

But, by Cor. 5. H, AB«— AC«=(AB+AC) (AB / / 

— AC) = (BD + CD) (BD-CD) ^-— a s^-- 

ThnsBCx2GD, or2BCxGD=(AB+AC) (AB o ix C -lf 
—AC) 

Divide by2BC,-andGDJ^^^^^^<.^^^^> 

Now CD=GD— GC ; And (47. I.) AD= VAC— (GD-GC)'' 

Ex. Oiifen the three sides BA^Sf AC =4, and BC=2; required the perp. 
AD. 

By the formula GD=^5±^^^^=^= -|=2i 

CD=.2i-l=liand AD= ^T^ = Vl^^ V|l 

^15.198684^3^^^^^ 
4 

2. When the intercepts between the foot of the perpendicular and the 
angles on the base are ascertained, the Area of the Triangle is by the First 

Method 5 X AD ; and by the Second Method 5 x AD ; that 

is, half the rectangle of the base multiplied by the perpendicular. 



Pkop. 14. — Prob. 

To describe a square that shall he equal to a given rectilineal 
figure, 

Sol. — 45. L To describe a parallelogram equal to a given rectilineal 
figure, and having an angle equ^ to a given angle. 
Def. 30. A square, £c. 

Psts. 2 and 3 ; 3. L 10. L To bisect a given finite st Une. 
Pst 1. 

Dsif. — 5. XL If a st. line be divided into two equal parts, and also into 
two unequal parts, the rectangle contained by the unequal-'parts 
together with the square of the Une between me points of section 
equals the square of half the line. 
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Del 15 and 16. A cirole is a plane figure contained by one line called 
the circmnference, and is auch that all straight lines drawn from a 
certain point within the figure to the circmnierenoe are equal to one 
another. And this point is called the centre of the circle. 

47. I. The square of the hypotenuse, &c. 

Ajl 3. If equals be taken, oc 

Ax. 1. Things equal, &c. 



Cons. 



2 

3 
4 
5 

6 

7 



2 
3 
4 
5 

6 

7 
8 



QllSBB. 



45. I. 



Def. 30. 

Sup. 

Pst2&3 
10. 1. Pst 

Pst.2 & 
Sol. 

C.5. 







Bi-- 



G/ 

...-/ 









E V. 
F 



.1. 

.3. 

1. 



Exp. 1 Datum. Let A be the 

given rectil. 
figure, 
tomake a square 
equal to the 
fig. A. 

Describe a right 

angled □ 

BCDE = A: 
If the side BE = ED the fig. is a square ; 
but if BE 4: ED, 

produce BE to F, and make E P = E D : 
Bisect BP in G, and from G with GB 

describe the semicircle BHP; 
produce D E to H, and join GH : 
the square on E H = the figure A. 

Dbm. 1 1 C. 5. V BF is bisected in G, and cut unequally 

inE; 
.•.BE.EF + EG2 = GF2,andGF2 = GH«: 
But the square on GH = EH^ + E G« ; 
taking away EG^, then BE.EF = EH« : 
But nBD = BE.ED, orBE.EF; 
therefore □ BD =the square on EH ; 
But n BD=the fig. A: .*. EH^ = A. 
Wherefore^ a square has been made equal, &c. 

Q.E.F. 

Alff. AArUfL Hyp, — Given the fig. A=a&=36, in area; required the 
side EH=:a; of a square equal in area. Let the lines, EH=2; ; BE 
one side of the rectangle =^=9, and ED the other aide=a34k 

Alff, By tike probliem, ah=x^ \Ariffi, 4x9^0^ 

(therefore, (V) ^o,h=x the side and V36 = S6=6 the side of the 
of the square. square, 

UsB ANB App. — 1. By this proposition we nsAy find a. meom prcpartumai 
to two given Hneg, as demonstrated in Prop, l^ bk. vi 



5. II. Def. 16 

47. I. 
Sub. & Ax. 3 

C.l. Ax. 1. 

Concl. 

C.1&D.6. 

Becap« 
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Given ihe lines BE and EF; their sum=2r=13; BE=a;=9; £F= 
2r — x= 13—9=4 : required to find y, a mean proportional to x, and 2r—x ; 
i. c, so that x:y ::y: 2r— as. 



BisectBEinG; GF=r=6.5 
By 6. II. X . (2 r— a) + (aj— r)« =r' 
But GF« =r« =y« + (j»— r)« 
Subtract (aj — r) * And x • (2 r — ^x) 



=y' 



(9x4(+6.25=6.5»=42.25 

42.26=y«+6.25 

9x4=36=y« 



Extract the V ; y=: V36=6 the mean proportional between 9 and 4. 

Briefly, MuUiply the two numbers, and take the square root of their pro- 
duct for the mean proportional 

2. The same Prop. 14 serves also for approximating to the square of 
curve-lined figures, and even of the circle itself; for the circle may be re- 
garded (as in 41. L, Use 4) as a polygon with an infinite number of sides ; — 
and if we reduce this polygon to a square, we nearly obtain the square of 
the circle. 

3. The Areas of all plane figures are calculated in squares; and by 
means of reducing any right figure, first into a rectangle, and then into a 
square, we obtain the ready means of finding the Area in tiie units of 
sur&ce. 

N.B. A seleetion of the most useful and remarkable problems and 
theorems, which may be inferred from the principles dev^oped in the 
second book, wiU be found in the Appendix to the Gradations in Euclid, 
Skries IL, Problems and Theorems, bk. ii. 



Remarks on Book IL 



1. Of the fourteen Propositions of this book, the ten first con- 
tain the theory of the relations of the rectangles and squares on 
divided lines ; the twelfth and thirteenth the theory of the rela- 
tion between the square of any one side of a triangle, and the 
squares of the other two sides, whatever be the angles, — and 
constitute the foundation of the Arithmetic of Sines. 

2. Lines cut into ant/ two parts are considered in Propositions 
2, 3, 4, 7, and 8. 

3. Lines cut into two equal and two unequal parts, — ^in Propo- 
sitions 5, 6, 9, and 10. 
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SYNOPSIS OF BOOK II. 



Case I. — Oiven two lines, as A undivided =10, and BC = 60 
divided into the parts B D = 30, D E = 20, and E C ^ 10. 



B i| q c 

Pkop.I. A.BC = A.BD + A.DE + A.EC; or 10 x 60 = (10 x 30) 

+ (10 X 20) + (10 X 10) = 600. 

Cor. 2A.^BC; orSA.^BC; or 4A.JBG, &o. = A.BC. 
20x30; 30x20;. 40x15 = 10x60 = 600. 

Case II. — Let a line he divided into any two parts; AB = 10, 
representing the whole line; AD = 7, and DB=3, the uneqtml 
segments, 

A V B 

Prop. II. AB.AD + AB.DB = AB2 ; or (10 x 7) + (10 x 3)= 10 
X 10 = 100. 

Prop. III. AB.BD = AD.DB + DB^ ; or (10 x 3) = (7 x 3) + 
(3x3) =30. 

Cor. 1. AB2-DB2 = (AB + DB)(AB-DB); or 100-9 = 

1 Q V 7 = Ql 

2. AD2-DB2>(AD-DB)2by2DB.(AD-DB); or 
49-9 >16 by 2x3x4 = 24. 

Prop. IV. AB^ = AD^ + DB^ + 2 AD.DB; or 100 = 49+9 + 

(2x7x3) =49 + 9 + 42. 

Cor. 1. Parallelograms about the diam. of a square are also 
squares. 

2. AB2=4 (^y ; or 100 = 4x25. 

3. ¥' = 2(^7; or ^f = 2x25. 

4. When a line is divided into any number of parts, as 

a? = 5; y = 3; 2: = 2; 
then AB* =a:2 +y2 +z^ ■¥'^{x.y + x.z + y.z) 
or, 100«25 + 9 + 4 + 2 (15 + 10 + 6) 
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Prop. VII. AB«+BD»= 2 AB.BD + AD", or 100+9 = (2xl0 
x3)+49 = 109. 

Cor. 1. AB*+BD»=2AB.BD + (AB— BD)»; or 100+9 = 60 

+ (10— 3)«=109. 

2. (AB + BD)«; (AB«+BD«); and (AB— BD)« are in 

Arithmetical progression, the common mflference 

being2AB.BD; or, 

169, 109, and 49 ; the com. dif. being 2 x 10 x 3 = 60. 

Prop. VIII. 4 AB.BD+AD» = (AB+BD)«; or 4 (10 x 3)+49 = 
(10x3)«=169. 

Cor. 1. (AD + DB)« = 4AD.DB+(AD— DB)«; or (7 + 3)» = 4 

(7x3) + (7 -3)" =100. 

2. 4 (A^l^y = 4AD.DB+4 (^^Y ; or 4 x 25 = 

(4x21) + (4x4) = 84+16. 

Case III. — Let a line be divided equally and unequally^ AB = 
10 representing the whole line; AC or 0B = 5, ^Ae half line; and 
A D = 7 ; D B = 3, <Ae uneqtLal parts. 



Peop. V. AD.DB+CD« = CB»; or (7 x3) + (2 x2) = 5 x5; i.e., 
21+4 = 25. 

N.B. The arith.meaii=:^5+5B=^C.tljgcoj^ ^^AD-DB^(.jj 

•••(^^|^y=AD.DB + (^5=£By. or 25 = 21 + 4. 
Or, Let AD and DB be regarded as two independent lines ; 

= 25. 

Again,(AD + DB).(AD— DB) + DB«=AD«: or (10x4) + 9= 
7x7 = 49. 

or, AD«— DB*=(AD + DB).(AD— DB; or 49—9 = 10x4 
= 40. 

Cor. AC— CD«=(AC + CD) (AC— CD); or 25—4 = 7 x3 
= 21. 

Lardner's Cor. I. The rectangle is a maximum when AB is 
bisected by D; its maximum value = (j^Y 
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2. The sum of the squares of the parte is a mnimum 

when AB is bisected : the minimum value being 

3. Of all rectangles having the same peiimeter, the 

square contains the greatest area. 

4. Of all rectangles equal in area, the square is con- 

tained by the least perimeter. 

5. If a perpendicular be drawn from the veitex of a tri- 

angle, as in Prop. 13, to the base (AB + AC).(AB 
-AC) = (BD + 3DC).(DC-BD),~or (7-8102 + 
6 . 4031) X (7.8102—6.4031) = (6 + 4) x (6 - 4) = 20. 

6. The difference betwe^i the squares of the sides of a 

triangle, as in Prop. 13, is equal to twice the rec- 
tangle under the base and the distance of the 
perpendicular from the middle point, a?, of BC: 
I.e., AB2— AC2 = 2BC.Da:; or 61—41 = 2x10 
xl = 20; or, 61— 41 = (2x2) X 5 = 20. 

N.B.— If the perpendicular AD f^Us within the baae, 

but if the perp. AD fallB without the base, 

j^^^BD+DO^ andBO=BI>-DC. 

Prop. IX. AD« + DB«= 2 (AG«+CD"); or 49 + 9 = 2 (23+4)= 

68. 

OrAD« + DB«=2(^^|B?y+2(^^^^yj or (2 x 25) + 

(2x4) = 58. 
Or AD« + DB« = ^^i5:^'+<^5=£B)a. ^^ loo^ ^^^^,^3^ 

Case IV. — Let a line he bisected and produaedj AB= 10 repre- 
senting the original line ; A C or C B = 5, its half; and BD = 3 the 
part produced, 

A C B 1) 
^ 1 + 



Prop. VI. AD.DB + CB» = CD»; or (13 x 3) + (5 x 5>= ft4. 

Cor. Let A B = 10, the base of an isosceles tri- E 

angle, be bisected in C, and produced 
toD; join ED= 11. 7898; 
thenED"- EB« = AD.DB; or 139— 100 
= 13x3 = 39. 




SYNOPSIS. — CASE VII. 
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Prop.X. AD«+DB" = 2(AC*+CD"); or 169 + 9=2 x (25 + 64) 
= 2x89 = 178. 

Case V. — A line u cut in extreme and mean ratio, when the 
rectangle of the whole line and one segment equals the square of the 
other segment 



H 



B 



IH 



A''' 



KD 



Prop. XL AB bo out in H 'that AB.HB = AH" Y^ Q 

10 X 3 , 81966 = 38 . 1966 = 6 . 18034 x 6 . 18034. 
Cor, 1. To cut a line in extreme and mean ratio, A 
it must first be produced in extreme p 
and mean ratio ; t. c, in fig. Prop. 11, 
CF.F A must equal AB». ^ 

2. When a line CF, or its equal, is cut in 

extreme and mean ratio, the rectangle AC. (AC — 
AF) = AH»or AF»; or AC.HB = AH« 

3. A line CF being cut in extreme and mean ratio, 

AC.AF^AC^— AH»; i.e., 10x6.18034=100— 
38.1966 = 61.8034. 

Case VI. — The measure of the square of the side of an obtuse- 
angled triangle opposite to the obtuse angle. 

Prop. XII. AB*=BC« + AC*+2BC.CD, A 

100 = 25 + 45 + (2 X 15). ./. 

or, AB« > BC* + AC" by 2 BC.CB, y7\ 

100 > 25 + 45 by 30. 
N.B. The Area of a triangle may be ascertained when 
the three sides are known ; forArea=— — -. 

Case VII. — The measure of the square of the side subtending 
an cumte angle. 

A J\ A 






B C DB C 



Prop. XIII. 1*^ CB«+AB* = AC*+2BC.BD; 100+61=41 + 120. 
or AC«< (CB*+AB*)by2BC.BD; 41 < 161 by 120. 
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2-^ AB« + BC«=AC« + 2BD.BC; 61 + 4 = 41 + (2 x 12); 
or AC»< (AB« + BC»)b7 2BD.BC; 41 < 65 by 24. 
3* AC" < (AB« + BC») by 2 BC.BC ; 25< 41 + 16 by 2 x 16. 

If in 2***' a perpendicular C G be drawn from i C to A B, the 
n AB. GB=BC.DB; or 7.8(^12 x 1.5364 = 12=2 x 6. 

Case VIII. — A square is found equal to a given rectilineal 
figure. 







,,'-"/ 



G 



w 
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Prop. XIV. By Const., Q BCDE = A ; 

BE.EF + EG"=GF» = GH»; 9x4 + 6.25 = 42.25; 

nBD = BE.ED,orBE.EF; 9x4 = 36; 

D BD = EH" = A. ^36 =6= EH side of the square. 



PRACTICAL RESULTS. 



The Practical Results at which we arrive fix)m studying the 
principles demonstrated in the first and second Books of Euclid, 
are among the most useful and important of any belonging to 
Geometry : when imited to a few leading theorems of the third 
and sixth books, they constitute by far the most firuitftd source 
of scientific progress ; they are, in fact, the foundation on which 
our after reasonings depend respecting aU magnitudes, space, 
and number, — ^the form and motions of the heavenly bodies, — 
and aU the laws by which the material universe is governed. 

Nearly all the Problems in Euclid's Six Books of Plane Geo- 
metry may be derived directly and immediately from the first 
and second books. Indeed, for the simple construction of Geo- 
metrical Figures, scarcely any principles are demanded which 
are not to be found in, or natuiiUy inferred fi:om, those books. 
More fiiUy therefore to give the Learner an idea of the wide 
application of the knowledge he may have acquired, I will briefly 
exhibit the Practical Results to which I believe we have 
attained : they may be arranged under four leading divisions : — 

1st. The Problems for the Construction of Oeometrical Figures 
both stated and demonstrated in Books I. and II. ; 

2nd. Problems in the other books which, though demonstrated 
under their respective Propositions^ are yet most intimately connected 
with the first and second^ for their construction and solution ; 

3rd. Principles of Construction for Oeometrical Instruments to 
measure lines and angles ; and for Oeometrical figures to exhibit 
the representative values of actual magnitude and space ; and 

4th. Principles which toithout requiring thai we should measure 
all the boundaries of a Surface^ yet enable us accurately to calculate 
distances^ magnitudes, and areas. 
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I. — The Problems for the Construction op Geometrical 
Figures both stated and demonstrated in Books I. and II. 

Problem 1. On a given line AB to deeeribe an equilateral triangle. 



From the extremities of AB, with the distance 
AB for radial, describe two circles intersectinc in 
C, and F ; join the point C to the points A and B, /' 
and the required trian^e is drawn. (1. I. ) / 

Practically it is sumcient to draw the arcs in- (0 
tersecting in 0, and to join the points A, B, and 

a 

An isosceles triangle may be drawn b^ taking 
the length of the eqtuJ siaes, and using it as the 
radius from A and B. 



_,.C, 




Ei 



./ 



Prob. 2. From a given point A to draw a line equal to a given line CB. 



Join A and B, and on AB constmot an 
eqoil. triangle ; produce its sides DA and DB 
indefinitely; from B, with the radius BC, 
describe a circle HOG ; and from D, with D G, 
the circle GEL : AL is the line of the reqid- 
red length. (2.1.) 

Practically, the distance G B will be trans- 
ferred by the compasses or by some other 
inatnn&entb 




Pros. 3. From the greater, AB, of two given lines to cuJt off a pari 
equal to G, the lees. 



From A, with a radius equal to 0, cut 
the line ABinE: AE will be equal to G. 
(3.L) 

A less line majr be made equal to a 
greater, by describing an arc with the 
radius of the greater, and by producing 
the less until it tooehes the cireiunf erencew 



/ m \ 



1 c 



TE-fB 



• J?....--' 



PnoB. 4. To Mteel a given reetSiiucU angle, B AC ; that it, to divide it 
into tuo equal parte. 



SECTION I. ^PROB. VII. 
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From the angular point A, describe an arc, 
cutting the sides AB and AG in D and E ; from 
D and E, with the same radius, draw arcs inter- 
secting in F : on joining A and F, the angle 
BAG IS bisected. (9.1.) 

By following the same method the bisected 
parts ma^ also be further bisected. Practically, 
the division of an an^le into any of the powers 
of 2 will be effected by measuring the an^le 
BAG with a protractor, and dividing the anguTar 
distance by the required power of 2 ; as, 4, 8, 
16, &c. 

Pros. 5. To bisect a given finite straight line, AB, and to contintL^ihe 
bisection of the bisected parts. 




From A and B, with, the same radius, de- 
scribe arcs intersecting both, above and below 
the line in G and E; joinGE: and the line 
A B is bisected in D. Follow the same method 
with AD or DB, and for all the subsequent 
bisections. (10. I.) 

As in the angle, the division by 2, or by 
any power of 2, will be performed practically 
by measuring the given fine, and by dividinff 
the lineal measurement by 2, or the required 
power of 2, 4, 8, 16, &c 




Pbob. 6w To draw a perpendicular, i e, a straight line at right angles 
to a given straight line AB, from a given point 0, in the same. 

By a L, take GD eaual to GE; P 

and from D and E, with the same 
raAius, describe arcs intersecting in 
F ; the st. line from F to G is 'tiie 
perpendicular required. (ILL) 

The drawing of a perpendicular 
from, the extremity of a line is shewn 
in § XL, Prob. 5, Prac. Res. 

The practical method is by means 
of an instrument called a square ; or 
by placing a protractor with its ed^ 
along the given line AB, and its 
centre at G, the angular point; and 



^ D 



E B 



then joining G with 90° on the graduated edge of the protnctw. 

Prob. 7. To draw a perpendiadair to a given straighi line, AB, qf an 
unlimited length from a given point, 0, without it. 
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From 0, with a radius CD, 
extending below or beyond the 
line AB, intersect AB in F and 
G ; and from F and G, with the 
same radius, describe arcs inter- 
secting in K ; join OK : and OH 
is the perpendicular required. 

(12. I.) , . 

The easiest way is to use the ^_*v/ 
square, or the protractor : lay one ^ xi \;- 
edge t)f the square along the given 
line, and slide the square, keeping 
that edge on the ^ven line, untu 
the other edge just covers the 
given point : — a line along the 
edge will be the perpendicular. 
Tbe protractor is used m a similar 
way. 



H 



E 



"ZT, 



iD 
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Pros. 8. To maJte a triangle of which the sides shall he equal to Oittt 
given straight lines. A, B, and G, hut of which any two whatever must be 
grealer than the third. 

Draw a line of an indefinite 
length DE, and on DE, from 
D, m succession lay lines, by 
3. L, DF equal to A, FG to 
B, and GH to C : fromF, with 
radius FD, describe a circle: /"^ 

and from G, with radius GH, 
another circle ; join their point 
of intersection K, with F and / 
G ; and the figure FGK is the \jy 
triangle required. (22. I.) j" "~ — 

In the same way one tri- \ 
angle may be made equal to 
another. In practice, a line \ 
FG is taken equal to B ; and ^ ^ 
from F and G, arcs, with radii ^*v.^ 

equal to A and 0, are drawn *-———- , 

intersecting in K, and K joined to F and G. 

Pbob. ^, Ata given point A, in a given line AB, to make a recHlineal 
angle eqiud to a given rectilineal angle^ DGE. 

From and A, with the same radius, 
describe arcs DE and FG; take DE as 
a radius, and with it from F describe 
another arc intersecting arc FG in G; 
join G A ; and B A is me angle required. 
(23. I.) 

Or, the given angle DGE may be 
measured by the protractor ; and by pla- r^^ 
cing the centre of the protractor at the M"* 
given point A, with its edge alon^ AB, / 
and noting the same numlSsr of <&grees 
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£rom AB as equal the measurement of anffle DOE, and joining that note or 
mark with A, the required angle will be drawn. The same may also be 
done by the line of chords. 

Pros. 10. To draw a straight line through a given point A, paraUel to 
a given straight line, BO. 

Join A and any point D, in BG ; from D 
with DA describe the arc A^ ; and from A, E- 
with the same radius AD, describe the arc 

Dh; by 23. I., make the angle DAE equal ,^j_ 

to the angle ADO : the line EA will be par- ^ ^ 

allel to the ^ven line BG. (31. L) 

In practice, the parallel ruler, or the triangular square, is used. 

Pros. 11. To describe a parallelogram that shall be equal to a given 
triangle ABO, and have one of its angles equal to a given rectilineal angle D. 

By 10. I. bisect BG in E ; by 23. I. at 
£ miJk^e an angle GEF equal to D ; throagh 
and A, by 31. L, draw GG parallel to 
EF, and AG parallel to BG : the figure 
FEGG is the parallelogram required. (42. 

I.) 

If it were required to describe a triangle 

equal to a given parallelogram FEGG, and 
having an angle equal to a given angle D, 
the method would be, — Produce the paral- 
lels GF and GE ; and, by a I., make EB 

equal to EG ; and by 23. L make the angle GBA equal to D ; join GA ; — 
and the triangle ABO will equal the parallelogram FEGG, and have an 
angle equal to D. 

Pbob. 12. To a given line, AB, to apply a parallelogram which shall be 
equal to a given triangle G, and have one of its angles equal to a given 
angle D. 





By 42. L make a parallelogram BEFG 
equal to the triimgle G, and havmg the an^e ^ 

EjBG equal to the angle D ; produce EB ; / N^ D 

and by 3. L make BA equal to the given 

line; produce FG to H, and, hv 31. L, -, 

through A draw HL parallel to GB or FE ; F.- ^. ,K 

join HB and produce it until it meets FE j / ^y^\ 

produced, in K ; through K draw KL par- / / ^'- / 

allel to E A or FH; and produce GB to M: q/ \^ j ^ 

the figure ABML is the parallelogram re- j"* ' *"/jfi ' 

quired (44. L) ^ ^ I .. / 



.X- 



K' 
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PROB. 13. To describe a parallelogram equal to a given rectilineal 
figure ABCD, and having an angle equal to a given rectilineal angle E. 

Divide the g^ven figure into trianglea, and a 
draw an indefimte line KM; and at K, by 
23. L, make the angle FKM equal to angle 
E: to FK apply, by42. L, a paraUelogFOm 
FH eqoal to tbe triangle ADB ; and to GH 
the rarallelogram GM eqnal to the triangle 
DBO: the whole figure FKML having an 
angle K equal to E, is a paraUelogTaxn equal 
in area to the rectilineal figure ABOD. 
(45. L) 

Prob. 14. To describe a sqtutre an a given straight line, AB. 



From A, by 11. L, draw the perpendicular AC, and ^ 
on it make, by 3. I., AD equal to AB ; through B and 
D, by 31. I., draw the parallels, BE to AD, and DE to 
AB : the figure ABED is the square required. (46. I.) 





Pbob. 15. To divide a given line, AB, into two partSf so (hat the rectan- 
gle contained by the whole line and one of itspartSf AB*BH, sJmII be equal 
to the square of the other part^ AH. 



On AB, by 46. 1. , describe the square AD ; 
bisect, 10. 1.. G A in E, and join EB; pro- 
duce A indefinitely, and, by 3. 1., make EF * 
«qual to EB ; on AF, by 4&. I., construct the 
square FH, and produce GH to K : the line 
A B is divided at H, so that AB*BH equals 
the square on AH. (II. IL ) 

N.B. In Prop. 30, bk. vi., a line thus 
divided is said to oe cut in extreme and mean £ \ 
ratio; t^ &, so that l^e whole line AB shall -* 
be to the greater se^ent AH, as the greater 
segment AH to the less segment HB. 




Pros. 16. To describe a square that shall be equal to a given rectilineal 
figure A. 
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Describe, by 45. L, arectftngle BODE 
equal in area to the given fionre A : if the 
smes fiE and ED are equal, zne construction 
is finished; but if not, produce BE until 
by 3. I. EF equals ED ; by 10. L bisect 
BF in G, and with GB as radius, describe 
the semicircle BHF ; produce DE to meet 
the semicircle inH; tne square on EH is 
the square equal to the rectimgle BD and to 
the figure A. (14. 11.) 




-■■»* 






.,..^ 






Ql 






Subsidiary Problems. — Books I. and II. 
PROB. 17. To construct a Scale of Equal Parts. 



A/\/ \/ \ 

\ E F G B 




Take a st line AB of indefinite len^ towards B ; and let be th^ 
given St. line that is to be cut off from AB : from AB, by 3. 1., cut off a 
part equal to 0, as AE ; then acain from EB another part equal to G, as 
£F ; and so on : the parts in AB are each equal to G and to one another ; 
and AB is a scale of equal parts. (3. I.) 

Gn the same principle the line KL is divided. Each of the parts num- 
bered 1, 2, 3, 4, 18 representative of 10 equal parts, and those oetween 
and K of units ; or if the smaller divisions be tenths, the larger will be 
units. 

By such a scale the comparative lengths of lines are ascertained. 

Prob. 18. Oiven A.'hthe hose, cmgle A the less angle at the base, and AD 
the difference of the two sides of a triangle, to construct it. 



Gn AD the line forming with AB the angle A, 
by 3. L, set the difference AD of the two sides ; 
joinDB; and, by 10 and 11. L, bisect DB by 
the perpendicidar EG ; and produce EG and AD 
to meet in G : AB G is the triangle required. (19 
and 4. I. ) 
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PBACTICAL RESULTS. 




Pros. 19. On a given line AB, to describe an iaoiceUi triangle, having 
each of the equal sides double of the hose. 

Froduoe AB botii ways ; and by 3. L, make BO, AG 
each equal to AB : OB and AO each eqiuils twice AK 
With AG fi*om A, and with BO from B, describe arcs 
cuttii^ in ; join to A and B : ABO is the isosceles 
triangle with sides each the doable of the base. (22. I.) 

Prob. 20. To describe an isosceles triangle, the base Q ^JDB C 
AB being given, and F a line equal to each of the sides. 

Bisect the base in D, and raise a perpendicular at D ; from A wrSi 
radius equal to F, dr%w an arc catting the perpendicnlar in ; join GA 
and OB : the required isosceles triangle is AOB. (22. L) 

Pbob. 21. To construct a regrdar polygon, as ABDEFG. 

By 32. L , the formula for the angular mag- 
nitude of each angle in a regular polygon is, 

(S X 180)-360 . , - , ^^. 

— , the angle between any // \\ 



z A = 



S 




360 / 

two sides ; I 0= -^, for the angle at the cen- q v 

tre between two radii to the angular pointSL 
{NoU, 32,1., p. lOa) 

l^** When the side AB w not given. With 
any radius, as A, describe a circle ; at the 

centre, make an angle equal to -^, and pro- 
duce OB to the circumference ; j(HnAB: the line A B will, if set round 
the circumference, divide it into as many parts as there are sides to the 
polygon ; join the points, and the polygon is made. 

2«- When the side AB ia given. By formula, L A;=^ =^ ; ascer* 

tain the angles GAB, ABD^ and construct them; by 9. L, bisect each of 
the angles ; and the lines of bisection, AO, BO, intersect in : from 0, 
with radius A, describe a circle ; if now, with AB as radius, successive 
arcs be cut ofiT from the circumference, there will be as many arcs as sides, 
and the drawing of the chords to those arcs will complete the polygon. ( Use 
and App, 32. L, p. 108.) 

Pros. 22. To divide a finite straight line AL, into amy given nuniber of 
equal parts, as four. 

At A, draw a line of indefinite length, 
AX, making with AL the angle XAL; 
take a line AB oxv AX ; and, by 3. L, set 
along AX three other lines BO, OD, D£ 
each ec^ual to AB ; join EL ; and through 
the pomts D, 0, and B, by 31. L, draw 
Dd, Ce, Bb, each parallel to EL : the line • ^ 
AL wlQ be divided into four equal parts ^' 
in the points b, c, d, (Use and* App. 
34. L, p. IIL 



^ 



9^- 






.X 



% 
« 



^ 



-^ 



M. 
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PROB. 23. From a point E in the side AB of a paraUelogram, to divide 
the parallelogram into two equal portions. 



£ B 



Draw the diagonal AD, and, by 10. L, bisect 
it in F ; join EF, and produce EF to G : the line 
EGr maizes the portion AEGC equal to the portion 
EGDR {Use and App. 6, 34. L, p. lia) 




G 



D 



Prob. 24. To convert a parallelogram, ABDF, into a recianglej ABCE, 
of equcU area. 

Produce indefinitely the parallel DF ; 
at B and A, the extremities of the other 
parallel AB, by 11. L, raise the perpen- 
diculars BE and AC to meet the parallel 
DC ; then ABCE is a rectangle equal in 
area to the parallelogram A BDF. ( Use 
and App, 35. L, p. 116.) 




Prob. 25. CHtren a triangle, ABC, and a point, H, in one side, AC ; from 
that point to bisect the triangle. 



Through C the vertex, by 31. L, draw 
OF parallel to AB ; by 10. 1, bisect AB in 
D, and join DC ; join also DH ; and from 
C draw CE parallel to HD, and join HE: 
then the triimgle A HE will equal the tra- 
pezium CHER {Use and App. 2, 3a L, 
p. 12a) 




Prob. 26. On a given line, EK, to droAO a parallelogram equal to a given 
parallelogram, KD. 

Produce FK, and by 3. L make EK equal 
to the nven line ; produce indefinitely the sides 
PF, HK, and DH ; and by 31. L drawthrough 
X2, A B parallel to HG or DC ; draw the duieo- 
nal AK, and produce it until it cuts DF produ- 
cedinC ; throughCdraw aparallel toDAorFE, ■ 
meeting HK and AE produced in G and B : 
the parallelogram BE will be equal to the given 
parallelogram ED. {Use and App, 43. L, p. 
127.) 




Prob. 27. To change any right-lined figure^ ABCDE, first into a tri- 
angU, and then into a rectangle of equal area. 
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Divide the flgore into tarianglei by ioiuing 
DA, DB; piodnce AB indefinitely; thioiigE 
E, b; 31. L, draw EH parallel to DA, and 
thioi^O, CF par.toDB; joinDHandDF: 
th«i the trianide DHF is equal in ai«a to 
ABODE. 

Seit, draw DK paraUel to HF ; by 10. L / .'A' 
bisect HFin Lj at L, 11. L, raise the perpea- i' ). 
dicolarLM, and draw FN parallel to LM: the H 
fig. LMNF iM ■ ' 



fig. LMNF IM » rectangle equal in area to 
DHF, which is eqnal to ABODE. (f7M and App. 




2, 40. L, p. 132.) 



pROB. 28. To maJce tlraight a crooked boundary, ABCDE, beiaeen two 
Md', M and N. 

Dmw AO, the subtend to ande B; and 
thronghB, 31. L, F B parallel to AC, and join 
CF: Uie crooked boundary AB, BC is now 
converted into the sincla boundary C F. In a I 
similar way FO and CD will be converted into 
one boiin^ry; and this last and DE into a 
single boundary ; and thus the crooked bound- 
aries AB, BC, CD, DE, will be changed into . 

one sta^eht bonndaiy without affecting the { 

aHeas of the two fields. {Uie and App. 3, 45. 
1, p. 133.) 



andBCm 




'. Qivm the diagonal, AB, io eonttniet a iqaare. 



i, by II. I., draw the perpendicnlarg 

9. I., bisect the right angles by AC 
Lg in C ; and by 31. L, drawthroi ' 

a. and a, paralleU, AD to BC, and BD to A _ . 

tben the figure ABCD is the square reqoired. (46. 

L, p. 133.) 



Prob. 30. To find a iipiare equal lo the turn of am/ nnmber of givai 
tquara, a> on AB, BC, CD, DE ; oraggtmre (Satis amuliipU of any given 
square, A B ; or a square Ikal is eqval lo the difference of ttno tqvartt. 

1°- Set the lines AB, BC, representative of the 
two squares on AB, BC. at right angles, and join 
AC; then AC==AB'+BL'' ; at C place OD, re- 
presentative of the sqiiare on CD, at naht angles to 
AC; and AD'=3AC'+0D' : and at D, fbrmine a 
right angle with AD, place DE representative ot the ( 
square on DE ; join AE: and the Bquare On AE 
equals the Bqnarea on DE, DC, CB, and BA. (Pw. 
3, 47. L, p- 137-1 

2°- Suppoaing AB to be rapreaentative of the 
line on which the Kiven Bquare is ooDatmoted, its 
multiple square will be obtained in a similar way ; 
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for in this case, BC, CD, D£ beiiig each' equal to AB, the square on AE 
is the multiple of the square on a£ (Car. 3, 47. L, p. 137.) 

3<*- Let AB be the less line, and A the greater ; at B, the extremity of 
the less, raise a perpendicular BG, and from A at the other extremity, with 
AG as radius, inflect on BG the greater line : the square of the intercept 
GB wUl equal the difference of the squares on AG and A3* [Cor, 3, 47. 1., 
p. 137.) 

Pros. 31. To make a square that shall be the hcdf, fourth^ diCyOfa given 
square on AB. 

At A and B make the angles each equal to half a 
ri^ht angle ; G being a right angle, the square on A G 
will be one-half of the square on AK Again, at A 
and G make the angles GAD, AGD each equal to 
half a right angle : then the square on CD will be 
half that on AG, or one-fourth of the square on AB. 
By a similar process a square may be obtained that is B 
h TVi Tffj *^c., of the original square. {Cor, 3, 47. L, p. 138.) 




II. — The Problems in Books '3, 4, and 6, which though 

DEMONSTRATED UNDER THEIR RESPECTIVE PROPOSITIONS, ARE, FOR 

THEIR Construction and Solution, most intimately connected 
WITH THE First and Second Books. 

Book IIL 
Prob. 1. In a given cirde, ABG, to find the centre. 



Draw amr chord AB; and, 10. L, bisect it at D; 
£rom D, 11. L, raise a perpendicular produced both ways 
to meet the circumference in G and E ; bisect GE in F ; 
and F is the centre of the circle. (1. IIL) 




Peob. 2. To draw a tangent to a given cirde BGD, from a given points 
either toithoiU as K, or in tJte circumference as D. 



Find the centre E of the circle BGD, and join 

AE ; from E with EA describe the circle AFG ; /* / 

from D, 11. L, draw DF at right angles to EA, I fc 

and join EBF and AB : then AB ahm tpuch the \n 

circle in B, and DF in D. (17. m.) \ 
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PRACTICAL RESULTS. 



Prob. 3. To deacnbe a circle through three given points, ABD, not in 
the mme line ; orto complete the eirde of which a eegment, ABD, w given. 



Join A, B, and B, D ; 10 and 11. L, bisect AB and 
BD by perpendiculars GC, FC, meeting in : C is the 
centre of the circle, and a radius from to either A, B, . y 
orD will be the means of completing the circle. (25.111.) ^ 



Prob. 4. To bisect a given circun^ferencey ADB. 

Join the extremities of the arc A, B ; 10 and 11. L, 
and bisect AB by a perpendicular from : the line CD 
will bisect the given circumference in the point D. 

(30. in.) 





CB, or 
to be a 



::^ 



/B 



Lemma.— 31. ni. The angle in a semicircle is a right angle. 

Prob. 6. To draw a perpendicular. \°-from a point B m a line 
at its extremity; 2f>-/r(m a point D, out of a line; and, S^ so as 
tangent to a given circle HBB. 

l^ Take any point A, above the line, and with a 
radius equal to AB describe an arc to cut the givenline 
in C ; join C and A^ and produce C A to meet the arc in / 
D : DB is the required perpendicular. [ J^j 

2»- Join D and C ; and, 10. L, bisect CD in A; and Q**^:::!^ 

from A with AC describe the semicircle CBD, and join 
DB : DB is the perpendicular. 

30- Join the given point A, out of the circle, and ^ 
C the centre of the circle ; 10. I., bisect AC in D ; A.''> 
and with DA desciibe a semicircle : where the semi- 
circle cuts the circle, B, is the tangent point, and AB 
the tangent from A Or, from B, a point in the circle, 
draw a line BC to the centre ; and at B, 11. I., draw 
a right angle : BA is the tangent from B. 

Prob. 6. Upon a given straight line AB, to describe a segment of a cirde 
containing an angle equal to C, a given rectUineal angle. 



At A, 23. I., make the angle BAD equal to 
angle C ; and, 11. 1., at A make AE at right angles 
with D A ; 10 and 11. I., bisect AB in JP by the per- 
pendicular GF ; with GA or GB describe a circle : 
and in the segment AHB the angle AEB equals 
BAD, which also equals angle C. (33. III.) 
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Prob. 7. — Given the angle D equal to the vertical angle of a triangle, 
and the base AB, to find the locus of the vertex. 

At A, by 23. 1., make the angle BAF equal to 
angle D, and, 11. L, angle FAM equal to a right 
angle ; bisect, 10 and 11. I., AB in G by the per- 
pendicular GH ; and from H, with radius HA, or 
HB describe a circle ABO : the locus of the ver- 
tex will be at any point in the arc of the segment -rf 
ACB. (33. III.) ^ 





Prob. 8. Given AB the base, angle AC J) the vertical angle, and A J) the 
perpendicular from the extremity of the base A on the opposite side BC, to 
construct the triangle. 

Make on AB, by Prob. 6, a segment containing the 
given angle AOD ; bisect AB, 10. I., in E ; and with 
rad. EA or EB describe the semicircle ADB ; and from 
A, inflect the perpendicular AD upon the semicircle in 
the point D : BDA is a right an^te, 31. IIL, and BD 
produced to C, and G A joined, give the triangle requi- 
red. (33. m.) 

Prob. 9. To divide a given circle of which the diameter is AB, into any 
number of equal parts, qf which the perimeters also are equal. 

By Use and App., 34. I., divide the diameter 
AB into the required equal parts at 0, D, E, F ; 
then on one side, from A describe the semicircles 
1, 2, 3, 4, 5, &c. ; and on the other side from B, 
the semicircles 7, 8, 9, 10, 11, &c., — of which the 
diameters are BF, BE, BD, BO ; so shall the 
parts 1 and 11, 2 and 10, 3 and 9, 4 and 8, and 5 
and 7, be equal each to the other, both in Area 
and Perimeter. — ^Leslie's Geometry. 

Prob. 10. From a given circle, ABG, to cut off a segment which shall 
contain an angle equal to a given rectilineal angle D. 



Draw any radius CB ; and at B, ILL, draw EF 
making risht angles with GB ; at B, 23. L, make the 
angle FBG equal to angle D : the segment BAG con- 
tains an angle BAG equal to the angle GBF, which -p 
eqtials angle D. (34. LIL) ^- 
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PRACTICAL RESULTS. 



Book IV. 

Peob. 1. In a given circle, ABC, to place a st line eqtuil to a given tt, 
line D, not greater than the diameter of the circle. 



Draw BC the diameter of ABC : 3. I., 
make CE equal to D ; and with CE describe 
the circle AEF : CA is the line required. 
(1. IV.) 



D 








Prob. 2. In a given circle, A BC, to inscribe a triangh equiangular to a 
given triangle^ DEF. 

Draw O A any radius ; and at A, 11. 
L, GH a tangent ; also at A, 23. 1., make 
the an^es HAC and GAB equal to the 
angles DEF and DFE, and jom BC : the 
triangle ABC is equiangular with the 
given triangle DEF. (2. IV. ) 



Pros. 3. About a given circle, ABC, to describe a triangle equiangular 
to a given triangle, DEF. 

Produce EF both ways to G and 
H: find K the centre of the circle, 
and draw a radius KB ; at K, 23. L, 
make the angle BKC equal to angle 
D FH, and angle BK A equal to angle 
DEG; at the points A, B, and C 
draw, 11. I., lines at right angles to 
AK, BK, CD, and produce them both 
ways until they meet : the fig. LMN 
is equiangular with the triangle DEF, 
and described about the circle ABD. 
(3. IV.) 




H 



Prob. 4. In a given triangle, ABC, to inscribe a drde. 



Bylines B D, CD, meeting in D, bisect, 9. 1, 
the angles B and C ; from D, 12. L, drop per- 
pendiculars D E, D F, D G, to A B, B C, and C A ; 
with radius D E describe a circle : the circle 
EFG is inscribed in the given triangle. (4. IV, ) 



B Y 

Prob. 5, About a given triangle, ABC, to describe a circle. 
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By 10 and 11. 1., bisect AB and AC by perpendi- 
culars meeting in F, and join FA ; with FA as radius 
describe the circle A CGB; it is described about the 
given triangle. (5. IV. ) 

This is the same as Prob. 3, from bk. III., to de- 
scribe a circle through three given points, A, B, and C. 



Prob. 6. In a given clrde^ A BCD, to inscribe a square. 

Draw BD and AC two diameters at right angles /• 
to each other, and join A, B, C, and D : the figure 
ABCD is a square in the circle. (6. IV.) 

Prob. 7. About a given circle, ABCD, to deeeribe 
a square. 

Draw two diameters, AC and BD, making right 
angles at £ ; at the extremities A, B, C, D, draw lines 
11. I., at right angles to EA, EB, EC, and ED, and 
produce them until they meet in G, H, K, F : the fig. H 
GHKF is a square about the circle. (7. IV.) 

Prob. 8. To inscribe a circle in a given square, ABCD. 

By 10 and 11 1., bisect each of the sides by the per- 
pendiculars EG, FG, HG, KG, intersecting in G ; and 
with GE as radius describe the circle EFHK in the 
square. (8. IV.) 

Prob. 9. To describe a circle about a given square, 
ABCD. 

Draw the diagonals AC, BD, and from their point 
of intersection G, with G A, describe a circle : the circle 
ABCD is about the given square. (9. IV. ) 

E^ROB. 10. To describe an isosceles triangle having each of the angles at 
the base double of the third angle. 

Take any line AB, and, by 11. IL, divide it so that 
the rectangle AB*BC shall equal the square on C A ; from 
A, with nKlius AB, describe the circle BDE, and in it, 
by 1. rV., place the line BD equal to AC ; and join DA : 
ABD is tile isosceles triangle required. (10. IV.) 

For the proof, join DC, and about the triangle ADC, 
3. m., describe the circle A CD. 

Prob. 11. In a given drde, ABCDE, to inscribe an equilateral and equi- 
angular pentagon. 

Draw two diameters, AF and GH, at ri^ht 
angles ; 10. 1. , bisect the radius H in L ; and with -n 
A £ as radius describe an arc cutting OG in K : the 
difltance AK is equal to one side m the pentagon ; p 
and if set round the circle wUl complete the figure. 
If the arcs are bisected, and the pomts of bisection 
joined, a decagon will be drawn. (P. 10, bk. XIIL ) C 
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Or^ 10. IV., describe an isosceles txian^e, 
FGH, having each of the angles at the base 
double of that at the vertex ; and, 2. IV., in 
the given circle inscribe a triangle AC D, equi- jg 
angular with FGH; 9. I., bisect the angles 
AUD, ADC, and let the bisecting lines be 
produced to meet the circumference in B and 
E : the points A, B, C, D, E, are the angular 
points of the required pentagon. (11. IV.) 







» 

L. 



\ 
\ 
\ 

\ 
\ 

.J 
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Prob. 12. AlxyuJt a given drde, ABCDE, to deteribe an equilateral and 
equiangvJar pentagon. 

By 11. rV. let A, B, C, D, E, be the angular points 
of a pentagon inscribed in the circle ABODE ; and j> 
from F, the centre of the circle, let lines be drawn to -^^ 
those points ; at A, B, C, D, and E draw lines, 11. L, at 
right angles to FA, FB, FC, FD; and FE: the fig. 
HGMLaI is the pentagon about the given circle. 
(12. IV.) 




Prob. 13. In a given eqyilaJteral and eqmangvlar pentagon, ABCDE, 
to inscribe a circle. 



By 9. I. bisect the angles BCD, CDE, &c., by 
lines CF, DF, meeting in F ; from F, 12. I., draw g, 
perpendiculars FH, FK, FL, to BC, CD, DE; 
and with any one, as FH, as radius, describe a cir- 
cle : this circle GHKLM will be inscribed in the H 
pentagon ABCDE. (13. IV. ) 




Prob. 14 To deserve a circle about a given equUateral and equiangular 
pentagon, ABCDE. 

A 

By 9. I. bisect the angles ABC and BC D by the 
lines BF and CF ; and from their intersection in F B 
draw FD, FE, FA ; with either of these as radius, 
describe a circle, as ABCDE : this circle will be 
about the given pentagon. (14. IV.) 




SECTION II. — ^BOOK IV. ^PROB. XVIII. 



203 





Pbob. 15. To insert a regular hexagon in a given circle, ABCDEF. 

Draw a^diameter of the circle, as AD, and bisect 
it in G ; firom A with a distance equal to the radios 
AG, draw arcs catting the circle in F and B ; and 
from D with the same radius, arcs cutting in E and 
C ; join the points A, B, C, D, E, and F, — and the 
hexagon is inscribed in the circle. (15. IV.) 

N.B. By joining the alternate points, A, C, E, -^ 
an eqnilatenral triangle ACE is inscribed; and by ^ 
bisecting each of the arcs of the hexagon, and joining 
the points, a dodecagon is formed and inscribed. 

Prob. 16. In a given circle, ABCD, to inscribe an equiangidar and 
equilateral quindecagon. 



By 2 and 11. IV. inscribe in the circle an equi- 
lateral triangle A CD, and a regular pentagon ; 
AB being a side of the pentagon, and AC a side B 
of the triangle; 30. III., bisect BC in E, and ^ 
BE or EC wiU be the fifteenth part of the cir- ^ 
cumference,— from which the qmndecagon may 
be constructed. (16. IV.) 



Prob. 17. To trisect a quadrant 



From A and B, with the radius of tiiie circle, describe 
arcs cutting the quadrant in D and E ; join EC, DC, and 
the quadrant is trisected. 



Pbob. 18. In a given circle, ABP, to inscribe any regular polygon ; or 
to divide the circumference of a circle into any assigned number of equal 
parts. 



By Use and App. 34. I., Divide the diameter 
AB into the same number of equal parts as the 
figure has sides, suppose 9 ; frx)m the centre C, 11. 
L, draw a perpendicular Ck; divide the radius 
Cy into four equal parts; and set off three of 
those parts from ytok; join h and z the second 
of the divisions from A, and produce kz to the 
circumferenee in P : the line AP will be the ^ 
side of the required polygon.— i9ee a Treatise on 
Mensuration, Irish National Schools, p. 19 ; D«- 
monstrations, p. 53. 
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Book VL 

Lemma. — 2. VI. If a rtraiffht line be drawn parallel to any side of a 
triangle, it divides the other eddes, or those sides produced, into proportional 
segments. 

Pbob. 1. To cut off from a given etraiglU linej AB, any part required. 

A 

At A place any line AC, making with AB the angle 
BAG ; in AC take any point D, and in succession, by 3. 1, 
cut off from AC as miny parts each equal to AD as there 
are to be parts in AB ; Jom BC ; and, by 31. L, throughD 
draw DE parallel to B C : whatever part AD is of AC, the 
same part is AE of AB. (9. VI. ) 



Pbob. 2. To divide a given straight Hne^ AB, similarly to a given di- 
vided linei AC. 

Set AB and AC so as to make an angle B AC, and join 
BC ; through D and E, the points of division on AC, by 
31. I., draw DF and EG parallel to BC ; in the points F 
and G, AB is similarly divided to AC. 

N.B. When one line is cut similarly to another, the 
several segments of the one are proportional to the several 
segments of the other. 

Pbob. 3. To find a Hard proportional to two given straight linesy AB 
and AC. 

Place the two lines so as to form an angle BAC ; pro- 
duce AC indefinitely, and AB so that BD, 3. I., is equal 
to A C ; and join BC ; through D, 31. L, draw DE pandlel 
to BC : CE is the third proportional; t. e., AB : AC :: 
AC : CE. (11 VI.) 

N.B. A repetition of the same construction will avail 
for continuing the progression. 

Pbob. 4. To find a fourth proportional to three given straight lines, E, 
F, and G. 



Draw any two lines from A so as to make the 
angle BAD ; by 3. 1., on AB make AC equal to 
E, CB equal to F, and AH equal to G ; and, 31. 
I., through B draw BD parallel to CH : HD is 
the fourt£ proportional (12. VI.) 
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Pbob. 5. To Jind a mean proportioncU between two given Mraight lineSy 
AB and AG. 

Set the given lines so as to form one straight line AC ; jx 

by 11. L, bisectACinE, and, with EA or EC as radius, ' " " '^ 

describe a semicircle ; at B, by 12. I., raise a perpendi- 
cular BD to D : DB is the mean proportional ; i. «., A B /,. 

: BD :: BD to BC. (la VI.) AT E B C 

Or, let AC=2r=13; AB = x=9; andBC=2r-^: 
then BD''=2/* = 2ra;— a;«. 

Prob. 6. On a given line, AB, to construct a rectilineal figure similar 
and similarly situated to a given rectilineal figure, GDEFG. 

To divide the_given figure into triangles, 
draw CE and CF; by 23. I., at B and A 
make the angles ABH, BAH, HAI, and 
lAK equal to the angles EDC, DCE, ECF 
and FCG ; at H make ancle AH I equal to 
angle CEF ; and at I, angle AT K equal to 
ancle CFG: the figure ABH IK is similar 
and similarly situated to the given figure 
CDEFG. (18. VI.) 

Prob. 7. (The most eirtensive problem in the Elements of Geometry.) 
To describe a rectiHmal fiijure similar to one given rectil. figure, ABC, and 
equal to another rectil. figure, D. 

By Cor. 45. L, on BC describe the par- 
allelogram BE equal the figure ABC ; and 
on CE a parallelofipram equal to D; and 
with the angle FCE equal to the angle 
CBL, by 13. VL, or 14 XL, find GH a 
mean proportional between BC and CF ; 
and on GH, describe by 18. VI., GHK 
similar to ABC : GHK is the figure re- 
quired (25. VL) 

Pbob. 8. To a given line, AB, to apply a parallelogram equal to a given 
rectilineal figure C, and deficient by a figure similar to a given parallelogram 
D. But the rectilineal figure must not he greater than the parallelogram 
applied to half the given line, whose defect is similar to the given parallelo- 
gram D. 

By 10. I., bisect AB in E; and tr f> O "P L M 

by 18. VL, on EB construct EBFG ^- 

sunilar to D ; and by 31. L, complete 
the parallelogram ACr, making it either 
equal to C, or greater than C. If A G 
is equal to C, l£e problem is solved, — 
for on AB has becm applied the paral- 
lelogram AG equivalent to C, and 
deficient by the parallelogram EF 
siiiular to D. 

But if the area of AG be greater than that of C, by 25. VL , make the 
parallelogram KM equal to the excess of parallelogram EF above C, and 
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siiiiilar to D. Make XG, 3. 1., eaual ^ 
to K L, and GO to LM ; and complete 
the parallelogram GOPX; XO and 
EF have tlie same diagonal ; draw that 
diagonal GP B, and produce XP to B, ^ 
and OP to S, and complete SR : then * 
the parallelogram TS equal to the 
given %ure C is applied to the given 
Sne AB deficient by the parallelogram 
SR, which is similar to the given par- 
allelogram D. (28. VL ) 

Pbob. 9. To a given straight line, AB, to apply a parallelogram equal 
to a given rectilineal figure Z, and exceeding by a parallelogram BX similar 
to another given parallelogram X. 

By 10. I., bisect AB in E; and by 
18. VI. on EB construct EBLP similar 
to X, and KGH, (eq[ualling parallelogram 

EL, and figure Z) smular to X. Produce ^ 

FL and FE, making, 3. L, FLM equal ^ E/ \] 

to KH, and FEN to KG ; complete the .' / .\ 

parallelogram MN : EL and MN ha^ 

the same diagonal FX ; draw that diaco- Q 

nal, and produce EB to 0, LB to P, MO 

and NP to X : then the parallelogram AX equal to thegiven figure Z, and 

exceeding by the parallelogram PO which is similar to A, has been applied 

to the straight line AB. (29. VL ) 

Prob. 10. To cut a given straight line, AB, in extreme and m^an ratio, 
i. e., «o that the whole line is to the greater segment as the greater segment to 
the less. 

. 
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On AB, by 46. L, describe the square 
BC ; and, by 29. VI., apply to AC the paral- 
lelogram CG equal to the square BC, and J 
exceeding by tne square AG similar to the 
square BC : the Une AB is cut in H in ex- 
treme and mean ratio. (30. VL) I 

Or, by 11. n., divide AB in H, so that -riU''' 

AB*HB equals the square on AH : then also -'^ ' 
AB is cut in extreme and mean ratio in the 
point H. 



H 






K 



P 



Prob. 1 1. To make a square approximaHng in area to the area qf a given 
circle on the diameter AB. 
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In Cor. 8. VI., it is proved that AB-AS = AC. 
Divide AB the diameter into fourteen equal parts, 
and of these set off eleven from A to S ; at S, by 11, 
L, raise the perpendicular SC terminated in the cir- 
cmnference ; jom AC, and the square on AG will 
closely approximate to the area of the circle of which 
AB is the diameter. — Mensuration, Irith National 
Schools, p. 20. 



IIIo — Principles op Constrtjction. 

§ 1. Fob Geometrical Instruments to Measure Straight Lines, 
i. e., Distances, — and Anoles. 

1. InatruTnents for measuring sL lines are constructed by following out 
the Applications given in pages 51 and 111, when treating of Propositions 3 
and 34, bk. I. 

Any st. line may be assumed as the unit : if it is the tenth of an inch, 
then, by the repetition of that tenth ten times, an instrument to measure an 
inch w^ be made ; if an inch be the unit, and that inch be repeated twelve 
times, we have the measure for a foot ; if a foot, and there be three repe- 
titions of it, we have a yard ; and if a yard be taken 1760 times, we have 
a mile. A very usual unit is the link, containing 7*92 inches, and 100 of 
these being taken, the Gunter's chain equal to 66 feet is formed. 

The instruments commonly employed for the measurement of Lines, are 
the Inch, Foot, &c. ; the Offset StiST and Ghain ; the Perambulator— a wheel 
of which the circumference is |^ of a chain, or 8*25 feet; and Screws of 
various sizes. The threads on the screw are at exactly equal distances, and 
a single turn of the screw measures one of those equal distances. Tlie spaces 
between the threads are generally small ; if there are 100 threads in tiie 
lineal inch, each turn of the screw represents y^ of an inch, and the hun- 
dredth part of a turn y^ of ^^ or YTTinr ^^ ^^ m<^ 

2. Instruments for measuring angles are only in part constructed on 
strictly Geometrical principles. At p. 75, Gor. 1 and 2, 15. I., we find that 
if a circle be round a point, all the possible angles from the centre to the 
drcnmferenoe taken together equal four right angles : the circumference 
being always divided into 360% each quadrant contains 90"* ; the quadrant 
may E)e trisected, — J- of the quadrant, or 60°, 'measures the sextant ; the 30** 
being bisected give two fifteens ; but the division of 15° into fftien equal 
parts can only be effected mechanically ; — see p. 64 where it is shown that 
if the method of successive bisections had been followed, the degrees of the 
circle would be in strict accordance with the principles establuahed in Plane 
Geometiy. 

The instruments generally employed for meastiring angles, are the Gross 
Staff for right angles,— the Theodolite for any angfe, — ^the Quadrai^ for 
an Aii^ ^0^ exceeding 90% — and the Sextant for an angle not exceeding 
60". vHie Goniometeb is used for measuring the an^es of crystals, &c. 
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and Halley's Rsflectino Quadrant for taking the angles between lumi- 
nous points, as the stare, &c. Spirit levels and a plummet enable us to find 
a perpendicular, or a line at right angles to the horizontal line ; and a Gra- 
duated or Greometrical Square usten^ on a staff and placed in the true ver- 
tical position, to measure angles of elevation. 

An angle may also be measured by any line of equal parts, Iqt simply 
measuring the same distance along the lines that form the angle, and from 
the extremities of the distances mas measured, measuring the subtend to 
the angle. The Magnetic Compass, fixed on a circle called a Circumferenter, 
is often used for surveying mines or large tracts of land where much accuracy 
is not required. 

The knowledge and use of such instruments are only to be attained by a 
practical acquaintance with them. 

3. 7%ere is a great difference between Lineal Mojgnitude and Angidar 
Magnitude. The imit in Lineal Magnitude is a fixed quantity, — ^three feet 
is alwavs the same amount of space : but the unit in Angular Magnitude is 
a variable quantity, changing with the circumference of the circle. What- 
ever may be the size of the circle, its circumference is divided into 360 de- 
grees ; so that a de^e may at one time represent the tenth of an inch, — ^at 
another time comprise ten million miles. This is familiar in the degrees of 
longitude : at the equator the degree of longitude measures 60 geographical 
miles ; at Cairo, lat. 30*" 6^, about 51 mUes ; at Petersburgh, lat. 60"*, about 
30 miles ; and at the Magnetic Pole, lat 70** 6', only 20 miles :— thus gra- 
dually diminishing, until at the Pole itself the circle having dwindled to a 
point, aU magnitude has ceased. 

§ 2. For Geometrical Figures to exhibit the representative values of 
actual magnitude and space. 

When Lines have been measured and the angles taken which are formed 
by the lines drawn from any point or station to two or more objects in the 
field of view, we may enter the measurements and the angular magnitudes in 
a book : but besides this, we need some method of representing me relative 
positions and distances of object Geometrical Drawing,— as in the Plans 
of the Architect and of the Engineer, or in the Maps of an Estate, a Parish, 
or a Kingdom,— is the means oy which sych a representation is effected. 
For the actual truth of a Demonstration m Geometry, it is of very little 
consequence whether we employ any figure at all, or whether the fi^pire we 
do construct is perfectly accurate ; but for the representation of distances 
and of forms it is of great importance that we should draw well all the lines 
and angles, in their due proportion, and in their proper position ; — ^indeed, 
without this a map is a deception, and a plan given to a workman for his 
guidance, would only mislead and perplex him. 

To ensure the accuracy so essential for all maps, plans, and working 
drawings. Scales of equal parts, and especially the Diagonal Scade, are con- 
structed and emplo3rea : see pp. 51, 117. The principle acted on is a very 
simple one, — ^that in the same Map or Plan, whatever scale is made use of 
for any one line or distance, shall be adopted for all the lines and distances 
in that particular Map or Plan. Let the scale fixed on be an inch to repre- 
sent a mile ; then every inch of space on tiiie plan or map, to which the scale 
is attached, will represent the value or distance of a mile : and again in a 
working drawing given to a mechanic for his guidance, let the scale Agreed 
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tm. he half-an-inch to represent a foot, tHen eveiy half-inch in the drawing 
will denote a foot in the thing to be constructed. 

The Lines in a Map or Plan are representative only of the values of the 
real distances of objects ; — but the Aiigles in a Map or Plan, if correctly 
drawn, are identical with the angles of the objects themselves ; and the 
reason is, that the size of an angle does not depend on the length of the 
lines which form it, but on the narrowness or width of the opening between 
them. The instruments for transferring to a drawing the angles measured 
between any two objects and the angular point or station of oMervation, are 
principally the Circle or Protractor, and the Line of Chords ; pp. 40 and 89. 

The Methods far drawing nearly all Oeametrical Figures, are contained 
in the several Problems, pp. 188 — ^207, which constitute the first and 
second of the leading divisions of the Practical Results ; but in tiie Appli- 
cation of them we must remember that lines and angles of a definite nume- 
rical value are given when we are required to construct Figures that shall 
show the positions, forms, and distances of objects. We subjoin therefore 
a few examples of the way in which such figures are to be drawn. 



Prob. 1. Given ike two angles of a triangtdar field, equal respectively to 
50*^ and 45**, and the interjacent side equal to 645 links; required by Con- 
struction the exact figure of the triangle, the amount qf the other angle, and 
the value in links of the other two sides. 

Take from the diagonal scale 645 equal parts, q 

representative of 645 links, and of that length /^v 

draw a line AB ; at one extremity. A, make an /' \ 

angle of 50° ; at the other extremity, B, an angle / \ 

of 45° ; produce the lines from A and B until / \ 

they meet in C ; ABC is the exact fig. required. yy n\ 

If the angle at C be measured, it wiB be found ^ ' o 

to equal 85*^ ; and from the same scale of equal 

parts, AC wiU be found to equal 458 links nearly, and BO 496 links nearly. 



Pkob. 2. 5^ distance AB firom the foot of a precipice is 288 feet; at 
A, the angle made by a string CA, reaching to the top, with AB, is 53° 8'/ 
required by construction the height of the precipice and the length of the 
string. 



Draw a line AB containing 288 equal parts ; at B 
erect a perpendicular, and at A draw an angle of 
53** 8> ; produce the lines AC, BO to meet in :— AO, 
representing the length of the staring, will measure 480 
feet ; and BO, the height of the precipice, 384 feet 
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Prob. a The breadth, AD, or EC, of the ehaft of a vfell, of wAtdi the 
tides are parallel, U 10 feet; the angle of depreuiony CAB, 16" : requind 
by construction, AC, the dejkh of ihe well. 



Take AD equal to 10 equal parte ; and at 
A and D draw perpeadkmlarB to AD ; make 
the angle CAB 15° ; and the point B» where 
AB and DB intersect, will be at the bottom 
of the shaft ; through B draw BC jparalld to 
DA; andCAequ&DB; apflyOAorDB 
to the same scale as AD» and the depUi will 
be found 37 '3 feet 





Pbob. 4. Two ships of toair intending to cannonade a fort ai C, s^aralte 
from each other 500 yards; the angles between each ship and ihefort and ihe 
other ship are. A, 38** 16', and B, 37° 9 : 300 yards being a convenient dis- 
tance for a cannonade, have the two ships taken up their stations at a proper 
distance? 

The line AB being drawn equal to 500, angle 
A to 38° 16', and an^e B to 37° 9', and the tri- 
angle ACB complete ;— it will be found, from 
tiie same scale, that AC measures 312, and BC 
320 yards : the shi^s therefore are nearly at the A 
exact distance required. 

Pbob. 5. In surveying afield, the angles whuih the sides of the field made 
with the magnetic meridian^ were observed aifive stations, and the lengths of 
Ae sides vneasured : required to construct the figure of the field. 



Station 1. North 17** West 262 linkai 
« 2. Nojth 62° East 324 „ 
„ 3. South 5rEast 221 „ 
„ 4. South 28° West 296 „ 
„ . 5. West 242 „ 



At Station 1 make an angle 17° west of Northi and set oS* 262 equal 
parts ; at Sta. 2, an ang^e 62° east of North, and set off 324 ; ai Ste. 3» »n 
angle 51° east of South, and set off 221 ; at Sta. ^ an an^le 28.** west of 
South, and set off 296 ; and at Sta. 5, i^ line due West, with a set off of 
242 ; the figure will be completed : if now the diagonals and perpendicnlara 
were drawn, the area of the field might be computed. 
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Pbob. 6^ For more extensiye stunreys 
two stations A and B are taken, the / 
line AB is measured, and from a scale 
set on the Plan ; aU the angles, which ^. 



18 



8 




are formed by lines from the stations A 
and B to the objects at 1, 2, 3, 4, 5, 6, 
7, and 8, are also meaaored and drawn ; 
and the angular points being joined, an 
outline of uie figure is obtuned in the 
relative size or magnitude of its parts ; 

and by taking any of the distances in the plan, and applying them to the 
same scale as that from which AB was set out, their equivalent, or repre- 
sentative values will also be obtained. Thus by drawing the diagonals, and 
dropping perpendiculars from the angular points which the diagonals sub- 
tend, the area of the figure may be computed from the scale. It must, how- 
ever, be observed, that this method of computation is very liable to error, 
for it is difficult to construct an intricate figure so as to make it perfect in aU 
its parts. Calculations from data obtained by actual measurements, are the 
only reliable methods of ascertaining with accuracy the areas of figures. 

The foregoing examples will be suffici^it to show how by the construc- 
tion of fiffures we may exhibit the representative values of actual magni- 
tudes and spaces. Otner instances are given at pp. 51, 52, 54, 62, 83, 87, 
90, 95, 96, 104, 107, 108, 117, 129, &c. 



IV. — Principles wijich without requiring that we should 

MfiASUKE ALL THE BOUNDARIES OF A SURFACE, YET ENABLE US 
ACCURATELY TO CALCULATE DISTANCES, MAGNITUDES, AND ArEAS. 

§ L Lines, or Distances. 

1. The sides of an equilateral triangle, by Def. 24. I., of a square, by 
Def. 30. I., and of a. rhombus, by Def. 32. I., are all equal; the measure- 
ment of one side in each, therefore, is sufficient for ascertaining the other 
sides. 

2. In an isosceles triangle, by Def. 25. 1. , two sides are equal ; therefore 
the measurement of one of those sides will give the other. 

3. In parallelograms, by 34. 1. , the opposite sides are equal ; it is neces- 
sary, therefore, only to measure any two conterminous sides. 

4. Of the three sides, H hypotenuse, B base, and P perpendicular, any 
t wo being measu red, the third may be calcula ted; for, by 47. I., H = 

VB« +P« ; B= VH*— P' ; and P= VH*— B^ 

5. In a similar way, in a rectangle, of the two conterminous sides, AB, 
BC, and the diagonal, AC, any two b eing given, the third is fo und, by 47 . 

L; forAC=VAB«+BO«; AB=VAC*-BC«; and BC= VAC«-AB«. 

6. If C, the circumference of a circle, or D, the diameter, be measured, 

Q 

the other may be found ; fbr, by 41. L, Use ^ C=D x 3*1416, &D= - -.-. 

o • i4to 

7. When, of the three parts of a r^ular polygon, the side AB, the per- 
pendicular on the tide P, and the radius R, or distance frt>m the centre to 
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the angular pointB, any two are measured, the other is foond ; for, 41 and 

AB . 

47. I.,=^=VR«— P«; P=VR«— (AB\a; aadR=VP+V^)' 

8. In any right-lined figure, if diagonals are drawn dividing it into 
triangles, and firom the angular points perpendicnlars are drawn to the dia- 
gonal, — on measuring the perpendiculars and the segments of each diagonal, 
Sien, by 47. L, the sides may oe calculated. 

9. In the case of incLCcessiUe diatances, the amount or calcoUtion is 
obtained in various ways : as in 1. L, Use 4; 3. L, Use 3; 4. L, Use 2; 
6. I., Use ; 15. L, Use 1 ; 20. L, Use 2 ; 26. I., Use 1, 2, 3 ; 29. L, Use-, 
31. L, Use2; 33. I. ; 34. I.,Use4; 46. I., Use; 47. L, Use 4, 6; 6. IL 
Use. 

§ 2. Angles, 

1. In equilateral triangles, rectangles, squares, and regular polygons* 
the measurement of one angle is equiviQent to the measurement of all ; for, 
by Cor. 5. I., Def. 31, Def. 30, such figures have all their angles equal 

2. If we measure any two angles in a triangle, the third angle, by 32. L 
will equal the supplement of 180°, or 180° — ^the sum of the two angles. 

3. In a right-angled triangle, with one acute angle known, the other 
acute angle is equal to the complement of 90°, or 90° — ^the given acute 
angle. 

4. When two st lines intersect, by 15. L, the measure of any one angle 
gives the opposite vertical angle. 

5. By measuring any two adjacent angles of a parallelogram, 34. L, we 
obtain the other two angles. 

6. When a st. line cuts two parallel lines, the exterior angle equals the 
interior opposite angle, and the alternate angles are equal, 29. 1 ; by mea- 
suring one an^le, therefore, we know the other. 

7. At the Dase of an isosceles triangle the angles are equal, 5. L ; one 
being measured, the other is known. 




can calculate the vertical angle. 

9. The parallax of a heavenly body is ascertained, 32. L, Use 1, by sub- 
tracting the zenith distance at the earth's centre from the zenith distance at 
the earth's sur&ce. 

10. When, by 4. I. ; 8. L ; or 26. L ; two or more triangles are proved 
to have equal angles, the measurement or calculation of the angles of any 
one triangle is equivalent to the measurement or calculation of tiie luigles of 
the others. 

§ 3. Magnitudes or Areas, 

1. In squares^ the measurement of one side is sufficient, — ^fbr the alti- 
tude and base are equal ; and the Area = the square of the side : 40. L 3. 

2. In all paraZlelograTnSy measure the base and altitude ; for, by 35. !« 
Use, and 41. I. Use, the Area ^ the base x the altitude. 

3. In all triangles, also measure the base and altitude, and take half the 
base ; for, by 37. L, and 41. I., Use 1, the Area = ( the base x the altitude. 
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4. All righi-lined figures may be divided into triangles ; — ^then the Area 
of the figure = the sum of the areas of the triangles : 41. L, Use 2. 

5. Lmes from the centre of a regular polygon divide it into equal tri- 
angles ; its Area therefore = the Area of one triandle x the number of sides ; 
or, = the perpendicular x i the ^rimeter : 41. 1. , use 3. 

6. Hie Area of a trapezium is foimd, 40. I., Use 2, by taking half the 
sum of the parallel sides and the altitude, and multiplying the two quanti- 
ties together. 

7. In circles^ measure the diameter D, and ascertain the circumference 
C ; or measure the circiunference, and ascertain the diameter ; then, by 41. 

I., Use 4, the Area = -^ T^' ^^ = 4x3.1416 * °'=^~» or = the 

radius x the semi-circumference. 



By the use of other Geometrical Truths, the Student might 
have a much more extended view of the Principles which assist 
Mathematical Calculations ; — ^but many of those truths lie out 
of the limits of an Elementary Work ; and enough has been 
advanced to show the wide Application and Utility of the First 
and Second Books of Euclid's Plane Geometry. 

Indeed if any defence were required for confining the Exami- 
nations of Pupil Teachers, and of Scholars generally, in Elemen- 
tary Schools, to the two books referred to, it is furnished by the 
very valuable Practical Eesults which have just been exhibited. 
Whoever has mastered and retains his familiarity with the Geo- 
metrical Principles now set before him, will possess sufficient 
knowledge of the subject for all the usual purposes of life, — and, 
what is more, will possess the means, whenever he chooses to 
employ them, of advancing with comparative facility to the higher 
and more abstruse mathematical learning. The right foundation 
has been laid ; and the calls of professional duties and employ- 
ments may be left to determine, whether the Student should 
remain satisfied with the mark attained, or go beyond it and 
labour in a wider fiejd. K he is called, or prompt-ed, to try the- 
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more difficult padis, he wiU never regret that his attention in 
youth was chiefly confined to the Introductory Books of Plane 
Geometry. It is the accuracy and the thoroughness of the early 
training, — and not the wide extent of the subjects, traversed 
indeed, but not known, — ^which increase the power of the mind ; 
and the true aim of the Teacher is to strengthen power by a 
smaller quantity well done, than to waste it on a multitude of 
projects, to none of which it is able to do justice; The steam, 
that sounds a thousand jerking whistles, does not perform half 
so much usefal work as that which keeps in steady motion a 
single loom. 



APPENDIX. 



I. — Qeohbtbical Analysis. 

The Principles of Fl&ne Geometry, as taught in Euclid's 
Elements, are esbiblished, by proceeding in a regular series from 
Definitions, Postulates, and Axioms already known, to the con- 
Beqnences which flow from, and which are dependent npon, the 
DefinitionB, FoBtnlates, and Axioms. This Method is entirely 
one of building up, or of putting together, and is therefore named 
S^lhesis: "it commences with what is given, and ends with 
what is sought," — the materials being furnished, out of them it 
&ahionB a gannent ; it takes elementary eubstances, and forms a 
compound. 

Analysis pursues an opposite course : it takes the compound, 
and resolves it into ite constituent parts ; the garment entire and 
completed is given for examination, and the aim is to discover 
of what it is made : Analysis begins with the thinc^ sought, as 
a thing perfected and accomplished, and ends with whatever may 
have been supplied for the construction. 

No aids except those derived from Geometry were admitted 
by the Ancients in conducting an Analysis ; and therefore the 
term Geometrical Analysis is employed. 

In analyzing a Problem, (he solution is assumed to hav<- bien 
effected ; and in analyzing a Theorem, the truth of the aBPertioii 
contained in it is first of all admitted. When a Prolleni is 
analyzed, the object is — to discover something which, if liuiie, 
would of necessity lead to the solution of the problem ; and when 
a Theorem is an^yzed, the object is — to determine whether the 
assertion is true or Mse. 
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An example will more clearly show the difference between 
the analytical and the synthetical Methods : for this purpose we 
take the Problem — 

In a given gt. line, DE, to find a point, C, which shall be at the same dis- 
tance from two other given points, A and B. 

By Analysis. — ^We assume what was requi- j^ -p 

red, namely^ tJiat C, in DE, is the point equally \ 7- 

distant from the given points A and B. ^» / ^" 

The line C A = the line CB ; and AB being 
joined, the fi^re ACB is an isosc. A. If now the 
line AB is bisected in F, we have, in the two \iy' 

triangles, CA = CB, AF = BF, and FCconmion; D fi E 

:.,hy 8. L, A AFC= A BFC, and Z AFC = 

z BFC. But when two points, as A and B, are given, the line joining them 
AB, is given ; and the line being ^ven, its middle point F, is also given ; 
at F, that middle point, a perpendicular, FC, is given ; and consequently, 
if produced, its point of intersection, C, with the given line DE. But C 
was the required point, and the production of the perpendicular from F 
determines it. 

By Synthesis. — Join the points A and B, and bisect AB in the point F ; 
at F raise a perpendicular, and produce it to intersect DE in the point C ; — 
that point C is equi-distant from A and B. 

V AF = FB, FC common, and z AFC= z BFC. 

.'. the side C A = the side CB : which was required. 

In the Analysis, we have taken the Problem to pieces ; in the 
Synthesis, we have put the parts together, and completed the 
purpose at which we aimed. It is by following similar Methods 
that other Geometrical Propositions may be analyzed and esta- 
blished. Analysis, however, is more suited for Problems; — 
Synthesis for Theorems. 

The Kules for conducting an Analysis are few ; — ^for the mode 
of procedure depends in a great measure on the knowledge and 
skill of the Student ; and the greater these are, the greater faci- 
lity and clearness will he manifest in making an analysis. It is 
a process which calls forth aU the resources of his mind, — and 
therefore a very improving exercise for the young Geometrician. 

The suggestions which are contained in Eitchie's Geometry j 
p. 50, may be of service to the Learner, and therefore are recom- 
mended to his attention. 

* ' 1st. As in every other study, endeavour to ascertain what it is you have 
to do ; examine into the nature and meaning of the Proposition, and foim. 
a clear, well-defined idea of the quantities concerned in tne investigation. 

2nd. Construct every figure with exactness, that the eye may aid the 
judgment 
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3rd. It will often be neoeasaiy to join certain points so as to form equal 
tnangleB, isosceles or equilateral triangles, and other richt-lined figures ; 

4tlL Often, also, to lengthen lines, to draw perpendiculars from certain 
points in a line, or to let £ul perpendiculars from certain points on straight 
lines. 

5th. Often, straight lines or angles must be bisected, one angle joined to 
another, so as to get the sum of two angles ; or a line drawn within an 
angle, so as to get the difference of two angles. 

6th. Also, it will often be necessary to draw lines i>arallel to certain lines 
through remarkable points, which may be either given or required. 

7uL In short, the Learner must form such a combination of lines, angles, 
and circles, as will, in his judgment, lead to the discovery of the object 
required. If^ after trial, he fin£ he cannot reach the required point, and 
take the citadel by the path he has sketched out, he must commence the 
attack anew by following a different road, and by adopting a different sys- 
tem of tactics," 

" Remark. — 1. A point is said to be given, when its position is either 
given, or may be determined. 

2. A line is given in position when its direction is given ; in magnitude, 
when its length is given. 

3. A line is given in position and magnitude when both its direction and 
magnitude are ^ven. 

4. The Position of a point can be found only— ^r«^, by a st. line cutting 
another st. line ; second, by a st. line cutting the circumference of a circle ; 
or, third, by the intersection of the arcs of two circles. 

5. The position of a line is found, when any two points in it are found ; 
and its Magnitude, when the extreme points are found." 

A few Examples, selected from various sources, and restricted 
to the First and Second Books of the Elements, will show the 
Learner how an Analysis, or a Synthesi^ may be conducted. 

Ex. 1. — Prob. — Oiven an angle. A; a side, BC, opposite to it; and the 
sum, BD, q/" the other two sides of a triangle :—to construct the triangle. 

Analysis. — The figure BAG is the required A, 
z A the given angle, BC the side opposite to z A, 
and BD the sum of the other two sides. 

Join DC : the sides of the triangle BA and A C 

= the sum BD. 
Take away the common part BA, and the rem. 

AC=tiierem.AD; /. z ACD= z ADC. 
But the ext. z BAC = z ACD + z ADC, or 

z BAC=2 z BDC ; thus z BDC=i z BAC. 

Hence the method of construction. 

Synthbsis. — At D, one extremity of BD, make an angle = ^ z BAC ; 
and from B, the other extremity, draw BO, the given side, to meet DC in 
O ; at C, make z ACD = z ADC, so that CA may meet BD in A : the 
triangle BAC will have its sides BA + AC = BD the sum; its z = the 
given z , and its side = the given side. 
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Ex. 2.— Peob.— (Wwfi BO the base, iB otiKe ba»e, andBDthewm of 
the other two aides of a triangle :—to construct the triangle itmf. 

Analysis.— The triancle ABC is the triancle 
required ; for z B equals the given angle, BC is the 
base, and BD = B A + AC, the sum of the sides. 

On joining DC, ACD becomes an isosceles A, 
and z ACD= zADC. 

Symthisis. — ^Make BC = the baae, z B=the 
given I at the base, and BD = the sum of the sides. 
Join CD, and at C make z DC A = z ADC ; let 
CA meet BD in A ; then the figureCAB is the tri- 
angle required. 

Ex. 3.— Prob. — IVom two given points, A and B, on the same side of a 
St. line given in position, CD, to draw two st. lines which shaU meet in that 
line CD, and make equal angles with it. 

Analysis.— The point sought is G; and 
zBGD= z AGC. 

Produce BG until GE=GA, and join AE. 

The z EGC = z BGD= z AGC ; 
•. z EGF = z AGF, and AG = GE, and 
FG is common, /. z AFG = z EFG; 
and they are rt. z s, and AF=FE. 
But since A and CD are given, the per- 
pendicular AF is given ; and the point E is known, and G is determined by 
the intersection of C D and EB. 

Synthesis. — From A draw a perpendicular to CD, and produce it, till 
FE = AF ; join E, B, cutting CD in G ; and draw AG : the lines AG and 
BG are the lines required. 




For AF = FE, FG is common, and z AFG=^ EFG|^ 
z AGF= zEGF= z BGD; and 



z AGC=zBGD. 



Ex. 4. — Prob. — To divide a given st line, AB, into two such parts that 
the rectangle contained by them may be three-fourths of the greatest which the 
case will admit of. 

Analysis. —Let AB be the given line, and 
bisected in D ; then D AD.DB, or the square 
on DB, is the greatest possible rectangle. 

Assume C, in AB, as the point required, so / 
thatAC.CB = |of DB«. j 

On AB describe a semicircle, and draw CE i 

perpendicular from AB ; A _ 

then the square on CE = D AC.CB. 
Again, bisect DB in F ; on FB describe the rt. z d. A in which. FO = 

DB; 
then BG is the line the square of which = f of D B*. 
Hence, GB = EC ; join G and E ; .'. the points E and C are found. 
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Synthesis. — Let A B be biBected in D, and DB in F ; and on FB let 
the rt. z d. A FBG be made, having its hypotennse FG = DB. 

On AB describe a semicircle ; tm*ough G draw GE (I AB, and through 

E,EC||GB; 
then C is the point required, the O AO«OB being eqnal to f of the sq. 

on DB, wnioh is half the line AK 

Some Problems admit of only one definite solution, and they 
are called determinate ; and some admit of two or more definite 
solutions, and these are caUed indeterminate. 

A Problem is determinate^ when it relates to the determination 
of a single pointy and the data are sufficient to determine the 
position of tiiat point : it is indeterminate, if, on omitting one or 
more of the conditions, the data which remain may be sufficient 
for the determination of m^re than one pointy each of which satis- 
fies the conditions of the problem. In general, such points are 
found to be situated in some line ; and hence such line is called 
the locus of the point which satisfies the conditions of the 
problem. 

Some Problems also are possible within certain limits ; and 
certain magnitudes increase, while others decrease, within those 
limits; and after having reached a certain value, the former 
begin to decrease, while the latter increase. This circumstance 
gives rise to questions of maxima and minima, or the greatest 
and least values which certain magnitudes may admit of in in- 
determinate problems. — Potts' Euclid, p. 289-292. 

It may be remarked that Synthesis is well adapted for com- 
municating a knowledge of the first principle* of Geometry, or 
of any Science ; but that Analysis is the great instrument or 
means of discovery, — ^it enables the Student to find out the solu- 
tion of a problem for himself and makes him more and more self- 
reliant in his search for Gfeometrical truth; — a most valuable 
power of mind, worth many a struggle to attain. 



II. — Geometrical Exercises. 

The Skeleton Propositions, which form a continuation or 
completion of the Plan pursued in the Gradations of Euclid, 
fiimish a most useful and improving series of Exercises ; and, 
on the ascertained fiEiCt in the Art of Teaching, that Repetition is 
a most important auxiliary^ they are recommended to the notice 
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and adoption of the Teachers of Mathematics. At any rate, 
where employed, they will accustom the student to be systematic 
and exact, and not to advance a step without a reason ; and pro- 
gress in this way, though it may chance to be less rapid, will be 
on a soUd basis, and bring into play some of the most valuable 
qualities of the mind. 

Potts, Colenso, Cooley, Chambers, and others, have each 
published Collections of Geometrical Exercises ; but as Teachers 
may wish not to go beyond tiie limits of the present work, two 
Series of Exercises are now appended ; the First Series consist- 
ing of Problems and Theorems which are inserted in the Grada- 
tions, and of which the General Enunciations may be given out 
to Learners for analysis, solution, or proof; and the Second Series 
containing Propositions which are not fully proved or not inserted 
in the Gradations. 

Series L 

Problems in Book I. 

1. By means of an equilateral triangle to measure an inaccessible distance. 

2. To construct a scale of equal parts. 

3. To ascertain an inaccessiDle distance when two sides and their included 

angle have been measured. 

4. To show, by observations on the shadows which objects cast, the per- 

pendicular heights of the objects. 

5. To determine without a theodolite the angle at a given point made by a 

line from two objects meeting in that point. 

6. To construct the Mariner's Compass-Osu^ 

7. From a given point at the end of a st. line to raise a perpendicular. 

8. On a given line to describe an isosceles triangle of whicn the perpendi- 

cular height is equal to the base. 

9. From a given point over the end of a st. line to let fall a perpendicular 

to the line. 

10. Given an angle of 73*, required its complement ; an angle of 96", requi- 

red its supplement. 

11. By the application of the principle that vertical angles are equal, to find 

the distance between two objects. 

12. From a given point, A, to direct a ray of light against a mirror, so that 

the ray shall be reflected to another given point. 

13. To determine the number and kind of polygons which may be joined so 

as to cover a given space. 

14. To construct a triangle when the base, the less angle at the base, and 

the difference of me sides, are given. 

15. By means of a mirror placed horizontally, to construct a triangle, the 

perpendicular of wmch shall be representative of the height of any 
object. 
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16. Given three lines respectively equal to 40, 50, and 30 equal parts, to 

form a triangle. 

17. On a given line to describe an isosceles triangle having each of the equal 

sides double of the base. 
IB. On a given line and with a given side to construct an isosceles triangle. 

19. To construct a Line or Scale of Chords. 

20. By aid of a Line of Chords,— 1^ to make an angle containing a certain 

number of degrees, as 40** ; 2°- to measure a given angle ; S**- fix>m 
the extremity of a line to raise a perpendicular ; and 4*>- to construct 
a triangle of which the base contuns 40 e^ual parts, one of the angles 
at the base 40"*, and its other adjacent side 35 equal parts ; and to 
measure the other side and the other angles. 

21. To measure an inaccessible distance, AB, only A being approachable. 

22. By the theory of Representative Values to find the distance between 

two stations. 

23. To measure an inaccessible distance, AB, neither A nor B being 

approachable. 

24. Given the vertical angle and the perpendicular height of an isosceles 

triangle, to construct it. 

25. On the principle that two rays of light proceeding from the centre of the 

sun to two points on the earth are physically parallel, to ascertain the 
earth's circumference. 

26. By the method of parallel lines to ascertain the distance of an inaccessi- 

ble object. 

27. To determine the Parallax of a heavenly body. 

28. To construct a figure which wiU give the representative value of the 

perpendicular height of a mountain. 

29. To construct a regular Polygon, — 1°* when the side is given ; 2*^ when 

the side is not given. 

30. To ascertain both the perpendicular height of a mountain, and the hori- 

zontal distance frtim the foot of the mountain to the foot of the per- 
pendicular. 

31. To divide a finite st. line into any given number of equal parts. 

32. To construct a Sliding Scale to measure the hundredth part of an inch. 

33. To construct a Sliding Scale for measuring the minutes into which a 

degree on a circle is divided. 
34 To ascertain the continuation of a st. line when an obstacle intervenes. 

35. Prom a siven point in the side of a parallelogram to bisect title 

paralldogranL 

36. To convert a parallelo^am into an equivalent rectangle. 

37. By the methcKl of Indivisibles to explain the equiJity of parallelograms 

on the same base and between the same parallels. 

38. To construct a Diagonal Scale. 

39. To divide a triangmar space into two equal parts. 

40. From any point in the side of a triangle to divide the triangle into two 

equal parts. 

41. To mid the Area of a trapezium. 

42. To find the Area of a square. 

43. To find the Area of a triangla 

44. To find the Area of any ri^t-lined figore. 

45. To find the Area of a reguLur polygon. 
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46. To find ihe Area of a circle. 

47. Of the Diameter, Circumference, Area, and Ratio of the diameter and 

circumference, any two being given, to ascertain the others. 

48. To describe a triangle equal to a given parallelogram, and having an 

angle equal to a given angla 

49. A parallelogram heina given, to find another parallelogiam equal to it, 

and havmg one si& equal to a given line. 

50. Given the area of one figure, and the side of another which is to be a 

parallelogram equal to the given figure, to find the other side of that 
parallelogram. 

51. To change any right-lined figure, first into a triangle, and then into a 

rectangle of equal area. 

52. To straifihten a crooked boundary without changing the relative size of 

two ^Ids. 

53. Given the diagonal to construct a square. 

54 To ascertain the height of an inaccessible object by aid of the Greome- 

trical Square. 
55. Given in numbers the sides of a right-angled trian^e, to find the 

hypotenuse. 
50. Given in numbeis the hypotenuse and one side, to find the other side. 

57. To find a sc^uare equal to any number of squares ; or a square that is 

the multiple of a given square ; or a square that equals tke difference 
of two squares ; or a square that is tb^nalf, the fourth, &c., of agiven 
square. 

58. To make a rectilineal figure similar to a given rectilineal figure. 

59. To make a circle the double, or the half, of another circle. 

60. To construct the Chords, Natural Sines,. Tangents, and Secants, of 

Trigonometrical Tables. 

61. To film right triangular numbers. 

62. To compute Heights and Distances firam the curvature of the earth. 



Theorems in Book I. 

1. By the bisection of the vertical an^ of an isosceles trian^e to show 

that the ancles at the base are equal ; and abo that the bisecting line 
bisects the base at right angles. 

2. Onl^ one perpendicular can be drawn from a given point to a given si. 

line. 

3. The perpendicular is the shozteet line from a g^ven. point to a given st. 

line. 

4. From the same point only twa eegaal lines can be drawn to » giv^en st. 

line. 

5. All heavy bodies free to move continually descend, or seek the point 

which is nearest to the earth's centre. 

6. Of all lines that can be drawn from one point to a plane sni£ace, and 

reflected to a third point, those are the shortest which make the an^ 
of incidence equal to the^«i^{le of refleetion. 

7. The chord of eo"" is equal to the radius of the circle. 
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8. A line which is perpendicular to one parallel, is also perpendicular to the 

other. 

9. If a line falling on two other lines make the interior angles on the same 

side less than two rt angles, those two lines on being produced shall 
intersect. 

10. A parallel to the base of a triangle through the point of bisection of one 

side, will bisect the other side. 

11. The lines which join the middle points of the three sides of a triangle, 

divide it into four triangles which are equal in every respect. 

12. The line joining the points of bisection of each pair of sides of a triangle, 

is equal to half the third side. 

13. A trapezium is equal in area to a parallelogram of the same altitude, and 

of which the base is half the sum of the parallel sides. 

14. The squares on equal lines are equal ; and if the squares are equal, the 

lines are equal. 

15. Eveiy parallelogram having one rt angle, has aU its angles rt angles. 
].6. If a perpendiciuar be drawn from the vertex of a triangle to the base, 

the difference of the squares of the sides is equal to the difference 
between the squares of the segments. 
17. If a perpendicular be drawn from the vertex of a triangle to the base, 
or to the base produced, the sums of the squares of uie sides and of 
the alternate angles are equal 



Problems in Book II. 

1. From Propositions \y 2, and 3, deduce various methods for the Multipli- 

cation of Numbers, and demonstrate the rule. 

2. From Prop. 4, point out a practical way of extracting the Square root of 

a number, and prove the correctness of the formuEu 

3. To find the difference between the squares of two unequal numbers 

without squaring them. 

4. To find Quantities m Arithmetical PtY)gre8sion. 

5. To find l^e value of an Adfected Quadratic Equation in Algebra. 

6. By aid of Prop. 6, ta ascertain the diameter of the earth. 

7. Given the sum and the difference of two magnitudes, to find the magni- 

tudes themselves. 

8. From the Area of a rectangle and one side given, to obtain the other 

side. 

9. To divide a given Line a, so that its parts x and a — x may make a 

(a — x) = a;'. Let the sohition be given both algebraically and arith- 
metically. 

10. To ascertain the Area of a triansle when the three sides are known. 

11. Ftt)m the three sides of a trian^e given, to obtain the perj»endicular ; — 

V*' when the perp. falb withm t£e base ; and 2*^ when it falls with- 
out the base. 

12. To find a mean proportional to two given lines. 

13. To approximate to the square of any cnrve-Bned figure. 
14 To calculate the Area of any right-lined figure. 
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Theorems in Book II. 

1. The difference of the squares of two quantities, equals the rectangle of 

their sum and difference. 

2. The difference of the squares of two quantities is greater than the 

square of their differenee, by twice the rectangle of the less and their 
dmerence. 

3. The square of the sum of two lines is equal to four times the rectangle 

unoer them, together with the square of their difference. 
4 Four times the square of half the simi is equal to four times the rect- 
angle imder the lines, together with four times the square of half the 
difference. 

5. The sum of the squares of any two lines is equal to twice the square 

of half &eir sum, together with twice tne square^ of half their 
difference. 

6. The sum of the squares is equal to half the square of the sum, together 

with half the square of the difference. 



Sebies IL 
proposinonb not fully proved, ob not inserted in the oradattons. 

Problems, — Booh I. 

1. To find a point which is equidistant from the three vertical points of a 

triangle. 

2. To bisect a triangle by a line drawn from a given point in one of its 

sides. 

3. Describe a circle which shall pass through two given points, and have 

its centre in a given line. 

4. Through a given point to draw a line that shall be equally inclined to 

two given lines. 

5. Given a triangle ABC, and a point I) in AB ; to construct another trl> 

angle AD £ equal to the former, and having the coinmon angle A. 

6. To change a triangle into another equal trian^e of a given altitude. 

7. To draw a line which, if produced, would bisect the angle between two 

given lines, without producing them to meet. 

8. To trisect a right angle. 

9. To trisect a given st. line. 

10. Given the sum of the sides of a triangle, and the angles at the base, to 

construct it. 

11. Given the diagonal of a square, to construct the iquare of whicli it is 

the diagonaL 
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12. Given the siim and difference of the hypotenuse and a side of a right- 

angled triangle, and alao the remainmgside, to construct it. 

13. To find the locus of all points which are equidistant from two given 

points. 



Theorems. — Book I. 

1. In an isosceles triangle, the right line which bisects the vertical angle 

also bisects the base, and is perpendicular to the base. 

2. If four lines meet at a point, and make the opposite vertical angles 

equal, each alternate pair of lines will be in the same st. line. 

3. The difference of any two sides of a triangle is less than the remaining 

side. 

4. Each angle of an equilateral triangle is equal to one-third of two right 

angles, or to two-thirds of one ri^ht angle. 

5. The vertical angle of a triangle is right,, acute, or obtuse, according as 

the line from the vertex bisecting the base is equal to, greater, or less 
than half the base. 

6. If the opposite sides or opposite angles of a quadrilateral be equal, the 

figure is a parallelogranL 

7. If the four sides of a quadrilateral are bisected, and the middle points 

of each pair of conterminous sides joined by st. lines, those joining 
lines will form a parallelogram the area of which is equal to half that 
of the given quadrilateral. 

8. If two opposite sides of a parallelogram be bisected, and two lines be 

drawn from the points of bisection to the opposite angles, these two 
lines trisect the diagonal 

9. In any right-angled triangle, the middle point of the hypotenuse is 

equally distant from the three angles. 

10. The square of a line is equal to four times the square of its half. 

11. The st line which bisects two sides of a triangle, is parallel to the third 

side, and equal to one-half of it. 

12. If two sides of a triangle be given, its area will be greatest when they 

contain a rt angle. 

13. Of equal parallelograms that which has the least perimeter is the square. 

14. The area of any two parallelograms described on the two sides of a 

triangle, is equal to that of a parallelogram on the base, whose side is 
equal and parallel to the line drawn from the vertex of the triangle 
to the intersection of the two sides of the former parallelograms pro- 
duced to meet. 

15. The vertical angle of a triangle is acute, rt. ansled, or obtuse, according 

as llie square of the base is less than, equal to, or great^ than, the 
sum of the squares of the sides. 



Q 
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Problems. — Book II. 

1. The snm and difference of two magnitudes being given, to find the 

magnitudes themselves. 

2. To describe a square e^ual to the difference of two given squares. 

3. To divide a nven line into two parts, such that the square^ of the whole 

line and of one of the parts shall be equal to twice the square of the 
other part. 

4. To divide a given line into two such parts that the rectangle contained 

by them may be three-fourths of the greatest of which the case 
admits. 

5. Given the area of a right-angled triansle, and its altitude or peipendi- 

cular from the vert^ of we rt. ang& to the opposite side, to find the 
sides. 

6. Given the segments of the hypotenuse made by the perp. from the rt 

angle, to mid the sides. 

7. To divide a line internally, so that the rectangle under its segments shall 

be of a given magnitude. 

8. To cut a line externally, so that the rectangle under the segments shall 

be equal to a given magnitude, as the square on A. 

9. Given the difference of the squares of two lines and the rectangle under 

them, to find the lines. 
10. There are five quantities depending on a rectaiu;le,— 1<^ the snm of the 
sides ; 2f*' the (difference of the sides ; 3*^ i&e area ; 4^- the sum of 
the squares of the sides ; and 5°* the difference of the squares of the 
sides : — ^by combining any two of these five quantities, find the sides 
of the rectangle. 



Theorems, — Book II. 

1. The square of the perpendicular upon the hypotenuse of a right-angled 

triangle drawn from the opposite angle, is equal to the rectangle under 
the segments of the hypotenuse. 

2. The squares of the sum and of the difference of two lines, are together 

doiu>le of the squares of these lines. 

3. In any triangle the squares of the two sides are together double of the 

squares of half the base, and of the line joining its middle point 

with the opposite angle. 
4 The square of the excess of one st. line above another, is less than the 

squares of the two st. lines by twice their rectangle. 
6. The squares of the diagonals of a parallelogram are together equal to 

tiie squares of the four sides. 

6. If a st. line be divided into two equal and also into two unequal parts, 

the squares of the two unequal parts are together equal to twice the 
rectangle contained bv these parts, together with four times the Bquaie 
of the line between the points of section. 

7. If a St. line be drawn from the vertex of a triangle to the middle point 

of the opposite side, the sum of the squares of the other aides ia equaX 
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to twice the sum of the squares of the bisector and half of the bisected 
side. 

8. The sum of the squares of the sides of a quadrilateral figure is equal to 

the sum of the squares of the diagomds, together with four times the 
square of the line joining their points of bisection. 

9. If St. lines be drawn from each angle of a triangle bisecting the opposite 

side, four times the sum of the souares of these lines is equal to three 
times the sum of the squares of uie side of the triangle. 

10. The square of either of the sides of the rt. angle of a rt angled triangle, 

is equal to the rectangle contained by the sum and difference of the 
hypotenuse and the other side. 

11. If from the middle point C, of a st. line AB, a circle be described, the 

sums of the squares of the distances of all points in this circle frtim 
the ends of the st. line AB, are the same ; and those sums are equal 
to twice the sum of the Bquaiea of the radius and of half the given 
line. 

12. Prove that the sum of the squares of two lines is never less than twice 

their rectangle; and that the difference of their squares is equal 
to the rectangle of their sum and difference. 

13. I^ within or ^tiiout a rectangle, a point be assumed, the simi of the 

squares of lines drawn from it to two opposite angles, is equal to the 
sum of the squares of the lines drawn to the other two opposite 
angles. 

14. If the sides of a triangle be as 4, 8, and 10, the angle which the side 10 

subtends will be obtuse. 

15. If in a rt. angled triangle a perpendicular be drawn from the rt. angle 

to the hypotenuse, the rectangle of one side and of the non-adjacent 
segment of the hypotenuse, shall equal the rectangle of the other side 
and of the other non-adjacent segment of the hypotenuse. 



N.B. — A Key to the Geometrical Exercises of the Appendix 
will be published immediately. The Appendix will also be 
sold separately, to be used as a Book of Exercises. 



FINIS. 



■k 



BY THE SAME AUTHOR, 
In Three Parts, 4**>- at 6d. each Part, 

SKELETON PEOPOSITIONS TO EUCLID, 

Books I. aitd II. 

FOR PEN-AND-INK EXAMINATIONS. 



N.B.— The Skeleton Propositions may be had either with or without Beferences,— 
stitched in a cover, or collected into a case in sheets. 



Price 4d., 

EXEECISES FOR THE FIRST AND SECONB BOOKS OF EUCLID; 

BSHro THB 

APPENDIX TO THE GRADATIONS IN EUCLID : 

Containing Geometrical Analyses and Geometrical Exercises ; with 
an Explanatory Preface respecting the Skeleton Propositions. 



Price 6d., 

KEY TO EXEECISES 

FOR THE FIRST AND SECOND BOOKS OF EUCLID. 




EDUCATIOlfAL WOSES, &c., 



i 



PUBIilSHSD BT 



JOHN HEYWOOD, 170, DEMSGATE, 



3S^C-A.IsrOIIBSTBIt- 



Foolscap COPT BOOKS, with Engraved Heads. 

Ydlow Wove, 2d. and 2^d. — Cream Wove, 3d. ea^h. 



1 — strokes and Turns 
2 — Letters 
3— Short Words 
4 — Large Hand 
6— Text Hand 
6 — ^Bound Hand 



7— Small Hand 

8 — Small Hand, Angular 

9— Text, Round, and Small 

Hands 
10— Large Text, Round, and 

Small Hands 



11 — Ladies' Angular Hand 
12 — Commercial Hand 
13 — Ornamental Alphabets 
14 — New initiatory Small 

Hand 
15 — ^Figure Book 



A. considerable addition has lately been made to the variety of Copy Lines, 
two entire New Sets of Small Hand No. 7 have just been issued, — one witii 
sentences from Scripture ; and the other, sentences relating to common 
things : also in Nos. 8 and 11 additions have been made of a similar kind ; 
and various improvements in all. 



Post COPY BOOKS, with Engraved Heads. 

Progressive as the Foolscap, but entirely distinct copies. — On Cream Wove 
Paper, 4d. each ; on Superfine ditto, 5d. each ; and on Large Cream Wove 
Post, 6d. each. 



COPY SiL.IPS, 3d. each. 



1 — ^Large Hand 
2— Text Hand 
3 — Bound Hand 



4 — Small Hand 

5 — Angular Small Hand 

6— LadUes' Angular Hand 



7 — Commercial Hand 
8— Ornamental Alphabets 



JOHN HEYWOOiyS PUBLICATIONS, 

170, DEANSGATE, MANCHESTER. 



JC7VENILE ATLAS, 6d each Fart Coloured Is. 



FIRST 
Weflt^m Hemisphere 
Eaatem Hemifl^iere 
Europe 
England 
Scotlaad 



PART. 

Lrdand 

Asia 

Africa 

X ortli America 

SouUi America 



France 

Spain and Portugal 

Germany 

Ausfcria 

Palestine 



SECOND PART. 

Torkegr in Eorope 
British India 
British N. America 
United States 
Australia 



Outlines to each Part, price 6d. 



JUVENILE ATLAS, Is. Plain. 28. Coloured. 

Contalnlaff the followliiff MAPSt 



Western Hemisphere 

Eastern Hemisphere 

Europe 

England 

Scotland 



Ireland 

France 

Spain and Portugal 

Germany 

Austria 



Turkey in Europe 

Asia 

Palestine 

India 

AMca 



United States 
British N. America 
Atistralia 
North America 
South America 



JOHN EEYWOOD'S SCHOOL ATLAS, 

Royal 4io, containing 11 JUaps. 

Showing the New Boundary Line betwixt TuRKEr and Bttssia : -with all the 

Latest Discoveries in Geography. 

Is. Plain, in neat strong Wrapper, 28. Coloured, in Cloth. 



« * 



These Maps are entirely New, and have been recentiy Engraved. 

Outlines to ditto, Is. eacL. 






Containing 46 MAPS, Cloth,— 28. 6d. Ditto Coloured, bound in neat French 

Boan, with Map, Pockets, &c., 5s. 




H^LFFEISTISrY ls£AJE>&. 



Western Hemisphere 

Eastern Hemisphere 

Europe 

Euglnnd 

Scotland 

Ireland 



Prance 

Spain and Portugal 

Germany 

Austria 

Turkey in Eutoim 

Turkey in Asia 



Asia 


British America 


Palestine 


Australia 


Canaan 


North America 


India 


South America 


Africa 


The Baltic Sea 


United States 


Belgium 


China fjtut o 


mtj. 



South AMca fjutt outj. 

An Illustrated Map of Geographical Definitions, 

Map of the Ftldx District, beinff a Hand Map for Visitors to Blackpool, 

Fleetwood, and Lytham. 



JOHN HEYWOOD'S PUBLICATIONS, 

170, DEANSQATE, MANCHESTER. 



COUNTY MAPS OF ENGLAND AND WALES, 



tna. ; — 



North Wales 

South Wales 

Bedfordshire 

Berkshire 

Buckinghamshire 

Cambridgeshire 

Cheshire 

Cornwall 

Cumberland 

Derbyshire 

Devonshire 

Dorsetshire 



Durham 

Essex 

Gloucester^iire 

Hampshire 

Herefordshire • 

Hertfordshire 

Huntingdonshire 

Kent ^ 

Lancashire 

Leicester 

Lincolnshire 

Middlesex 



Monmouthshire 

Norfolk 

Northamptonshire 

Northumberland 

Nottinghamshire 

Oxfordshire 

Rutland 

Shropshire 

Somersetshire 

Staffordshire 

Suffolk 



Surrey 

The above Map, corrected to the present time, point out 
nals, Boads, Cities, Towns, Parks, Gentlemen's Seats, &c 
and though intended as a Guide to Travellers, are useful 



Sussex 

Warwickshire 

Westmoreland 

Wiltshire 

Worcestershire 

Yorkshire 

,/ East Ri<}ing 
West Riding 

M North Riding 



the Railroads, Ca- 
, in each County : 
for Reference, &c. 



PHYSICAL 'MAPS- 



World :— Winds 
World :— Rain 
World :— Botany 
World :— Zoology 



World :— Man 
EUROPE r—Mountains, 

Rivers, and varieties 

of Mankind 



World : — Mountains 

World : — ^Rivers 

England and Wales i—Moun- 

teins and Rivers 
World : — ^Temperature 

The above Maps Id. eaxih Coloured, Outlines to ditto, jd. each, 

-|J TIM • ~ • ■ - ' I'l I I I - - - I ■ 

Large MAP OF ENGLAND, 2d. Plain. 4d. Coloured. 
MAP of the EHVIEONS of MANCHESTER, 12in. x 9iii. 

2d. Plain. 4d. Coloured. On thin paper, Id. Plain. 

- — ■ ■ ■ I 

DISSECTED MAPS, Coloured, in Boxes, 6d., Is. & Is. 6d. 

each. 

MAP containing a Portion of the SOUTUEBN DIVISION of 

LANCASHIRE, 

With a small part of BERBYSHISE and CHESHIBE. It includes the 
Towns from 15 to 20 Miles around Manchester. Scale, If inch to the mile. 

The Map is pMished in Foub Sheets, at 6d. each. 

SHEET 1 contains Manchester, Stockport, Ashton, Stalybridge, &c. 

SHEET 2 contains Buiy, Baddiffe, Bochdale, Middleton, Mossley, Oldham, 

Heywood, &c. 
SHEET S contains Warrington, Newton, Ashton, Leigh, Lymm,Elizton,&;o. 
SHEET 4 contains Bolton, Wigan, Tyldesley, Adlington, &c. 

The whole to be had Mounted on Ganyass in Gase for the Pockety or with 

Roller, Ac., for the Office. 



JOHN HEYWOOD'S PUBLICATIONS, 

170, DEANSGATE, MANCHESTER. 

NEW AND LAKGE SERIES OF MAPS, Ac. 

Id. Plain ; 2d. Coloured. — Size, 12in. x 9in. 
The following are now ready, viz. ; — 



Western Hemisphere 
Eastern Hemisphere 
Europe 



England 
Scotland ' 
Ireland 



Asia South America 

Africa j Australia ^^ om^^ 

North America 



OuTUNBS to ditto. Id. each. 



PRICE Is., 

The Complete Slide Rule Instructor, 

Containing upwards of 300 Questions and Solutions 
for the Improved Slide Rule; 

Adapted for the Use of Engineers^ Millwrights^ Gotten Spinners^ 
Mechanics J Bla>cksmU7i8, Movldera, and Artisans in general : 

Containing a greater variety of BTTLES and QUESTIOITS upon the above 
subjects than £is been before published in any Instruction Book for the use 
of ihe Slide Bule. 

BY WILLIAM PATTEN. 

^>— ^— '■^.^ i n ■ I I ■ I I ^M^— — ^,^— , ■ 11 ■■■■■., „ , ■ II I — ■ ■ ■ I ■ ■ ■ I ■ ■■ I— n 1^^^^^^^^*^^— ^^M^i^^^^^^i^a^W^^^^^^^^ 

Drawing of a Condensing SteamEngiM 

Size, 19 X 17 inches, with all the principal parts named. 

The above is suitable for Use in Schools, either as a Drawing Copy, or in 
Elucidation of the manner in which it works. Price 6d. 

THE POPULAR LECTOEER: 

Containing a variety of Instructive and Interesting Iioctures 

on various Su'brjects. 



EDITED BY MR. PITMAN, 

Of the Manchester Govrier, 
VOLURDB I., Price 2s. TOLinOi: II., Price 9s. 6d. 

«V The above Work U Fubliahed Honfhly, Price 2d. 



